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We construct a coordinate-space chiral potential, including ∆-isobar intermediate states in its
two-pion-exchange component up to order Q3 (Q denotes generically the low momentum scale).
The contact interactions entering at next-to-leading and next-to-next-to-next-to-leading orders (Q2

and Q4, respectively) are rearranged by Fierz transformations to yield terms at most quadratic in
the relative momentum operator of the two nucleons. The low-energy constants multiplying these
contact interactions are fitted to the 2013 Granada database, consisting of 2309 pp and 2982 np data
(including, respectively, 148 and 218 normalizations) in the laboratory-energy range 0–300 MeV.
For the total 5291 pp and np data in this range, we obtain a χ2/datum of roughly 1.3 for a set of
three models characterized by long- and short-range cutoffs, RL and RS respectively, ranging from
(RL, RS) = (1.2, 0.8) fm down to (0.8, 0.6) fm. The long-range (short-range) cutoff regularizes the
one- and two-pion exchange (contact) part of the potential.

PACS numbers: 13.75.Cs,21.30.-x,21.45.Bc

I. INTRODUCTION

The nucleon-nucleon (NN) interaction is a basic building block in nuclear physics as it makes it possible to describe
nuclear structure and nuclear reactions. If the forces were known accurately and precisely, the nuclear many-body
problem would become a large-scale computation where precision and accuracy are defined in terms of the preferred
numerical method. However, the lack of direct knowledge of the forces among constituents at separation distances
relevant for nuclear structure and reactions drastically changes the rules of the game. Indeed, the use of a large but
finite body of scattering data below a given maximal energy to provide constraints on the interaction transforms the
whole setup into a statistical inference problem, based on the conventional least χ2-method. This fact was recognized
already in 1957 [1] (see Ref. [2] for an early review) and, after many years, culminated in the admirable Nijmegen
partial wave analysis (PWA) of 1993 [3], based on the crucial observations that charge-dependent one-pion-exchange
(CD-OPE), tiny but essential electromagnetic and relativistic effects, and a judicious selection of the scattering
database could actually provide a satisfactory fit with χ2/datum ∼ 1 for a total number of data consisting, as of
1993, of 1787 pp and 2514 np (normalizations included) at the 3 σ level. These criteria have set the standard for
PWA’s and the design of high quality phenomenological potentials [4, 5, 6, 7, 8, 9, 10, 11, 12]. The inference point
of view is mainly phenomenological and requires a balanced interplay between which data qualify as constraints and
which models provide the most likely description of the data. None of these choices is free of prejudices and they are
actually intertwined; a circumstance that should be kept in mind when assessing the reliability and predictive power
of the theory aiming at a faithful representation of the input data and their uncertainties.

The quantum mechanical nature of the PWA with a given cutoff in energy leads to inverse scattering ambiguities
which increase at short distances (see, for example, Refs. [13, 14] and references therein). Remarkably, a universal
and model-independent low-energy interaction arises when unobserved high energy components above the cutoff are
explicitly integrated out of the Hilbert space preserving the scattering amplitude [15, 16]. While this Vlow−k framework
is an extremely appealing setup based on Wilsonian renormalization, to date this universal interaction has not been
determined from data directly and one has to proceed via a fitted and bare NN interaction since off-shellness is
required [17]. However, inferring a NN interaction from data, is not the full story, and three-nucleon, and possibly
higher multi-nucleon, interactions are needed to describe residual contributions to nuclear binding energies [18]. As
is well known, their strength and form are also affected by the chosen off-shell behavior of the NN interaction and a
universal Vlow−k three-nucleon interaction remains to be found.

In an ideal situation all steps in the inference process, including the scattering data selection itself, should be
carried out with the “true” theory, which for nuclear physics is quantum chromodynamics (QCD), the fundamental
theory of interacting quarks and gluons. Assuming, as we do, that the theory is correct, QCD would just tell us
which experiments are right and which are wrong, or whether the reported uncertainties are realistic with a given
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II. LOCAL CHIRAL NN POTENTIALS

In the following section we present a local version of

the two-nucleon potential discussed in Ref. [1]. To this

end, we first outline the main key points of Ref. [1], and

then we discuss about the modifications adopted in this

work in order to built the new family of local interactions.

The NN potential described in [1] are written as a

sum of an electromagnetic interaction component, vEM
12 ,

and a strong interaction component, v12. The vEM
12

interaction is the same as that used in the Argonne

v18 (AV18) potential [2], while the v12 is obtained in

χEFT and is conveniently separated into long- and short-

range parts, namely vL
12 and vS

12, respectively. The vL
12

part includes the one-pion-exchange (OPE) and two-

pion-exchange (TPE) contributions up to next-to-next-

to-leading order (N2LO or Q3) in the chiral expansion. In

the TPE component diagrams involving ∆-isobars in the

intermediate states are also accounted for. The strength

of this long-range part is fully determined by the nucleon

and nucleon-to-∆ axial coupling constants gA and hA,

the pion decay amplitude Fπ, and the sub-leading N2LO

LEC’s c1, c2, c3, c4, and b3 + b8, constrained by repro-

ducing πN scattering data (the values adopted for all

these couplings and also for the other required physical

constants are listed in Tables I and II of Ref. [1]). Note

that the LEC (b3 + b8) is explicitly retained in our fitting

procedure, even though it is proven to be redundant at

this order [3]. In coordinate space, the vL
12 can be written

as a sum of 8 operators,

v
L
12 =

�
6�

l=1

v
l
L(r) O

l
12

�
+ v

σT
L (r) O

σT
12 + v

tT
L (r) O

tT
12 , (1)

where

O
l=1,...,6
12 = [1 , σ1 · σ2 , S12]⊗ [1 , τ1 · τ2] , (2)

