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Coupled-cluster method: details

Insert ansatz into Schroedinger equation and left multiply with inverse cluster

operator: alle) = B¢

Hg) = e THET|¢) = El¢)

Left-multiply by reference state, and its p-h excitations:
(¢|H|p) = E

(6§ |H|o)

(63 |H |$)

Demand that reference state is eigenstate of the

0 similarity-transformed Hamiltonian in the space of

0 1p-1h and 2p-2h excitations. The solution
determines the cluster operator T

Baker-Campbell-Hausdorff relation terminates. All commutators

between operators in T vanish. T can connect to Hamiltonian only!
Goldstone’s linked cluster theorem.  Size extensivity

e Thel 1 1

A+ AT + 2] A, 7], 7]+ - ||A. 7], 7], 7] +...

Coupled-cluster equations are non-linear in T

H

Derivation (Wick contractions) best done diagrammatically 5

BCH relation terminates at k*n nested commutators for k-body forces and n-body clusters



CCSD equations
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Solution of non-linear equations via iteration: hope that Banach'’s fixpoint
theorem applies



CCSD results for 48Ca from a N3LO interaction (NN only)
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Densities and radii exhibit stronger model-space dependence than energies

Hagen, TP, Dean, Hjorth-Jensen, arXiv:0806.3478



Summary: CCSD results with a chiral NSLO (NN only)

Nucleus|| E/A| V/A|AE/A|l R|Rexp
He [[-5.99]-22.75| 1.08]|1.86| 1.64
50 |1-6.72]-30.69| 1.25(2.71| 2.74

a |[-7.72]-36.40| 0.84]3.24] 3.48

a |[-7.40]-37.97| 1.27|3.22| 3.47

BNi |-6.02(-36.04| 1.21]3.50

Main results

1. Well converged CCSD results with respect to size of model space (< 1% change in
binding energy when going from 14 to 15 oscillator shells.

2. Three-nucleon force and triples corrections expected to yield ~1MeV additional
binding?

3. Mirror nuclei 8Ca and exotic “8Ni differ by 1.38 MeV /A  close to mass-table
predictions

4. Radii and densities exhibit stronger model-space dependence than energies



Preparation for this afternoon

1. Please open web page by Morten Hjorth-Jensen

http://www.fys.uio.no/compphys/cp/software.html

2. Download “Shell-model code (C++ code)”
3. Install it on your computer (unzip, untar, make)



Shell model
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Neutron Mumber N

From W.D. Meyers and W.J. Swiatecki, Mucl. Phys. 81, 1 (1966).
Mass differences: Liquid drop — experiment. Minima at closed shells.

T

Neutron separation energies

N odd
Z even

Sa(N,Z)=B(N,Z}-B(N-1,Z)
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Relatively expensive to
remove a neutron form a
closed neutron shell.

Bohr & Mottelson, Nuclear Structure.



Shell structure cont’'d

E,.
Nuclei with magic N
» Relatively high-lying first 2*
exited state
* Relatively low B(E2) transition
strength
B(E2)

S. Raman et al, Atomic Data and Nuclear Data Tables 78 (2001) 1.



1963 Nobel Prize in Physics

Maria Goeppert-Mayer J. Hans D. Jensen

“for their discoveries concerning nuclear shell structure”
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Need spin-orbit force to
explain magic numbers
beyond 20.

Magic numbers

Further splitting  Multiplicity
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http://hyperphysics.phy-astr.gsu.edu/hbase/nuclear/shell.html



Modification of shell structure at the drip lines!

Quenching of 82 shell gap
when neutron drip line is
O/ approached.
Also observed in lighter nuclei

Caution: Shell structure seen
In many observables.

12
J. Dobaczewski et al, PRL 72 (1994) 981.



Traditional shell model

Main idea: Use shell gaps as a truncation of the model
space.
* Nucleus (N,Z) = Double magic nucleus (N, Z")
+ valence nucleons (N-N*, Z-Z)

 Restrict excitation of valence nuclons to one
oscillator shell.

— Problematic: Intruder states and core excitations not
contained in model space.

 Examples:
 pf-shell nuclei: “°Ca is doubly magic
« sd-shell nuclei: 180 is doubly magic

« p-shell nuclei: *He is doubly magic \
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Shell model
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Shell-model Hamiltonian

Hamiltonian governs dynamics of valence nucleons; consists of one-
body part and two-body interaction:

Single-particle energies

Two-body matrix elements (TBME)
(SPE)

coupled to good spin and isospin

Q: How does one determine the SPE and the TBME?
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Empirical determination of SPE and TBME

 Determine SPE from
neighbors of closed shell
nuclei having mass

A = closed core +1

e Determine TBME from nuclei
with mass

A = closed core + 2.

 The results of such
Hamiltonians become
Inaccurate for nuclei with a
larger number of valence
nucleons.

 Thus: More theory needed’



Effective shell-model interaction: G-matrix

Start from a microscopic high-precision two-body potential
Include in-medium effects in G-matrix

Bethe-Goldstone equation
Pauli operator blocks

/ occupied states (core)

microscopic bare interaction
Single-particle Hamiltonian

Formal solution:

Properties: in-medium effects renormalize hard core.
But: The results of computations still disagree with experiment.

