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Two	QCD	EFTs	

 π/		EFT	
•  Large	sca6ering	length:	
Nucleons	interac6ng	via	
contact	interac6ons	--	Efimov	
dominates	3-body	problem,	
and	power	counAng	

•  Origin:	low-energy	QCD	
accidentally	close	to	unitarity.	

•  Very	low	energiesèvery	light	
nuclei	&	low-energy	reacAons.	

•  allows	a	different	approach	to	
assess	theore-cal	uncertainty:	
•  Renormalizable	QFT	at	LO	and	

NLO	–	showing	cutoff	
independence,	with	almost	no	
power	coun-ng	issues		

•  Can	be	expanded	about	different	
momenta	–	few	varia-ons	of	the	
EFT	

•  Few	LECs,	i.e.,	 π/		EFT	is	not	a	
sta-s-cal	op-miza-on	problem.	

χEFT	
•  Pion	dominated	theory:	
Nucleons	interac6ng	via	pion	
exchanges	and	contacts.	

•  Origin:	Standard	Model	
broken	chiral	symmetry	
SU(2)RxSU(2)L	

•  Wide	range	of	applicaAons.	
•  A	main	challenge:	
mul-variable	systema-c		
uncertainty	quan-fica-ons	
in	a	non-renormalizable	theory:	

•  StaAsAcal	opAmizaAon		
•  Bayesian	
•  Order	by	order	
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Neutron-neutron	sca6ering	length	
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π/		EFT	and	χEFT	are	both	EFTs	of	the	nuclear	regime	at	low	energy	

a)  Can	we	learn	something	useful	from	π/		EFT	and	apply	it	to	χEFT?	
	

b)  Can	one	observe	regulator/space	dependence	in	π/		EFT,	as	in	χEFT?	

c)  Use	π/		EFT	to	calculate	reacAons	and	compare	with	χEFT,	to	get	improved	
uncertainty	esAmate:	first	π/		EFT	calcula-on	of	3H	beta	decay	(@NLO),	
and	a	precision	calculaAon	of	proton-proton	fusion	in	the	Sun.	

d)  A	very	interesAng	confirmaAon	of	Ladce	QCD	as	well	as	π/	EFT	consistency	
check:		
first	π/		EFT	calcula-on	of	3H,	3He,	2H	magne-c	moments	and	n+pàd+γ	
(@NLO),	and	comparison	to	the	NPLQCD	calcula-on	of	2	nucleons	in	a	
magne-c	field	(Beane	et	al	PRL	115,	132001	(2015))	
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Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	

Kirscher,	DG,	Phys	Le6	B	755,	253	(2016)	

De-Leon,	DG,	in	prep.,	see	Hilla	De-Leon’s	poster.	

De-Leon,	DG,	in	prep..	
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π/		EFT	@	LO	

Fe
br
ua
ry
	2
4,
	2
01
6	

ab
	in
iA
o@

TR
IU
M
F,
	D
or
on

	G
az
it	

5	

Bedaque,	Hammer,	van-Kolck:	(1999)		
triton	B.E.	at	LO	has	strong	cutoff	dependenceèadd	3-body	contact	at	LO	

same effect on the amplitude as varying the cutoff. Consequently, we can compensate
the changes in the asymptotic phase when Λ is varied by adjusting the three-body force
term appropriately. (A more rigorous discussion of the renormalization procedure can be
found in Ref. [15].)

