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Nuclear structure from light to heavy nuclei

Thomas Papenbrock

Aim of these lectures:

To give an overview of contemporary nuclear structu re theory, i. e. 
effective interactions, methods that solve the nucl ear many-body problem, 
and results of such calculations.

TRIUMF Summer Institute 2008

and
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Energy scales and relevant degrees of freedom

Our focus

Fig.: SciDAC review (2007)
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Ab-initio methods

Shell model

Entire chart of nuclei:

Nuclear density-functional theory

Microscopic approaches
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Aim: Bottom-up approach to nuclear structure

Figure from A. Richter (2004)
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Conservation of misery

DFT

Shell model

Ab-initio

Interactions
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Not well known

Well known

Interaction

Easy to solve

Difficult to solve

Q
uantum

 m
any-body problem

These lectures will present nuclear interactions and methods to solve the nuclear 
many-body problem!
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Plan of lectures

1. Light nuclei and ab-initio methods
2. Traditional nuclear shell model
3. Nuclear density-functional theory
4. Towards the drip lines: structure �� reactions
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The effective nucleon-nucleon interaction

• Nuclei are made of protons and neutrons. These are composite 
particles

Q: How do we determine the 
interaction between two nucleons?

A1: Ideally from lattice QCD

A2: Effective Field Theory

A3: Potentials that fit phase shifts



9

Recapitulation: Scattering theory
Phase shift � (k) is a function of relative momentum k; Figure shows s-wave.

Scattering length:
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Nuclear s-wave phase shifts
http://nn-online.org/

Deuteron is a very weakly bound system!

System has one bound state. 

Steep decrease from 180 degrees due to large 
scattering length a = 5.5 fm.

Acts repulsive due to large (positive) scattering 
length.

System (barely) fails to exhibit bound state. 

Steep rise at 0 due to large scattering length a = -18 
fm.

Monotonous decrease due to hard core (if local 
potential assumed).

3S1
1S0
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Phenomenological NN potentialsPhenomenological NN potentials

One-pion exchange
by Yukawa (1935)

prepulsive
core

Repulsive core
by Jastrow (1951)

2p, 3p, ...
(r, w, s)

Multi-pions
by Taketani (1951)

From T. Hatsuda (Oslo 2008)
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Phenomenological nucleon-nucleon potentials

Phenomenological potentials (Argonne, Bonn, …)

• contain pion exchange

• model-dependent short-range repulsion 

• fit NN phase shifts with high precision

• approximately 20 parameters determined by fit to nucleon-nucleon data 

� Ab-initio description of light nuclei in 1990s 

� Argonne potential can be solved by Green’s function Monte Carlo method

� Difficult to improve systematically � Effective field theory

� Difficult to work with, i.e. to solve nuclear many-body problem � Low-
momentum potentials and similarity transformations
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1990s: High precision nucleon-nucleon potential models

A. Nogga et al, PRL 85 (2000) 944

1. Different two-body 
potential models  disagree 
on structure of triton and 
alpha particle.

2. With additional three-
nucleon forces , 
agreement with 
experiment is possible.

(Three-nucleon force 
differs for different two-
body potentials.)

3. Four-body forces very 
small.

(Tjon line understood as 
feature of systems with 
large scattering length and 
no leading four-body 
force.)
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Three-nucleon forces: Why?
• Nucleons are not point particles (i.e. not elementary).
• We neglected some internal degrees of freedom (e.g. � -resonance, 

“polarization effects”, …), and unconstrained high-momentum modes.

Example from celestial mechanics:
Earth-Moon system: point masses 
and modified two-body interaction

Other tidal effects cannot be  included 
in the two-body interaction! Three-body 
force unavoidable for point masses.

Renormalization group transformation: 
Removal of “stiff” degrees of freedom at 
expense of additional forces.
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Implications:

A theorem for three-body Hamiltonians
Polyzou and Glöckle, Few Body Systems 9, 97 (1990)

Different two-body Hamiltonians can be made to fit two-body and three-body data by 
including a 3NF into one of the Hamiltonians.
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Ilinois three-nucleon force

S.C. Pieper, V.R. Pandharipande, R.B. Wiringa, and J. Carlson, Phys. Rev. C 64, 014001 (2001)

(from Pieper 2008)



17

Green’s Function Monte Carlo

Idea:

1. Determine accurate approximate wave function via variation of the 
energy (The high-dimensional integrals are done via Monte Carlo 
integration).

