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• Methods develop in this presentation to solve the many

body problem
Can address bound 

and low-lying 

resonances (short 

range correlations)
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COUPLE NCSM AND NCSM/RGM (NCSMC)
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Can address bound 

and low-lying 

resonances (short 

range correlations)

Ψ𝑅𝐺𝑀
(𝐴)

=  

𝑣

 𝑑 𝑟 𝑔𝑣  𝑟  𝐴𝑣   Φ
𝑣  𝑟
(𝐴−𝑎,𝑎)

Channel 
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Relative wave 
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(unknown)
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Cluster expansion 

technique
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EQUAL TREATMENT OF BOUND AND RESONANT STATES: 

COUPLE NCSM AND NCSM/RGM (NCSMC)

NCSM/RGM

Cluster formalism for 

elastic/inelastic

• Methods develop in this presentation to solve the many

body problem
Can address bound 

and low-lying 

resonances (short 

range correlations)
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• Methods develop in this presentation to solve the many

body problem
Can address bound 

and low-lying 

resonances (short 

range correlations)

Design to account 

for scattering states 

( best for long range 

correlations)

• The many body quantum problem is best described by

the superposition of both type of wave functions

NCSMC
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Relative wave 
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EQUAL TREATMENT OF BOUND AND RESONANT STATES: 

COUPLE NCSM AND NCSM/RGM (NCSMC)
S. Baroni, P. Navrátil and S. Quaglioni PRL110 (2013); PRC93 (2013)
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COUPLED NCSMC EQUATIONS
S. Baroni, P. Navrátil and S. Quaglioni PRL110 (2013); PRC93 (2013)

𝐻𝑁𝐶𝑆𝑀 ℎ
ℎ 𝐻𝑅𝐺𝑀

𝑐
𝛾 = 𝐸

1𝑁𝐶𝑆𝑀 𝑔
𝑔 𝑁𝑅𝐺𝑀

𝐻𝒜
 𝑟 (𝑎 = 1)

(𝐴 − 1)

𝒜𝐻𝒜

(𝐴 − 1)

(𝑎 = 1)  𝑟 𝑟′ (𝑎′ = 1)

(𝐴 − 1)

𝒜
 𝑟 (𝑎 = 1)

(𝐴 − 1)

𝐸𝜆 𝛿𝜆𝜆′

Scattering matrix (and observables) from matching solutions to 

known asymptotic with microscopic R-matrix on Lagrange mesh



n-4He SCATTERING: NN VERSUS 3N 

INTERACTIONS
G. Hupin, J. Langhammer et al. PRC88 (2013); G. Hupin, S. Quaglioni and P. Navrátil, to 

be published in Physica ScriptaSpecial Edition - Nobel Prize '75 anniversary
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• The 3N interactions 

influence mostly the P

waves.

• The largest splitting 

between P waves is 

obtained with NN+3N.

n-4He scattering

More spin-orbit 

splitting

3N vs

NN “bare” 
(NN+3N-ind)

Comparison between NN+3N

-ind and NN+3N at Nmax=13

with six 4He states and 14
5He states.

Two scenarii of nuclear Hamiltonians

NN+3N

NN+3N-induced
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Experimental low-lying states 

of the A=5 nucleon systems.

• The convergence 

pattern looks good.

• The experimental 

phase-shifts are well 

reproduced.

AB INITIO n-4He SCATTERING
G. Hupin, J. Langhammer et al. PRC88 (2013); G. Hupin, S. Quaglioni and P. Navrátil, to 

be published in Physica ScriptaSpecial Edition - Nobel Prize '75 anniversary

Study of the convergence with respect to the # of 
4He low-lying states

n-4He scattering phase-shifts for NN+3N potential with

=2.0 fm-1 and first 14th low-lying state of 5He.
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Differential cross-section at Eneutron

=1.79 MeV between NN+3N-ind and

NN+3N.

Comparison of the elastic cross-section 

between NN and NN+3N with 4He (g.s.)

n-4He elastic cross-section for NN+3N-induced,

NN+3N potentials compared to expt. and ENDF

evaluation.

(NN+3N-induced)

• We obtained a better agreement 

with data when using NN+3N.

• The 3N force is constitutive to the 

reproduction of the 3/2
+ resonance.

n-4He ELASTIC CROSS-SECTIONS
G. Hupin, S. Quaglioni and P. Navrátil, to be published as a contribution to the Special 

Physica Scripta Edition - 40 year anniversary - Nobel Prize '75 

NN+3N

NN+3N-induced
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Cross-section compared to experiments focused on proton recoil analysis

p-4He differential cross-section for NN+3N at 4He incident 

energies close to the Rutherford scattering.