We can obtain an approximate expression for the running of H(Λ) from invariance
under the renormalization group. Requiring that the equation for a+ does not change its
form when the high momentum modes are integrated out, we find

H(Λ) = −
sin(s0 ln(Λ/Λ⋆) − arctg(1/s0))

sin(s0 ln(Λ/Λ⋆) + arctg(1/s0))
(14)

where s0 ≈ 1.0064 and Λ∗ is a dimensionful parameter that determines the asymptotic
phase of the off-shell amplitude [15]. The running of the three-body force H(Λ) according
to Eq. (14) is shown by the solid line in Fig. 4. The dots are obtained by adjusting H(Λ)

Figure 4: Running of H(Λ) for Λ∗ = 0.9 fm−1: (a) from Eq. (14) (solid line), (b) from
numerical solution of Eq. (11) (dots).

such that the low-energy solution of Eq. (11) remains unchanged when Λ is varied. The
observed agreement provides a numerical justification for our procedure. The three-body
force is periodic with H(Λn) = H(Λ) for Λn = Λ exp(nπ/s0) ≈ Λ(22.7)n. In particular, the
bare three-body force vanishes for a discrete set of cutoffs. Note, however, that invariance
under continuous changes in the cutoff does require a non-vanishing bare three-body force.

An important point should be stressed here. We have first renormalized the two-
body subamplitude (the dibaryon propagator) and then inserted the result in the three-
body equation. The loop appearing in this equation was then regulated by a cutoff and
renormalized by the introduction of a three-body force. This is equivalent to using separate
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π/		EFT	–	and	Correlations	in	light	nuclei	

•  No	4	body	parameter	at	LO.	
•  One	3b	force	–	one	line!	
•  Tjon/Phillips	correlaAon	originate	in	Efimov	physics.	
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Tjon	line	Phillips	line	

Pla6er	(2006),	Pla6er,	Hammer,	Meissner	(2005),	Kirscher,	Griesshammer,	Hofmann	(2007)	
Nogga,	Bogner,	Schwenk	(2005)	

Tjon	line	
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χEFT	–	three	body	problem	in	the	(cD,cE)	plane.	
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Difference	between	lines	are	a	higher	order		
isospin	breaking	effect:	
no	meaning	for	line	crossings.	

Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	
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χEFT	–	a	Tjon	line	representation		
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SAll	-	.	SAll–	crossing	lines	are	a	higher	order	effect,	
i.e.,	3H,	3He	and	4He	b.e.s	are	not	independent	observables,	
and	cannot	be	used	as	such	to	fix	the	3NF	LECs.	

Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	
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χEFT	–	a	Tjon	line	representation		

Fe
br
ua
ry
	2
4,
	2
01
6	

ab
	in
iA
o@

TR
IU
M
F,
	D
or
on

	G
az
it	

9	

Conclusion	independent	of	χEFT	potenAal	

Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	
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χEFT	–	a	Tjon	line	representation		
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EFT suggests: 3H, 3He, 4He b.e.s are not 
independent constraints. 
One should augment experimental 
covariance matrix, by a theoretical 
one. 
 

Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	
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χEFT	–	RG	evolved	potential		
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Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	

Different	vlow k	potenAals:	

Use	vlow k	for	2-body,	
and	bare	for	3NF	–	
A	renormalizaAon	of	cE?	
cf.	Günter	et	al	
PRC	82,	024319	(2010)		
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χEFT	–	RG	evolved	potential		
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broken correlations are signature of neglected 
induced forces in SRGs 

Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	

Different	vlow k	potenAals:	
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π/		EFT	and	χEFT	are	both	EFTs	of	the	nuclear	regime	at	low	energy	

a)  Can	we	learn	something	useful	from	π/		EFT	and	apply	it	to	χEFT?	
	

b)  Can	one	observe	regulator/space	dependence	in	π/		EFT,	as	in	χEFT?	

c)  Use	π/		EFT	to	calculate	reacAons	and	compare	with	χEFT,	to	get	improved	
uncertainty	esAmate:	first	π/		EFT	calcula-on	of	3H	beta	decay	(@NLO),	
and	a	precision	calculaAon	of	proton-proton	fusion	in	the	Sun.	

d)  A	very	interesAng	confirmaAon	of	Ladce	QCD	as	well	as	π/	EFT	consistency	
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Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	

Kirscher,	DG,	Phys	Le6	B	755,	253	(2016)	

De-Leon,	DG,	in	prep.,	see	Hilla	De-Leon’s	poster.	