2. Refine wave function and energy via projection with Green’s function

Nice review: “Lectures on Quantum Monte Carlo” by David M. Ceperley: 
http://people.physics.uiuc.edu/Ceperley/papers/175.pdf
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• Idea: Function of the Hamiltonian projects out the ground state from a trial 
wave function. 

• Method: A wave function at imaginary “time” (n+1)� is obtained from a trial 
wave function at time n� via Green’s function

• Note: �� n results from a 3n-dimensional integral over �� 0 . 

• Understanding of the method: Expansion in terms of exact eigenstates � �

• Key: Green’s function in the limit of zero time step is exactly known for 
Hamiltonians H=T+V(R) with local potential V(R)

• “Only” need to perform a high-dimensional integration � Monte Carlo

Green’s function Monte Carlo details
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Algorithm for Monte Carlo integration

1. Create N independent configurations x j that are distributed according to a 
given weight or probability function w.

2. Evaluate

Configurations x j from Metropolis algorithm:

1. Start with initial configuration xk. 

2. Choose new configuration xk+1 and accept it with probability

3. After many such steps, keep one configuration x j. (This ensures that the 
kept configurations are independent from each other.)

4. Repeat until many independent configurations are generated and compute 
integral.
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Importance sampling of 

30 samples 300 samples

3,000 samples 30,000 samples
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Example of a GFMC calculation
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Green’s function Monte Carlo results

S. C. Pieper and R. B. Wiringa, Ann.Rev.Nucl.Part.Sci. 51 (2001) 53
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Effective field theory
Q: How can we economically solve a physical problem  (by employing 

appropriate degrees of freedom)?

Examples: 

1. Far away from a charge distribution, one employs a multipole expansion for the 
electromagnetic field

2. Quantum chemistry employs the Coulomb potential and not QED

3. Atomic nuclei are described in terms of protons and neutrons and not via quarks 
and gluons

A: Employ an effective field theory (EFT). EFTs expl oit a separation of scales

Examples:

1. Distance from charge distribution  >>  extension of charge distribution

2. e+ e- pair production threshold (~1Mev)  >>  chemical bonds ( < eV)

3. Excitation of the nucleon (~300 MeV) >> excitation energies of nuclei (~ 1MeV)  
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Construction of nuclear potentials via chiral EFT

Weinberg, van Kolck, Epelbaum, Machleidt, …

1. Identify the relevant degrees of freedom for the 
resolution scale of atomic nuclei: nucleons and pions .

2. Identify the relevant symmetries of low-energy QCD and 
investigate if and how they are broken: spontaneously 
broken chiral symmetry

3. Construct the most general Lagrangian consistent with 
those symmetries and the symmetry breaking.

4. Design an organizational scheme that can distinguish 
between more and less important contributions: a low-
momentum expansion: power counting

5. Guided by the expansion, calculate Feynman diagrams to 
the desired accuracy for the problem under consideration.

Reviews.: 

Bedaque and van Kolck, Ann. Rev. Nucl. Part. Sci. 52 (2002) 339, nucl-th/0205058.  

Machleidt, arxiv:0704.0807

See Furnstahl’s lectures!
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Effective field theory: chiral potential at order N3LO

Feynman diagrams

R. Machleidt and D. R. Entem, J. Phys. G 31 
(2005) S1235 

Phase shifts reproduced to � 2/datum=1

About 24+ parameters

D. R. Entem and R. Machleidt, Phys.Rev. 
C68 (2003) 041001
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Chiral three-nucleon force
Leading terms at order N2LO ~(Q/	 )3 [van Kolck (1994), Epelbaum et al (2002)]

c-terms                  D                        E

c-terms (from pion-nucleon scattering) still with considerable uncertainties 

Low-energy coefficients D and E of contact terms from A>2 nuclei [Navratil et al 2007] 
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Light nuclei from chiral interactions with no-core 
shell model

P. Navratil et al., Phys. Rev. Lett. 99, 042501 (2007), nucl-th/0701038.
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Medium-mass nuclei from chiral nucleon-nucleon forces 
with coupled-cluster method

(Exp.: -28.3MeV, FY: -25.4MeV)

(Exp -342MeV)

Hagen et al, arxiv:0806.3478

(Exp: -127.6 MeV)
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Solving the ab-initio nuclear quantum many-body problem

Exact or virtually exact solutions available for:
• A=3: solution of Faddeev equation.
• A=4: solvable via Faddeev-Yakubowski approach.
• Light nuclei (up to A=12 at present): Green’s function Monte Carlo (GFMC); 

virtually exact; limited to certain forms of interactions.