OσT
12 = σ1 · σ2 T12, and OtT

12 = S12 T12, and T12 =

3 τ1zτ2z−τ1·τ2 is the isotensor operator. The first 6 terms

(the so-called v6 operator structure) in Eq. (1) are the

charge-independent (CI) central, spin, and tensor com-

ponents without and with the isospin dependence τ1 · τ2

while the last two terms (proportional to T12) are the

charge-independence-breaking (CIB) central and tensor

components induced by the difference between the neu-

tral and charged pion masses in the OPE. The radial

functions vl
L(r), vσT

L (r), and vtT
L (r) (explicitly given in

Appendix A of [1]) are singular at the origin, and each is

regularized by a cutoff of the form

CRL(r) = 1− 1

(r/RL)6 e(r−RL)/aL + 1
, (3)

where three values for the radius RL are considered RL =

(0.8, 1.0, 1.2) fm with the diffuseness aL fixed at aL =

RL/2 in each case.

The vS
12 part is described by charge-independent con-

tact interaction specified by a total of 24 LEC’s, 2 at lead-

ing order (LO or Q0), 7 at next-to-leading order (NLO

or Q2) and 15 at next-to-next-to-next-to-leading order

(N3LO or Q4), and charge-dependent ones characterized

by 10 LEC’s, 2 at LO and 8 at NLO, 5 of which multiply

charge-symmetry breaking (CSB) terms proportional to

τ1z+τ2z and the remaining 5 multiply charge-dependence

breaking (CDB) terms proportional to T12. It can be

written as a sum of 23 operators (see Appendix B of

Ref. [1]),

v
S
12 =

�
19�

l=1

v
l
S(r) O

l
12

�
+ { v

p
S(r) + v

pσ
S (r) σ1 · σ2

+v
pt
S (r) S12 + v

ptτ
S (r) S12 τ1 · τ2 , p2 } , (4)

where O
l=1,...,6
12 have been defined above,

O
l=7,...,11
12 = L · S , L · S τ1 · τ2 , (L · S)

2
, L2

, L2 σ1 · σ2 ,

(5)

and

O
l=12,...,19
12 = [1 , σ1 · σ2 , S12 , L · S]⊗ [T12 , τ

z
1 + τ

z
2 ] .

(6)
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Rev. C 91, 024003 (2015)
......

Previous work:

Recent work:



GOAL: 

   
WHY? 

relative 
momentum 
operator 

p → −i∇
Non-localities due to contact interactions
Non-localities due to regulator functions

   
   

Non-local potentials hard to handle, for example in Quantum Monte
Carlo (QMC) calculations

Many of the available versions of chiral potentials are strongly non-local

   Construct a local χEFT NN potential with chiral TPE including
∆-isobar:

Minimize the number of non-localities due to contact interactions
and remove those due to the regulator functions

 	  	  

Set to zero the LECs multiplying these non-localities 	  	  

   

M. Piarulli et al. Phys. Rev. C 91, 024003

M. Piarulli et al. in preparation
Local chiral NN potentials and light- nuclei structure

General Consideration:

(2015)
Minimally nonlocal nucleon-nucleon potentials with chiral two-pion exchange including ∆’s



v12 = vEM
12 + vL12 + vS12

vEM
12

vL12

 	  	  
 	  	  
 	  	  
 	  	  
 	  	  

Leading Coulomb interaction
Second order Coulomb interaction

Darwin-Foldy interaction
Vacuum polarization interaction

Magnetic moment interaction

taken from π-N scattering   

 	   
k = p� − p 	   

pp system 

np and nn 
systems 

LO : Q0

NLO : Q2

N2LO : Q3

b3 + b8 (L(2)
πN∆)

c1, c2, c3, c4 (L(2)
πN )

: EM interaction component

: long-range component

Dependence on gA,
Fπ and hA = 3 gA/

√
2
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Construction of minimal non-local potentials:



 	  	  

v
L
12 =

�
6�

l=1

v
l
L(r)O

l
12

�
+ v

σT
L (r)OσT

12 + v
tT
L (r)OtT

12

O
l=1,...,6
12 = [1 , σ1 · σ2 , S12]⊗ [1 , τ1 · τ2] 	  	  

OσT
12 = σ1 · σ2 T12 	  	  
OtT

12 = S12 T12, and T12 = 3 τ1zτ2z − τ1 · τ2 CD terms	  

CRL(r) = 1− 1

(r/RL)6 e(r−RL)/aL + 1

r [fm]

C
R

L
(r
)

aL = RL/2

 	  	  

 	  	  

S12 = 3σ1 · r̂σ2 · r̂− σ1 · σ2

1/rn , 1 ≤ n ≤ 6            ,             ,                       vlL(r) vσTL (r) vtTL (r) divergencies of type

OtT
12 = S12T12

Coordinate-space vL12:

RL = (0.8, 1.0, 1.2) fm



vS12(k,K) = vS,CI
12 (k,K) + vS,CD

12 (k,K)

K =
1

2
(p+ p�)

k = p� − p

 	  	  

 	  	  

N3LO : Q4

(a) (b)

(c) (d) (e) (f) (g) (h) (i)

LO : Q0

(a) (b)

(c) (d) (e) (f) (g) (h) (i)

NLO : Q2
34=24 CI+ 10 CD LECs to fix  

(a) (b)

(c) (d) (e) (f) (g) (h) (i)

p’ 

p 

   

Example: 

�f |O|i� = −�f |P exc
O|i�

P exc |f� = − |f�

k → −2K and K → −1/2kP exc =
1 + σ1 · σ2

2

1 + τ1 · τ2
2

P space

In the NLO and N3LO contact interactions terms proportional to K2

and K4 have been removed by Fierz rearrangements:

   Of course mixed terms as k2 K2 or K× k can not Fierz-transformed

away

k2 K2 −→ −1 + τ1 · τ2
2

1 + σ1 · σ2

2
K2 k2

K× k −→ −1 + τ1 · τ2
2

1 + σ1 · σ2

2
k×K

 	  	  

Km −→ −1 + τ1 · τ2
2

1 + σ1 · σ2

2

km

2m
with m=2 or 4

Momentum-space vS12:



�CRS(k)=e−R2
Sk

2/4 −→ CRS(r) =
1

π3/2R3
S

e−(r/RS)
2

v
S
12 =

�
19�

l=1

v
l
S(r)O

l
12

�
+

�
v
p
S(r) + v

pσ
S (r)σ1 · σ2 + v

pt
S (r)S12 + v

ptτ
S (r)S12 τ1 · τ2 , p2

�

   For the short-range terms the regularization is achieved by employing
a local regulator

 	  	  

O
l=7,...,11
12 = L · S , L · S τ1 · τ2 , (L · S)2 , L2

, L2 σ1 · σ2 	  	  

O
l=1,...,6
12 = [1 , σ1 · σ2 , S12]⊗ [1 , τ1 · τ2]

O
l=12,...,19
12 = [1 , σ1 · σ2 , S12 , L · S]⊗ [T12 , τ

z
1 + τz2 ] 	  	  

not well contraint

ΛS = 2/RS

RS = (0.6, 0.7, 0.8) fmRL = (0.8, 1.0, 1.2) fm

(700, 600, 500)MeV

In combination with   

Coordinate-space vS12:
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We fit first phase shifts and then refine the fit by minimizing the χ2

obtained from a direct comparison with the database
   

   

   
    
   
   
There are N sets each one corresponding to a different experiment

Each data set contains measurements at fixed energy and different
scattering angle (except total cross sections)

3σ-criterion to remove inconsistencies in the database [1]

There are 2493 exp data up to 125MeV (3476 data up to 200 MeV)

Fitting Procedure I:

In this work the LECs are fixed by fitting the pp and np Granada
database up to laboratory frame energies Elab = 125 MeV
and Elab = 200 MeV, the deuteron binding energy and the nn
scattering length



χ2
t =

n�

i=1

(oi/Zt − ti)
2

(δoi/Zt)
2 +

(1− 1/Zt)2

(δsys/Zt)2

oi and ti are the measured and calculated values of the observable at point i
δoi and δsys are the statistical and systematic errors
Zt is a scaling factor chosen to minimize the χ2

t
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Zt =
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oiti
δo2i

+
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δ2sys

���
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δ2sys

�

   In all cases the χ2
t for a data set is given by:

   An experiment may have a specified systematic error (normalized data),
no systematic error (absolute data), or an arbitrarily large systematic
error (floated data)

The total figure of merit is defined as the usual χ2 function   χ2 =
N�

t=1

χ2
t

Fitting Procedure II:



To minimize the total χ2, we use the Practical Optimization Using

No Derivatives (for Squares), POUNDerS

   

   Model a :(RL, RS) = (1.2, 0.8)

Model b :(RL, RS) = (1.0, 0.7)

Model c :(RL, RS) = (0.8, 0.6)

Fitting Procedure III:

model order RL (fm) RS (fm) ELAB (MeV) χ2/datum

Model b LO 1.0 0.7 125 59.88

Model b NLO 1.0 0.7 125 2.18

Model b N2LO 1.0 0.7 125 2.32

Model b N3LO 1.0 0.7 125 1.07

Model a N3LO 1.2 0.8 125 1.05

Model c N3LO 0.8 0.6 125 1.11

Model a N3LO 1.2 0.8 200 1.37

Model b N3LO 1.0 0.7 200 1.37

Model c N3LO 0.8 0.6 200 1.40

Table 1: Potential models.

