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Bottom-up approach to nuclear structure
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Methods (th)at work

Ab-initio calculations for
lighter nuclei.

Shell model for selected regions
and weakly-bound nuclei

Nuclear density-functional theory
N=28 for the entire nuclear chart!
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Two quotes from Kohn’s Nobel lecture:

Walter Kohn

"for his development of
I begin with a provocative statement. In general the many-electron wavefunction the density-functional

Y (1,....,75) for a system of N electrons is not a legitimate scientific concept, when N =
N,, where N, ~ 103.

I will use two criteria for defining “legitimacy”™: a) That ¥ can be calculated
with sufficient accuracy and b) can be recorded with sufficient accuracy.

theory"

In concluding this section I remark that DFT, while derived from the N-par-
ticle Schroedinger equation, is finally expressed entirely in terms of the den-
sity n(r), in the Hohenberg-Kohn formulation,!!! and in terms of n(7) and
single-particle wavefunctions l,bj(f), in the Kohn-Sham formulation?!. This is
why it has been most useful for systems of very many electrons where wave-
function methods encounter and are stopped by the “exponential wall”.



Density-functional theory (DFT)
Theoretical basis : Hohenberg-Kohn theorem (1964)

Map from ground-state wave function to density
Y(r) — p(r)
Map from density to set of all corresponding wave functions

p(r) = {P(r)}p

Energy functional: energy is minimum in this set

Flp(r)] = mingyy (Y[ H[)

Ground-state energy from minimization of the functional

Egs = miny{F[p] 4 [drv(r)p(r)}



Density-functional theory

Alternative view : Energy functional is a Legendre transform (Lieb, 1983)

Find ground-state energy for all external potentials (this is a functional)

v(r) = Elv(r)]

Perform functional Legendre transform

1. Compute density as functional derivative

p(r) = 505

2. Inversion: Find potential in terms of density

3. Construct Legendre transform

Flo(M] = Elo(n)] - [ dru(m)p(r)

This path of construction can actually be followed for dilute Fermi gases!



Example: Energy of a non-interacting fermions
(Thomas-Fermi approximation)

2
Blp) = [ & <i<3w2>2/3;p5/3<r> + vextcr)p(r))

\ J
Y
Kinetic energy density
(Thomas-Fermi approximation)

external potential
energy functional

Note: Hohenberg-Kohn DFT not a practical (i.e. accurate) tool
 Local approximations of the density functional are too inaccurate

* Problem is particular with the kinetic energy density



Systematic construction of density functional for
dilute Fermi gas

Dilute Fermi gas:

All parameters of the potential (scattering length, effective range, ...) much
smaller than the Fermi wave length (or average two-particle distance) small
expansion parameter exist, namely kca.

Use EFT to systematically construct energy density functional in terms of these
small parameters.
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Contributions from interaction

This systematic approach gives valuable insights into the construction of density
functionals. However, it is at present limited to “solvable” Hamiltonians.

See, e.g., R.J. Furnstahl and H.-W. Hammer, Annals Phys. 302 (2002) 206.
S. J. Puglia et al, Nucl.Phys. A723 (2003) 145.
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p(r)
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Kohn-Sham DFT [W. Kohn & L. Sham, Phys. Rev. 140 (1965) A1133]
Kohn-Sham: The form of the density functional is

= /d37° (7(r) + Vext(r)p(r)) + Eintlpl

A
= Y |¥p(r)[? density
k=1

7,2 A
= 5 > IV, (r)[?  kin. energy density of free fermions (nonlocall!)
k=1

Kohn-Sham equations: E[ |=0

(-2 + 25l Ve (1)) () = ()

Remarks: Single-particle Schroedinger equation has to be solved.

For nuclei, one uses the local density approximation (LDA), and
gradient corrections.

Eint = Eintlp, V| = / d>r&(p, Vp)



ldea behind Kohn-Sham DFT
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Turn off the interaction, but change

Ground state density of external potential such that the
interacting fermions in external density remains that of the
harmonic trap. interacting system. The additional

potential is the Kohn-Sham potential.

Picture from R. Furnstahl: http://trshare.triumf.ca/~schwenk/ECT/furnstahll1.pdf



DFT for systems with large scattering length

The s-wave scattering length in the nuclear 1S, channel is (negative) large
compared to inter-particle distance at saturation density.

Scattering length large for some core + n halo systems

Scattering length can be tuned to arbitrary values in ultracold atom gases.
BCS to BEC transition of interest.

a <0 a — OO a>0
BCS unitary regime BEC
Cooper pairs bound state at zero energy two-fermion bound state
(boson)
nuclei

Bertsch (1998). “What is the energy density of fermions with infinite
scattering length and zero range?”

The only length scale is the two-particle distance (or Fermi momentum).

Elpl = £Erglo]
_ 3. 2230 5/3
Erale] = 1—0(377) EP




Fermi gas with infinite scattering length (unitary regime)

Interacting gas with no length scale from interaction
» Simple scaling arguments apply
 Total energy proportional to energy of free Fermi gas

» Monte Carlo [Carlson et al. (2003)]: universal proportionality factor is 0.44 +/- 0.01

_ _ _ Local Density Functional Theory for
Density-functional theory for fermions Superfluid Fermionic Systems: The Unitary
In the unitary regime, TP (2005) Gas, Bulgac (2007)



Density-matrix expansion
Negele & Vautherin, PRC 5, 1472 (1972)

. Assume that Hartree-Fock expression for energy is accurate approximation

. Expand single-particle density matrix that appear in the expression of the HF
energy around its diagonal, average over angles of s, and resum.