The widths predicted by our 

model (the only ingredient 

being the interaction) is too 

large compared to experiment. 

We can however discriminate 

between experimental data 

and provide accurate 

predictions for all angles at 

small and high energies.

PREDICTION FOR ELASTIC RECOIL 

DETECTION (ERD)
G. Hupin, S. Quaglioni and P. Navrátil, PRC90 (2014)

p-4He scattering



In the shell model picture g.s. expected to be Jπ=1/2-

(Z=6, N=7) 13C and (Z=8, N=7) 15O have Jπ=1/2- g.s.

In reality, 11Be g.s. is Jπ=1/2+ -- parity inversion

Very weakly bound: Eth=-0.5 MeV Halo state --
dominated by 10Be-n in the S-wave

The 1/2- state also bound -- only by 180 keV

Can we describe 11Be in ab initio calculations?

Continuum must be included

Does the 3N interaction play a role in the 
parity inversion? 

NEUTRON-RICH HALO NUCLEUS 11BE
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Z=4 N=7

1s1/2

0p1/2

0s1/2

0p3/2

Single particle interpretation 

using nuclear shell model 



Limited information about the structure of 
proton rich 11N – mirror nucleus of 11Be halo 
nucleus

Incomplete knowledge of 10C unbound 
excited states

Importance of 3N force effects and 
continuum

Can structure of exotic nuclei discriminate 
among different nuclear force models? 

p-10C SCATTERING: STRUCTURE OF 
11N RESONANCES

12



New experiment at ISAC TRIUMF with reaccelerated 10C

The first ever 10C beam at TRIUMF

Angular distributions measured at ECM ~ 4.16 MeV and 4.4 MeV

10C(p,p) @ IRIS with solid H2 target 
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10C(p,p)   @ IRIS  with solid H2 target
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PRELIMINARY

θlab  (deg)

A. Kumar, R. Kanungo, A. Sanetullaev et al.

p

10C

p

PRELIMINARY

Identification of reaction channel (protons)

IRIS collaboration:

A. Kumar, R. Kanungo, 

A. Sanetullaev et al. 



p-10C SCATTERING: STRUCTURE OF 11N RESONANCES
A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al. with IRIS collaboration, in preparation
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NCSMC calculations with chiral NN+3N [N3LO NN+N2LO 3NF(400), NNLOsat]

10C:   0+, 2+, 2+ NCSM eigenstates

11N:   ≥4 (=-1= and ≥3 (=+1) NCSM eigenstates
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p-10C SCATTERING: STRUCTURE OF 11N RESONANCES
A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al. with IRIS collaboration, in preparation
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p-10C SCATTERING: STRUCTURE OF 11N RESONANCES
A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al. with IRIS collaboration, in preparation

Area where 3N force effect can be observed
IRIS collaboration:

A. Kumar, R. Kanungo, A. 

Sanetullaev et al. 



NCSMC calculations including chiral 3N (N3LO NN+N2LO 3NF400)

10Be: 0+, 2+, 2+ NCSM eigenstates

11Be: ≥6 (=-1) and ≥3 (=+1) NCSM eigenstates

STRUCTURE OF 11Be FROM CHIRAL NN+3N FORCES
A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al. with IRIS collaboration, in preparation
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+

Nmax

preliminary

Continuum effects



11Be WITHIN NCSMC: DISCRIMINATION AMONG CHIRAL 

NUCLEAR FORCES
A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al. with IRIS collaboration, in preparation
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Parity inversion

preliminary
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p-10C SCATTERING: STRUCTURE OF 11N RESONANCES
A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al. with IRIS collaboration, in preparation

preliminary preliminary

IRIS collaboration:

A. Kumar, R. Kanungo, A. 

Sanetullaev et al. 
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• Best results in a decent model 

space (Nmax=11).

• The 3D3 resonance is reproduced 

but the 3D2 and 3D1 resonance 

positions are underestimated.

• The 3N force corrects the D-wave 

resonance positions by increasing 

the spin-orbit splitting.

• There is room for improvements.

4He(d,d)4He COMPARISON OF 

INTERACTION
G. Hupin, S. Quaglioni and P. Navrátil, PRL114 (2015)

Comparison of the d-a phase-shifts with 

different interactions (Nmax=11)

d-4He(g.s.) scattering phase-shifts for NN-only,

NN+3N-induced, NN+3N-full potential with

=2.0 fm-1.