M. Kortelainen et al. Phys. Rev. C 82, 024313 (2010)
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S-wave, P-wave, D-wave phase shifts in the np T = 1 channel
(order by order model b up to 125 MeV)
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S-wave, P-wave, D-wave phase shifts in the np T = 0 channel
(order by order model b up to 125 MeV)
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S-wave, P-wave, D-wave phase shifts in the pp T = 1 channel
(order by order model b up to 125 MeV)



Phase Shifts: 125 and 200 MeV



EV = �ΨV |H|ΨV �
�ΨV |ΨV � ≥ E0

Minimize the expectation value of H   

|ΨV � =
�
S
�

i<j

(1 + Uij)
�� �

i<j<k

f c
ijk(rik , rjk)

�

i<j

fc(rij)
�
|Φ(JMTTz)�

using Metropolis algorithm and trial function (for s-shell nuclei)

|ΨJ� = Jastrow wave function

fc(rij) and f c
ijk(rik , rjk) are central (spin-isospin independent)

two- and three- body correlations
 	  	  

pair correlation operators Uij =
�

p=2,6

� �

k �=i,j

f
p
ijk(rik , rik)

�
up(rij)O

p
ij 	  	  

 	  	  |Φ(JMTTz)� is an antisymmetric product of sigle-particle wave
functions with the designed (Jπ, T )

S
�

i<j represents a symmetrized product 	  	  

O
p=1,6
ij = [1, σi · σj , Sij ]⊗ [1, τ i · τ j ]

R. B. Wiringa Phys. Rev. C 43, 1585 (1991)
Variational Monte Carlo: VMC
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NLopt is a free/open-source library for non-linear optimization
(http://ab-initio.mit.edu/wiki/index.php/NLopt)

   HH calculations provided by the Pisa group (Marcucci, Kievsky, Viviani)

To perform minimizations of ground-state energies with these chiral
potentials a minimizer has been implemented recently in the VCM code
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We construct a family of local NN potential with chiral TPE including

∆-isobar up to N2LO (Q3) and contact interactions up to N3LO(Q4)

Three versions of this chiral potential for three different cutoffs
have been developed with fits to np and pp data up to Elab = 125 MeV
and 200 MeV, deuteron binding energy and nn scattering length

   

Plans:

Implementation of these chiral potentials in the GFMC

Development of a consistent three-body force (in collaboration with

A. Baroni–ODU and S. Pastore–LANL)

We provide some preliminary results using these potentials in light-
structure nuclei and pure neutron matter

Summary:



π’s couple by powers of its momentum Q, and the Lagrangian (Leff)
can be expanded systematically in powers of Q/Λ; (Q � Λ ∼ 1GeV is
the chiral-symmetry breaking scale and Q ∼ mπ)

χEFT allows for a perturbative treatment in terms of powers of Q

Leff = L(0) + L(1) + L(2) + ...

   

   

   

   

   The χ-expansion gives rise to potentials and external currents can be
naturally incorporated

The unknown coefficients of the perturbative expansion are called
LEC’s and are determined fitting the experimental data

χEFT uses the chiral-symmetry to constrain the interactions of π’s
among themselves or with baryons (N and ∆-isobar)

S. Weinberg, Phys. Lett. B251, 288 (1990); Nucl. Phys. B363, 3 (1991);
Phys. Lett. B295, 114 (1992)

Nuclear χEFT Approach:
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Extra Slides 



S-wave, P-wave, and D-wave phase shifts in the np T=1 channel



S-wave, P-wave, and D-wave phase shifts in the np T=0 channel



S-wave, P-wave, and D-wave phase shifts in the pp T=1 channel



   
   
   

   

   
   

Nuclear χEFT approach
General considerations

Fitting procedure:

2013 Granada NN database
np and pp phase shifts analysis
Deuteron properties, scattering lengths and effective ranges

Summary

Construction of a family of minimally nonlocal/local
chiral potentials

VMC and HH for
3
H and

4
He

Outline
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The S-wave and D-wave components of the deuteron wave function correspond-
ing to models a (dashed lines), b (dotted-dashed lines) and c (dotted-dashed-
dotted lines) are compared with those corresponding to the AV18 (solid lines)



Experiment va12 vb12 vc12
Ed [MeV] 2.224575(9) 2.224575 2.224574 2.224575
η 0.0256(4) 0.0245 0.0248 0.0246
rd [fm] 1.97535(85) 1.948 1.975 1.989
µd [µ0] 0.857406(1) 0.852 0.850 0.848
Qd [fm2] 0.2859(3) 0.257 0.268 0.269
Pd [%] 4.94 5.29 5.55

Deuteron static properties for the three models of chiral potential with (RL, RS)=(1.2,0.8)
fm (model a), (1.0,0.7) fm (model b), and (0.8,0.6) fm (model c)



1

Experiment va12 w/o vEM
12 vb12 w/o vEM

12 vc12 w/o vEM
12

1app −7.8063(26) −7.766 −17.014 −7.766 −16.956 −7.763 −17.137
−7.8016(29)

1rpp 2.794(14) 2.742 2.818 2.743 2.820 2.730 2.802
2.773(14)

1ann −18.90(40) −18.867 −19.148 −19.025 −19.301 −18.719 −19.039
1rnn 2.75(11) 2.831 2.827 2.799 2.795 2.738 2.732
1anp −23.740(20) −23.752 −23.196 −23.755 −23.248 −23.745 −23.167
1rnp 2.77(5) 2.665 2.670 2.672 2.677 2.638 2.644
3anp 5.419(7) 5.408 5.391 5.404 5.389 5.412 5.396
3rnp 1.753(8) 1.741 1.740 1.737 1.734 1.740 1.745