. Resulting expression for energy density

. Functions A, B, C are given in terms of the two-body potential of the original
Hamiltonian



Nuclear DFT

Problem: Local density approximation not accurate (e.g. pairing would require highly
nonlocal functional)

Approach: Include anomalous pairing densities and work with quasi-particle states

1. Add sources to the Hamiltonian

2. Perform Legendre transform with respect to all sources



Practical approach: Skyrme Hartree Fock theory

Refs.: T.H.R. Skyrme, Phil. Mag. 1 (1956) 1043; D. Vautherin and D. M. Brink, PRC 5 (1972) 626;
J. W. Negele and D. Vautherin, PRC 5 (1972) 1472; Bogner and Furnstahl 2006




Pairing in mean-field description: Hartree-Fock-
Bogoliubov (HFB) theory

« Attractive interactions destabilize Theory explains BCS-superconductivity.
the Fermi-surface with respect to Pairing gaps in even-even nuclei, reduced
pair correlations, i.e. paired system moments of inertia, etc.
has lower energy.

.
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» Within HFB theory, vacuum state is
product of quasi-particle states.

From: Ring & Schuck, The nuclear many-body problem.



Reminder: Symmetry-breaking in mean-field theories

HF states usually break symmetries, e.g., translational invariance
and rotational invariance.

HFB quasi-particle states do not exhibit a definite number of
particles.

The breaking of symmetry is desired, as it allows the single-particle
state to capture relevant correlations.

Restoration of symmetries becomes an important issue.

Publicly available program

HFODD
J. Dobaczewski et al, Computer Physics Communications 167 (2005) 214
http://www.fuw.edu.pl/~dobaczew/hfodd/hfodd.html




Relativistic mean-field (RMF) theory

Relativistic models

— explain large spin-orbit splitting (large scalar and vector potentials).

— explain pseudo-spin symmetry.

— somewhat more constrained than non-relativistic models.
Relativistic Lagrangian: free nucleons, free mesons, and interactions.

O O
O O

Compete well with non-relativistic models.

P. Ring, Progr. Part. Nucl. Phys. 37 (1996) 193.



Determination of parameters in
nuclear density functionals

Depending on sophistication of the density
functional, 10-20 parameters have to be
fixed by fit to experimental data.

No reliable theoretical derivation of these
parameters, yet.

Recall: High-precision potentials have about
40 parameters.

RMS error on masses:
0.7MeV fit to entire mass table

2 MeV from fit to few nuclei.

Table from I. Rikovska Stone, J. Phys. G 31 (2005) R211.



Nuclear DFT: works well for differences

S. Cwiok, P.H. Heenen, W. Nazarewicz

Nature, 433, 705 (2005
( ) Stoitsov et al., PRL 98, 132502 (2007)

From W. Nazarewicz



Global mass-table calculations

M. V. Stoitsov et al. (2006)



Equation of state for pure neutron matter

Different parametrizations

yield similar results close to
O/ saturation denSity-

Danielewicz et al, Science 298 (2002) 1592

M. Bender et al, Rev. Mod. Phys. 75 (2003) 121.



Neutron separation energies and charge radii in Pb
Isotopes

Odd-even staggering in S, well
reproduced.

Staggering of charge radii
accurately reproduced.

Fayans’ density functional
describes pairing effects very well.



Two-neutron separation energy in Sn isotopes

Good agreement with

— experiment where data
exists (partly input to
functional)

Divergent results in
extrapolations.

Nuclei close to drip line
magnify aspects that are
poorly modeled so far!

M. Bender et al, Rev. Mod. Phys. 75 (2003) 121.



Radii of charge distributions

M. Bender et al, Rev. Mod. Phys. 75 (2003) 121.



Shape transitions in Gd isotopes

Potential energy surfaces

‘s spherical
A

transitional

deformed

Shape transitions commonly
encountered in Rare Earth nuclei.

Interacting boson model and
dynamical symmetries.

M. Bender et al, Rev. Mod. Phys. 75 (2003) 121.



Fission barriers

Fission paths:

/ Fusion paths

Relaxing symmetries (on
possible shapes/deformations)
typically lower the energy.

Mean-field model exaggerate
barriers when compared to date.

Recall: exponential sensitivity of
tunneling rate on barrier height.

M. Bender et al, Rev. Mod. Phys. 75 (2003) 121



Shape coexistence in superheavy nuclei

S. Cwiok et al, Nature 433 (2005) 705.



niversal Nuclear

http://unedf.org/

nergy

ensity Functional

e 15 institutions

e ~50 researchers
sphysics
scOmputer science
eapplied mathematics

o foreign collaborators
e annual budget $3M
e 5 years



SciDAC-2 project UNEDF

Universal Nuclear Energy Density Functional






A comprehensive approach underway

DFT

!

Shell model
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Summary

Self-consistent mean-field models

Theoretical foundation within Kohn-Sham DFT.
Applicable across nuclear chart.
Phenomenological approach; fit to data.

Yield impressive results (given their simplicity) in regions that
entered the fit.

Form of functional needs improvement to cover drip line physics

Future theoretical and experimental advances for neutron-rich nuclei
necessary.