De-Leon,	DG,	in	prep..	
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3.2 Adding a 3-Body Force

In order to find H(⇤) we solve the homogeneous parts of Faddeev equation for 3H without
a 3-body force (Eq. eq. (40)) numerically and use the known binding energy of triton
�E3H = �8.48 MeV to remove the ⇤ dependence of �E3H . For each cuto↵ we found the
right value of H(⇤) for which:

✓
�T

�S

◆
=

1

2

1

qk
Q0

✓
q2 + k2 �MNE

qk

◆✓
y2t · Dt(q) �3ytys · Ds(q)

�3ytys · Dt(q) y2s · Ds(q)

◆
⌦

✓
�T

�S

◆
,

(40)

Equation eq. (40) can be treated as a coupled eigenvectors equation with eigenvalue
c = 1:

cu = K ⇥ u (41)

For each ⇤ we found H(⇤), which solves equation eq. (40) numerically with c(⇤) = 1.
The numerical calculations of H(⇤) and the analytic results are shown in Figure. 6.
Braaten et al have found that c(⇤)2 = 0.879 is the corrections for the three body force.

Fig. 6: (Color online) Values of the 3-body force H(⇤) as a function of the cuto↵ ⇤ in MeV for 3H. The
solid curve shows numerical results for H(⇤), the dashed line is the analytical euslrs from [9]
and the dash-line analytical results multiplied by the ration found in [33].

.

13

3H:	
•  A=3	Efimov	effect:	triton	at	LO	has	strong	cutoff	dependenceèadd	
3-body	contact	at	LO.	 Fe
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Bedaque,	Hammer,	van	Kolck	

Q(a) =
1

2
·
Z 1

�1

1

x+ a
dx (29)

and

�t,s =
MNy2t,s
4⇡

Dt,s (30)

and E is the 3-body(triton) binding energy.
Notice that the quartet channel contributes to the higher orders calculations, therefore

we will not take it into account in those calculations.

3.1.2 Doublet Channel

Now go on to the doublet channel, where the spins of the nucleon and the deuteron couple
to a total spin of 1/2. The spin-singlet dibaryon can now appear in the intermediate state,
which leads to two coupled amplitudes that di↵er in the type of the outgoing dibaryon
as shown in Figure 5. Here the three nucleon spins no longer need to be aligned in the
same direction, which means that a non-derivative three-nucleon interaction is no longer
prohibited by the Pauli principle. For the n�d scattering we are setting : ann = anp = at
and At

np = At
nn.

Figure. 5 shows a diagrammatic representation of the coupled-channel integral equa-
tion for the scattering amplitudes Ad and At in the doublet channel.

Fig. 5: (Color online) n-d scattering with a 3-body force. The double line is a propagator of the
two intermediate auxiliary fields Dd (solid) and Dt (dashed). The red bubble represents the
deuterium channel T=0, S=1, while the green bubble represents the triplet channel T=1, S=0.

The Faddeev equation for 3H can be written as [11] (see Appendix A) :

T (k, p, E) =y2t


K1(k, p) +

2H

⇤2

�
+

1

2

Z
�t(q)T (k, q)K1(q, p)

q2

2⇡2
dq �3

yt
ys

Z
�s(q)S(k, q)K1(q, p)

q2

2⇡2
dq+

2H

⇤2

✓Z
�t(q)T (k, q)

q2

2⇡2
dq �yt

ys

Z
�s(q)S(k, q)

q2

2⇡2
dq

◆�
(31)

11

RegularizaAon:		
--	integrals	cutoff	at	finite	Λ.	
--	each	cycle	is	characterized	by		
the	appearance	of	a	new	bound	state.	

How	does	this	look	if	using:	
--	local	regulator?	
--	Schrödinger	formalism?	



!

3H:	Schrödinger	formalism,	local	regulator	
•  We	have	uAlized	a	Schrödinger	formalism	for	pionless	EFT,	with	the	
same	counAng	scheme.	