The singlet and triplet np, and singlet pp, scattering lengths and effective ranges
for the three models of chiral potential with (RL, RS)=(1.2,0.8) fm (model a),
(1.0,0.7) fm (model b), and (0.8,0.6) fm (model c)



Motivations 
  Quantitative knowledge of NN forces is crucial in order to understand           
the properties of nuclei and nuclear matter 

  QCD: •  quarks, gluons 
•  weak at short distance ( asymptotic freedom ) 
•  strong at long distance ( ≥ 1 fm ) or low energies  
  (low-energy QCD) 

  Nuclear forces: difficult to derive in terms of quarks and gluons 

  EFT applied to low-energy QCD (           ):  χEFT •  pions, nucleons, Δ’s,.. 
•  construct their interactions 
  consistently with the symmetries  
  of the underlying theory   



Formalism: Transition Amplitude in TOPT 
Nucleon-nucleon potential ( NN     NN ) I.  	  	  

  Time-ordered perturbation theory (TOPT) 

�N �
N

�|T |NN� = �N �
N

�|H1

∞�

n=1

� 1

Ei −H0 + iη
H1

�n−1
|NN�

H0 = free π, N, and Δ Hamiltonians 

H1 = interaction Hamiltonians 
among π, N, and Δ implied by Leff	  

�

Ii

|Ii��Ii| = 1  Completeness:                           between successive terms of  H1   

�f |T |i� = �f |H1|i�+
�

I1

�f |H1|I1�
1

Ei − E1 + iη
�I1|H1|i�

+
�

I1,I2

�f |H1|I2�
1

Ei − E2 + iη
�I2|H1|I1�

1

Ei − E1 + iη
�I1|H1|i�+ ....

  Degrees of freedom: non-relativistic N’s and Δ’s, relativistic π’s  



  Two kinds of diagrams: reducible and irreducible 

  N vertices represented by    �Ij |H1|Ik�

Formalism con’t 

  N-1 energy denominators (Ei − Ek + iη)−1, k = 1, ..., (N − 1)

Reducible Irreducible 

  A contribution with N interaction vertices and L loops scales as 

m =
N�

i=1

Qαi−βi/2 ×Q−(N−NK−1)Q−2NK ×Q3L

  NK denominators involving only nucleonic energies scales as Q-2
  

  N-NK-1 denominators involving nucleons, π’s, and Δ’s energies  

H1 scaling	   denominators	   Loop integration	  



  The expansion in power of Q is: − 1

Q

�
1 +Q+Q2 + .....

�

non-static corrections

1

Ei − Ej + iη
≡ 1

Ei − EIj − Ω+ iη
= − 1

Ω

�
1 +

Ei − EIj

Ω
+

(Ei − EIj )
2

Ω2
+ ...

�

EIj : kinetic energies of intermediate states (2N’s or 1N+1Δ or 2Δ)     

static limit
mN ,m∆ → ∞

  A N-NK-1 denominators can be further expanded:  

  In chiral-expansion    -matrix can be expanded as: T

Ω ≡ ωπ (if one or more pion are involved) 
Ω ≡ ωπ +∆ (if one or more pion are involved and a Δ ), etc… 

    

∆ = m∆ −mN ∼ 300MeV ∼ 2mπ

T = T (0) + T (1) + T (2) + ... with T (m) ∼ Q(m)



v(0) = T (0)

v(1) = T (1) −
�
v(0)G0v

(0)
�

v(2) = T (2) −
�
v(0)G0v

(0)G0v
(0)

�
−

�
v(1)G0v

(0) + v(0)G0v
(1)

�

v(3) = T (3) −
�
v(0)G0v

(0)G0v
(0)G0v

(0)
�
−

�
v(1)G0v

(0)G0v
(0) + permutations

�

−
�
v(1)G0v

(1)
�
−

�
v(2)G0v

(1) + v(0)G0v
(2)

�

  Construct potential    such that when inserted in Lippmann-Schwinger (LS) equation 

leads to T-matrix order by order in the power counting 
v + vG0v + vG0vG0v + .... G0 = two-nucleon propagator (Q−2)

v

  Assume:                                          ( with                     ) v = v(0) + v(1) + v(2)... v(m) ∼ Qm

From Amplitudes to Potentials  

  Matching expansion for      with the LS equation order by order:  T

  A term like v(m)G0v
(n) ∼ Qm+n+1

G0 = 1/(Ei + EI + iη)



v(m) up to order m=1

                               consists of (static) OPE and contact terms          (LO) v(0) = T (0)

v(1) = T (1) −
�
v(0)G0v

(0)
�

v(2) = T (2) −
�
v(0)G0v

(0)G0v
(0)

�
−

�
v(1)G0v

(0) + v(0)G0v
(1)

�

v(3) = T (3) −
�
v(0)G0v

(0)G0v
(0)G0v

(0)
�
−

�
v(1)G0v

(0)G0v
(0) + permutations

�

−
�
v(1)G0v

(1)
�
−

�
v(2)G0v

(1) + v(0)G0v
(2)

�

v(0) = T (0)

v(1) = T (1) −
�
v(0)G0v

(0)
�

v(2) = T (2) −
�
v(0)G0v

(0)G0v
(0)

�
−

�
v(1)G0v

(0) + v(0)G0v
(1)

�

v(3) = T (3) −
�
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(0) + permutations
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−
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�
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�
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(1) + v(0)G0v
(2)

�

                                                              vanishes 

  Time-ordered diagrams contributing to the χEFT T-matrix up to order   Q1



Charge/Current operators ( NNγ     NN ) II.  	  	  