See, e.g. M. Hjorth-Jensen et al, Phys. Rep.261 (1995) 125.



Convergence properties of the G-matrix
[based on N3LO by Entem & Machleidt, =500MeV]

“He 180

Results for “bare” potential within CCSD at N=14:
“He: -23.96MeV
160: -107.5MeV

As N >> 1, starting-energy dependence weakens

Convergence to “bare” result very slow
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Results of G-matrix calculations

44Sc from Bonn-A, B, C

Spectra reasonable but for 4Ca

monopole corrections

M. Hjorth-Jensen et al, Phys. Rep.261 (1995) 125.
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Further empirical adjustments are necessary

Two main strategies
1. Make minimal adjustments only. Focus on monopole TBME:

. Rationale:
Monopole operators are diagonal TBME.
Set scale of nuclear binding.
Sum up effects of neglected three-nucleon forces.

2. Make adjustments to all linear combinations of TBME that are
sensitive to empirical data (spectra, transition rates); keep
remaining linear combinations of TBME from G-matrix.

. Rationale:
Need adjustments in any case.

Might as well do best possible tuning.
20



Two-body G-matrix + monopole corrections

G-matrix and monopole adjustments Monopole corrections capture neglected
compared to experiment. three-body physics.
Martinez-Pinedo et al, PRC 55 (1997) 187. A. P. Zuker, PRL 90 (2003) 42502.
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Shell-model computations

Construct Hamiltonian
matrix

Use Lanczos algorithm to
compute a few low-lying
states.

Problem: rapidly
Increasing matrix
dimensions

Publicly available programs

Oxbash (MSU)

Oslo Shell model code
NuShell

Antoine (Strasbourg)

Caurier et al, Rev. Mod. Phys. 77 (2005) 427.



Results of shell-model calculations

Spectra and transition strengths suggests that N=28 Nucleus 44S exhibits

shape mixing in low excited states  erosion of N=28 shell gap.
23
Sohler et al, PRC 66 (2002) 054302.



Semi-empirical interactions for the nuclear shell model

pf-shell ~200
TBME (1990)
10° dimensions

sd-shell 63 TBME
(1980s)
10° dimensions

p-shell
1960s

At present: pf gg/, shell.

Approach also been used across
sd and pf shell.
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Shell-model results for neutron-rich pf-shell nuclei

Sub-shell closure at neutron number
N=32 in neutron rich pf-shell nuclei
(enhanced energy of excited 2* state).

No new N=34 subshell.

S. N. Liddick et al, PRL 92 (2004) 072502.
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Available shell-model codes

* NuShell / NuShellX (by William.D.M Rae / Jussi Toivanen)
http://knollhouse.org/default.aspx

For Windows XP interface send email to Alex Brown brown@nscl.msu.edu

 Oslo shell-model code (Morten Hjorth Jensen et al)

http://www.fys.uio.no/compphys/cp/software.html
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Nuclear masses

[Ref.: Lunney, Pearson, and Thibault, Rev. Mod. Phys. 75, 1021 (2003)]

Interest in nuclear masses

* basic property of nucleus

* neutron separation energies (i. e. mass differences) enter neutron-capture cross sections  r-
process, element synthesis, element abundance

« drip lines determined by negative separation energies

« island of stability: location and extent
Mass measurements 1994-2003
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Mass measurements

Theory is much less ambitious (and capable) ...
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Mass models: precision and predictive power

Nuclear DFT

Droplet model

SM

SM, local

[Ref.: Lunney, Pearson, and Thibault, Rev. Mod. Phys. 75, 1021 (2003)]
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Comparison: neutron shell gaps

[Ref.: Lunney, Pearson, and Thibault, Rev. Mod. Phys. 75, 1021 (2003)]
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Duflo-Zuker mass formula
J. Duflo and A. P. Zuker, Phys. Rev. C 52, R23 (1995); nucl-th/9404019; nucl-th/9505011

1. Key ingredients:

 Degrees of freedom: occupations of high-j intruder orbital and
remainder of major shells

* Binding energy is mainly quadratic form in occupations with
smaller quartic terms; monopole Hamiltonian is backbone

* N,Z scaling in “matrix elements” from shell model (harmonic
oscillator)

* N,Z scaling guarantees saturation

2. Occupations are chosen from extreme shell model with treatment of
deformation

3. Fit to ~2000 masses yields RMS of 0.35 MeV
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Garvey-Kelson relation

Garvey & Kelson, Phys. Rev. Lett. 16, 197 (1966)
Independent-particle picture (naive shell model)

Valid tool to check systematics; weak predictive power 32
Figs:. Alejandro Frank



Summary

Shell model a powerful tool for understanding of nuclear structure.

Shell quenching / erosion of shell structure observed when drip lines are
approached.

Shell model calculations based on microscopic interactions
— Adjustments are needed
— Due to neglected three body forces (?!)

Effective interactions have reached maturity to make predictions, and to
help understanding experimental data.

Nuclear mass models
— Shell model: basis of local relations and Duflo-Zuker model
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