Very accurate approximations available for:
• Light nuclei (up to A=16 at present): No-core Shell model (NCSM); truncation 

in model space.
• Selected light and medium-mass nuclei (A=4, 16, 40, 48, 56): Coupled cluster 

theory; truncation in model space and correlations.
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� Theorists agree with each other
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Working in a finite model space
NCSM solves the Schroedinger equation in a model space with a finite (albeit 

large) number of configurations or basis states.
Problem: High-momentum components of high-precision NN interactions require 

enormously large spaces.

Solution: Get rid of the high-
momentum modes via a 
renormalization procedure. (Vlow-k
is an example)

Price tag:
Generation of 3, 4, …, A-body 

forces unavoidable.
Observables other than the energy 

also need to be transformed. E. Ormand
http://www.phy.ornl.gov/npss03/ormand2.ppt
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No core shell model

Idea: Solve the A-body problem in a harmonic-oscillator basis.
1. Take K single particle orbitals
2. Construct a basis of all Slater determinants up to a many-body energy 

cutoff (� preserves translational invariance)
3. Express Hamiltonian in this basis
4. Find low-lying states by matrix diagonalization

� Get eigenstates and energies
� No restrictions regarding Hamiltonian
� Preserves all symmetries (rotations, translations)

� Number of configurations and resulting matrix very large: There are  

ways to distribute A nucleons over K single-particle orbitals. 
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Motivation

“Exact” ab-initio methods like GFMC and NCSM (in their present forms) are 
limited to p-shell nuclei. 

• GFMC: Spin-isospin configurations ~ 4A

• NCSM: Configuration space ~ M! / [(M-A)! A!], and M increases with A

Need theoretical approach that scales more favorable!

(Moore’s law is not compatible with above scaling relations)

Coupled-cluster theory (CCSD) scales like (M-A)4A2
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Coupled-cluster theory (CCSD)

Ansatz:

Correlations are exponentiated 1p-1h and 2p-2h excitations. Part of np-nh
excitations included!

Coupled cluster equations

� Scales gently (polynomial) with 
increasing problem size o2u4 .

� Truncation is the only approximation.

� Size extensive

� Non-variational

Alternative view: CCSD generates 
similarity transformed Hamiltonian with 
no 1p-1h and no 2p-2h excitations.
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Coupled-cluster method: details

Insert ansatz into Schroedinger equation and left multiply with inverse cluster 
operator:

Left-multiply by reference state, and its p-h excitations:

Demand that reference state is eigenstate of the 
similarity-transformed Hamiltonian in the space of 
1p-1h and 2p-2h excitations. The solution 
determines the cluster operator T

Baker-Campbell-Hausdorff relation terminates. All commutators
between operators in T vanish. T can connect to Hamiltonian only! 
� Goldstone’s linked cluster theorem. � Size extensivity

Coupled-cluster equations are non-linear in T

Derivation (Wick contractions) best done diagrammatically

BCH relation terminates at k*n nested commutators for k-body forces and n-body clusters 
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CCSD equations

From P. Piecuch
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Coupled-cluster calculation for 16O

Interaction: Idaho-A based G-matrix

Model space: Up to 8 oscillator shells 

Results converged w.r.t size of model 
space

Excited 3- state: 1p-1h, about 6MeV to 
high 

Some deficiencies in form factor.

Three-nucleon force missing.

M. Wloch et al, Phys. Rev. Lett. 94, 212501 (2005).
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40Ca  and 56Ni with soft nucleon-nucleon interactions

Vlowk at cutoff 1.9fm -1 from Argonne v18

Similarity RG from N 3LO evolved to 2.5fm -1

From G. Hagen (2008)
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Summary

• High precision NN interactions now available and understood
– No “best” potential. Choose one that is most convenient

– Three nucleon forces natural consequence
– Interplay between three-body forces and high-momentum modes

• Systematic construction of effective interaction via EFT possible
• Several methods that solve the quantum many-body problem

– Methods agree with each other in results on light systems.

– Methods differ in accuracy and expense.
– Agreement with experiment impressive. 

– Reliable predictions can be made. 

• Future:
– Explore three-nucleon forces

– Heavier nuclei
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Preparation for Tuesday afternoon

1. Please open web page by Morten Hjorth-Jensen

http://www.fys.uio.no/compphys/cp/software.html

2. Download “Shell-model code (C++ code)”

3. Install it on your computer (unzip, untar, make)