  Similar prescription for potential  vγ = AµJµ = A0ρ−A · J

  Power counting of the EM interaction (treated in first order) 

    In the context of LS: vγ = v(−3)
γ + v(−2)

γ + v(−1)
γ ...

Tγ = T (−3)
γ + T (−2)

γ + T (−1)
γ ...

  Matching expansion for      with the LS equation order by order:  T

From amplitudes to EM charge and current operators

! In presence of EM interaction the transition amplitude T! is expanded as

T! = T(−3)
! +T(−2)

! +T(−1)
! + . . . , T(n)

! ∼ eQn

and the charge and current operators are related to T(n)
! via

"(n)
! = A0#(n)−A · j(n) = T(n)

! − LS terms

that is

"(−3)
! = T(−3)

! ,

"(−2)
! = T(−2)

! −
[

"(−3)
! G0"(0) +"(0)G0 "

(−3)
!

]

,

"(−1)
! = T(−1)

! −
[

"(−3)
! G0"(0)G0"(0) +permutations

]

−
[

"(−2)
! G0"(0) +"(0)G0"

(−2)
!

]

︸ ︷︷ ︸

LS terms
. . . . . .
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  Charge and current operators up to one loop (eQ) consistent with      at Q2 v



Technical Issue  

  Resulting renormalized operators have power-law behavior for large 
momenta:            

  Ultraviolet divergencies associated with nuclear and electromagnetic 
loop diagrams are removed via dimensional regularization (DR) and the 
divergent part of these loops are absorbed in the redefinition of the relevant 
LEC’s 

further regularization needs to be employed before these 
operators can be for solving Schrödinger equation and for 
calculation of current matrix elements                 cutoff 
functions  CΛ



The Basic Model 

  Current and charge operators describe the interaction of nuclei with 
external fields. They are expanded as sum of 2-, 3-,…nucleon operators: 

  The nucleus is a system made of A interacting particles described by 

where       and          are the 2- 3-nucleon interaction operators  vij Vijk

H = T + V =
A�

i=1

ti +
�

i<j

vij +
�

i<j<k

Vijk + ...

ρ =
A�

i=1

ρi +
�

i<j

ρij + ....

  Longitudinal EM current operator j linked to the nuclear Hamiltonian via 

j =
A�

i=1

ji +
�

i<j

jij + ....

q · j = [H, ρ] = [T + V, ρ]

(a) (b)
p1

p�
1 p�

2

p2

q
p1 p2

p�
2 p�

1

q

+	   +…..	  



α� ≡ 2kα/Mpvlab

FC(r) = 1−
�
1 +

11

16
x+

3

16
x2 +

1

48
x3

�
e−x,

Fδ(r) = b3
�

1

16
+

1

16
x+

1

48
x2

�
e−x,

Ft(r) = 1−
�
1 + x+

1

2
x2 +

1

6
x3 +

1

24
x4 +

1

144
x5

�
e−x,

Fls(r) = 1−
�
1 + x+

1

2
x2 +

7

48
x3 +

1

48
x4

�
e−x

The  vEM(pp)

vEM (pp) = VC1(pp) + VC2(pp) + VDF (pp) + VV P (pp) + VMM (pp)

VC1(pp) = α�FC(r)

r
,

VC2(pp) = − α

2M2
p

�
(∇2 + k2)

FC(r)

r
+

FC(r)

r
(∇2 + k2)

�
≈ −αα�

Mp

�
FC(r)

r

�2
,

VDF (pp) = − α

4M2
p

Fδ(r) ,

VV P (pp) =
2αα�

3π

FC(r)

r

� ∞

1
dx e−2merx

�
1 +

1

2x2

�
(x2 − 1)1/2

x2
,

VMM (pp) = − α

4M2
p

µ2
p

�
2

3
Fδ(r)σi ·σj +

Ft(r)

r3
Sij

�
− α

2M2
p

(4µp − 1)
Fls(r)

r3
L·S

 	  	                                  takes into account the energy dependence of the Coulomb interaction via relativistic effects): 
k is the relative momentum in the COM frame, Mp proton mass and vlab is the velocity in the LAB frame 
(significantly different from α at even moderate energies ~20% difference at Tlab=250 MeV), ,	  μn	  and	  μp	  	  neutron	  
and	  proton	  magne2c	  moments 

FC(r)=FT of the Sacks form factors

Gp
E =

Gp
M

µp
=

Gn
M

µn
= GD =

�
1 +

q2

b2

�−2

; b = 4.27 fm−1 	  	  FC(r)= FT of the Sacks form factors 

Leading Coulomb interaction

Second order Coulomb interaction

Darwin-Foldy interaction

Vacuum polarization interaction

Magnetic moment interaction

x = br



vEM(np)The  
vEM (np) = VC1(np) + VMM (np)

VC1(np) = αβn
Fnp(r)

r
Leading Coulomb interaction

Magnetic moment interaction VMM (np) = − α

4MnMp
µnµp

�
2

3
Fδ(r)σi ·σj +

Ft(r)

r3
Sij

�

− α

2MnMr
µn

Fls(r)

r3
(L·S+ L·A)