NN+3N

NN+3N-induced

NN-only

d-4He 

scattering
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6Li SPECTRUM, NCSMC VS 

NCSM/RGM
G. Hupin, S. Quaglioni and P. Navrátil, PRL114 (2015)

Comparison between NCSMC vs NCSM

• The 3N force is essential to get the 

correct 6Li g.s. energy and splitting 

between the 3+ and 2+ states.

• The 6Li g.s. is well reproduced.

• There is room for improvements, in 

particular regarding the 3+ state.
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The bulk of the cross 

section is well reproduced 

for a large set of kinetic 

energy and scattering 

angle.

4He(d,d)4He CROSS-SECTION
G. Hupin, S. Quaglioni and P. Navrátil, PRL114 (2015)

4He(d,d) 4He angular distribution for 

various Ed

Comparison to experiment of the d-4He elastic

angular distribution of NCSMC with NN+3N

potential at =2.0 fm-1.
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4He(d,4He)d differential cross section at 

φ=30⁰

Comparison to experiment of the d-4He elastic

recoil differential cross section of NCSMC with

NN+3N potential at =2.0 fm-1.

The 3+ resonance is 

missed. As its width is very 

narrow, it has little impact 

and the bulk of the cross-

section.

4He(d,4He)d CROSS-SECTION
G. Hupin, S. Quaglioni and P. Navrátil, PRL114 (2015)

Comparison between 

potentials
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3H(d,n)4He astrophysical S-factor

NCSM/RGM results for the 3He(d,n)4He 

astrophysical S-factor compared to beam-

target measurements.

Calculated S-factors converge with the 

inclusion of the virtual breakup of the 

deuterium, obtained by means of excited 
3S1-

3D1 (d* ) and 3D2 (d’* ) pseudo-states.

3He(d,p)4He astrophysical S-factor

e- lab 

screening

Complete picture: 

includes break-up 

Incomplete nuclear interaction: requires 

3N force (SRG-induced + “real”)

Evidence of 

incomplete model 

(nuclear force)l =1.5 fm-1

Pseudo 

excited states

FIRST STEPS TOWARDS AB INITIO CALCULATIONS OF 

FUSION WITH NCSM/RGM
P. Navrátil, S. Quaglioni, PRL108 (2012)
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• Perspective to provide accurate 

t(d,n)4He fusion cross-section for 

the effort toward earth-based 

fusion energy generation.

• The d-t fusion is known to be 

very sensitive to the spin-orbit 

and isospin part of the nuclear 

interaction.

n-4He phaseshifts with NCSMC and the 

chiral two- and three-nucleon force

n+4He(g.s.) phase shifts with NN+3N potential,

=2.0 fm-1, with eigenstates of 5He at Nmax =9.

d-t channel

d-t fusion

FIRST STEPS TOWARDS AB INITIO 

CALCULATIONS OF FUSION
G. Hupin, S. Quaglioni, P. Navrátil work in progress

Nmax=9
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Towards d-t fusion with NCSMC: 

comparison between effective interactions

n+4He(g.s.) phase shifts with NN+3N potential,

with eigenstates of 5He.

FIRST STEPS TOWARDS AB INITIO 

CALCULATIONS OF FUSION
G. Hupin, S. Quaglioni, P. Navrátil work in progress

NCSM convergence of compound and

cluster states.
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Towards d-t fusion with NCSMC: 

comparison between effective interactions

n+4He(g.s.) phase shifts with NN+3N potential,

with eigenstates of 5He.

FIRST STEPS TOWARDS AB INITIO 

CALCULATIONS OF FUSION
G. Hupin, S. Quaglioni, P. Navrátil work in progress

A smaller frequency allows us to 

capture the dilute nature of the 3/2
+

resonance.

Relative error (%) with respect to

converged value
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We are extending the ab initio

NCSM/RGM approach to describe

low-energy reactions with two- and

three-nucleon interactions.

We are able to describe:

Nucleon-nucleus collisions with NN+3N 

interaction

Deuterium-nucleus collisions with 

NN+3N interaction as the n-n

NCSMC for single- and two-nucleon 

projectile

Work in progress:

Fusion reactions with our best 

complete ab initio approach

The present NNN force is "incomplete”, 

need to go to N3LO

Evolution of stars, birth, main sequence, death

CONCLUSIONS AND OUTLOOK