Gn
E = βnq

2

�
1 +

q2

b2

�−3

, βn ≡ [dGn
E/dq

2]q=0 = 0.0189 fm2Fnp(r) = FT of the form factor 

Fnp(r) = b2
�
15x+ 15x2 + 6x3 + x4

� e−x

384

 	  	  

 	  	  A = 1
2 (σi − σj)	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  charge	  asymmetric	  operator	  which	  mixes	  spin-‐singlet	  and	  spin-‐

triplet,	  	  Mr	  is	  the	  nucleon	  reduced	  mass,	  μn	  and	  μp	  	  neutron	  and	  proton	  magne2c	  moments,	  
Mp	  and	  Mn	  proton	  and	  neutron	  masses.	  

The  vEM(nn)

vEM (nn) = VMM (nn)

Magnetic moment interaction VMM (nn) = − α

4M2
n

µ2
n

�
2

3
Fδ(r)σi ·σj +

Ft(r)
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Sij

�

x = br

FC(r)=FT of the Sacks form factors
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E =

Gp
M

µp
=

Gn
M

µn
= GD =

�
1 +

q2

b2

�−2

; b = 4.27 fm−1



vS12(k,K) 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

S12(k) = 3σ1 · k σ2 · k− k2 σ1 · σ2

Momentum-space         : vS12

vS12(k,K) = vS,CI
12 (k,K) + vS,CD

12 (k,K)

vS,CI
12 (k,K) =

�
CS + C1 k

2 +D1 k
4
�
+
�
C2 k

2 +D2 k
4
�
τ1 · τ2 +

�
CT + C3 k

2 +D3 k
4
�
σ1 · σ2

+
�
C4 k

2 +D4 k
4
�
σ1 · σ2 τ1 · τ2 +

�
C5 +D5 k

2
�
S12(k) +

�
C6 +D6 k

2
�
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+i
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C7 +D7 k

2
�
S · (K× k) + iD8 k

2 S · (K × k) τ1 · τ2 +D9 [S · (K× k)]2 +D10 (K× k)2

+D11 (K× k)2 σ1 · σ2 +D12 k
2K2 +D13 k

2K2σ1 · σ2 +D14 K
2 S12(k)

+D15 K
2 S12(k) τ1 · τ2

vS,CD
12 (k,K) =

�
CIT

0 + CIT
1 k2 + CIT

2 k2 σ1 · σ2 + CIT
3 S12(k) + i CIT

4 S · (K× k)
�
T12

+
�
CIV

0 + CIV
1 k2 + CIV

2 k2 σ1 · σ2 + CIV
3 S12(k) + i CIV

4 S · (K× k)
�
(τ1z + τ2z)

 	  	  

 	  	  

In the                      only terms up to NLO, involving charge-independence 
breaking (proportional to      ) and charge-symmetry breaking (proportional 
to               ), are accounted for.  

vS,CD
12 (k,K)

T12

τ1z + τ2z

 	  	  

 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

                     is regularized via a Gaussian cutoff depending only on the 
momentum transfer 

�CRS(k)=e−R2
Sk

2/4 −→ CRS(r) =
1

π3/2R3
S

e−(r/RS)
2

k



vS,CI
12 (k,K) =

�
CS + C1 k

2 +D1 k
4
�
+
�
C2 k

2 +D2 k
4
�
τ1 · τ2 +

�
CT + C3 k

2 +D3 k
4
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σ1 · σ2

+
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C4 k

2 +D4 k
4
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σ1 · σ2 τ1 · τ2 +

�
C5 +D5 k

2
�
S12(k) +

�
C6 +D6 k

2
�
S12(k) τ1 · τ2

+i
�
C7 +D7 k

2
�
S · (K× k) + iD8 k

2 S · (K × k) τ1 · τ2 +D9 [S · (K× k)]2 +D10 (K× k)2

+D11 (K× k)2 σ1 · σ2 +D12 k
2K2 +D13 k

2K2σ1 · σ2 +D14 K
2 S12(k)

+D15 K
2 S12(k) τ1 · τ2

vS,CD
12 (k,K) =

�
CIT

0 + CIT
1 k2 + CIT

2 k2 σ1 · σ2 + CIT
3 S12(k) + i CIT

4 S · (K× k)
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+
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CIV

0 + CIV
1 k2 + CIV

2 k2 σ1 · σ2 + CIV
3 S12(k) + i CIV

4 S · (K× k)
�
(τ1z + τ2z)

 	  	  

S12(k) = 3σ1 · k σ2 · k− k2 σ1 · σ2

  Of course mixed terms as                              can not Fierz-transformed away  k2 K2 or K× k

Momentum-space          vS12

   

vS,CI
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4
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+
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4
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�
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  As nucleons are fermions, they obey to the Pauli principle and after 
antysimmetrization the potential become 

  The two-nucleon exchange operator assumed to act on the initial nucleons (it can 
act also on the final nucleons) is defined as  

Fierz identities 

K =
1

2
(p+ p�)

k = p� − p

 	  	  

 	  	  

v =
1

2
(v − P exc[v])

 	  	  P exc[v] =
1

4
(1 + σ1 · σ2)(1 + τ 1 · τ 2) v(k → −2K,K → −1

2
k)



Example Fierz identities: NLO contact potential 
vCT2(K,k) = γ1 k

2 + γ2 k
2 σ1 · σ2 + γ3 k

2 τ1 · τ2 + γ4 k
2 σ1 · σ2 τ1 · τ2 + γ5 K

2 + γ6 K
2 σ1 · σ2

+ γ7 K
2 τ1 · τ2 + γ8 K

2 σ1 · σ2 τ1 · τ2 + i γ9 S ·K× k+ i γ10 S ·K× k τ1 · τ2 + γ11 σ1 · kσ2 · k
+γ12 σ1 · kσ2 · k τ1 · τ2 + γ13 σ1 ·Kσ2 ·K+ γ14 σ1 ·Kσ2 ·K τ1 · τ2

P exc k2 = (1 + σ1 · σ2)(1 + τ1 · τ2)K2

P exc k2 σ1 · σ2 = (3− σ1 · σ2)(1 + τ1 · τ2)K2

P exc k2 τ1 · τ2 = (1 + σ1 · σ2)(3− τ1 · τ2)K2

P exc k2 σ1 · σ2 τ1 · τ2 = (3− σ1 · σ2)(3− τ1 · τ2)K2

P exc σ1 · kσ2 · k = (1 + τ1 · τ2)(2σ1 ·Kσ2 ·K+K2 −K2 σ1 · σ2)

P exc σ1 · kσ2 · k τ1 · τ2 = (3− τ1 · τ2)(2σ1 ·Kσ2 ·K+K2 −K2 σ1 · σ2)

P exc S ·K× k = −(1 + τ1 · τ2)S · (K× k)/2

P exc S ·K× k τ1 · τ2 = −(3− τ1 · τ2)S · (K× k)/2

 	  	  

vCT2(K,k) = C1 k
2 + C2 k

2 σ1 · σ2 + C3 k
2 τ1 · τ2 + C4 k

2 σ1 · σ2 τ1 · τ2 + i C5 S ·K× k

+C6 σ1 · kσ2 · k+ C7 σ1 · kσ2 · k τ1 · τ2 + (−C1 − 3C2 − 3C3 − 9C4 − C6 − 3C7) K
2

+(−C1 + C2 − 3C3 + 3C4 + C6 + 3C7) K
2 σ1 · σ2 + (−C1 − 3C2 + C3 + 3C4 − C6 + C7) K

2 τ1 · τ2

+(−C1 + C2 + C3 − C4 + C6 − C7) K
2 σ1 · σ2 τ1 · τ2 +

1

3
i C5 S ·K× k τ1 · τ2

+(−2C6 − 6C7) σ1 ·Kσ2 ·K+ (−2C6 + 2C7)σ1 ·Kσ2 ·K τ1 · τ2

 	  	  

Other relations involving k 

There are only 7 independent couplings at NLO after antisymmetrization 
and one has the freedom to choose an appropriate base 

 	  	  



p2 =
L2

r2
− 1

r

d2r

dr2

 	  	  

vTSJ = 2µ

�
vcTS + δS,1

�
2 vtT − vbT

�
+ J(J + 1)
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− (1 + v)u�� − v �u� +

�
v − v ��

2
− k2

�
u = 0

 	  	  u = λw 2 (1 + v)λ� + v �λ = 0 λ = (1 + v)−1/2

w�� = f w , (1 + v) f = v − (v �/2)2

1 + v
− k2 	  	   Numerov method 

vTS
12 = vcTS(r) + vtT (r)S12 + vbT (r)L · S+ vqTS(r)L

2

+vbbT (r) (L · S)2 +
�
vpTS(r) + vptT (r)S12 , p

2
�

 	  	  

Solution of the Schrödinger equation with v12:
p2-dependence

In spin S and isospin T channel, the potential reads (no EM and charge-
dependence parts)

 	  	  

Single channels (J = L, where L and J are the orbital and total angular mo-
menta), the Schrödinger equation for the reduced radial function uTSJ(r) reads



 	  	  

 	  	  

vTJ
−− = 2µ

�
vcT1 − 2

J − 1

2J + 1
vtT + (J − 1)vbT + J(J − 1)

�
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vpT1
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− 4
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�
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vTJ
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vtT − (J + 2)vbT + (J + 1)(J + 2)

�
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− 4
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vptT
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r2
vptT

�
, vTJ

+− = vTJ
−+

 	  	  

 	  	  

 	  	  

vTJ
−− = 4µ

�
vpT1 − 2

J − 1

2J + 1
vptT

�

vTJ
++ = 4µ

�
vpT1 − 2

J + 2

2J + 1
vptT

�

vTJ
−+ = 24µ
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J(J + 1)

2J + 1
vptT , vTJ
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−
�
1 + V

�
U �� − V

�
U � +

�
V − V

��

2
− k2

�
U = 0

U = ΛW 2
�
1 + V

�
Λ� + V

�
Λ = 0

W �� = F W ,
�
1 + V

�
ΛF Λ−1 = V − 1

4
V

�
(1 + V )−1 V

� − k2 	  	   Numerov 
method 

Runge-Kutta method 

In coupled channels (L = J ± 1 ≡ ±) it is convenient to introduce the 2 × 2
matrices V and V : the Schrödinger equation can be written as