•  Cutoff	potenAals	using	local	gaussian	regulators	(a-la	local-χEFT).		
•  LO	potenAal	is	iterated	using	the	Schrödinger	equaAon.	
•  NLO	is	treated	perturbaAvely,	using	first	order	perturbaAon	theory,	
which	is	found	to	be	iden-cal	to	the	distorted	wave	born	
approxima-on.	
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J.	Kirscher,	D.	Gazit,	PLB	755,	253	(2016)	

Low energy electroweak interaction processes in A=2,3 nuclei in pionless EFT

Hilla De-Leon and Doron Gazit
The Racah Institute of Physics, The Hebrew University of Jerusalem

Introduction

Low energy electroweak interactions in light nuclear systems
(d , 3H,3He) take part in many scenarios such as Big Bang
nucleosynthesis and evolution of the Sun. The Sun’s energy
comes from an exothermic set of reactions, called the pp
chain (kBT ⇠ 1.5keV). The pp fusion is the leading reaction
in this chain and as the slowest one, it determines the Sun’s
lifetime [1, 2]. Since a measurement of its cross-section is
impossible, the fusion rate estimates depend entirely on
theory.

I Simple theory for describing a few-nucleon system at low
energies - E↵ective Field Theory (EFT).

I For low energy - q < ⇤cut = m⇡ the pion can be integrated
out and only nucleons are left as e↵ective degrees of
freedom: QCD! EFT(/⇡) [3].

I Le↵ective = O(1)|{z}
LO

+O (q/⇤cut, r/a)| {z }
NLO

+..., where r ⇠ 1/⇤cut

is the e↵ective range and a ⇠ 1/q is the scattering length.
I The e↵ective-Lagrangian Low-Energy Constants (LECs)

encode all fundamental theory and can be determined
from experimental data.

I For 3He, there is an addition of a
Coulomb interaction: O(↵MN/q),
but 3He typical momentum is: q ⇠ 70MeV ! ↵MN/q ⌧ 1 so the
Coulomb interaction can be treated as a perturbation (one photon
exchange) [4, 5, 6, 7].

I For the first time we introduce a calculation of A = 3 magnetic
moments in EFT(/⇡) as well as a prediction for pp fusion rate.

Three-body EFT(/⇡)

A three-nucleons system can be treated as a scattering of two nucleons and
one nucleon. We are working in dibaryon formalism, in which the two nucleons
are coupled into two channels:

I Deuteron channel: I=0, S=1 (d).
I Singlet channel: I=1, S=0 (nn, np, pp).

I EFT(/⇡) can be expanded about zero momentum or around the deuteron pole
(dictating physical deuteron normalization Zd at NLO) [8].

Zd = 1|{z}
LO

+ �d⇢d|{z}
NLO

+O
⇣
(�d⇢d)

2
⌘

| {z }
N2LO

+... (about Q=0).

Zd = 1|{z}
LO

+Zd � 1| {z }
NLO

+0 (Zd expansion)

I The Coulomb interaction distinguishes pp from np in the singlet channel.
I In NLO, in order to ensure the 3H pole position, the three-body force must be

renormalized [9].

Electroweak interaction in EFT(/⇡)

A = 3 A = 2

I Ai ,j is the three-body amplitude,i , j=d , s for 3H and d , s, pp for 3He.
I Di ,j is the two-body propagator, i , j=d , s for 3H and d , s, pp for 3He.

EM weak
1-body LEC n, p gA

1-body operator �,�⌧ 0 �⌧+,�,⌧+,�

2-body operator L1(d i)†sj , L2(d i)†d j L1A(d i)†sj

A = 2, q ⇡ 0 �np : n + p ! d + � pp fusion:
observables d magnetic moment hµdi p + p ! d + e+ + ⌫e
A = 3, q ⇡ 0 3H, 3He magnetic moments: 3H �-decay into 3He:
observables hµ3Hi, hµ3Hei 3H !3 He + e�⌫̄e

I There are four well measured low-energy electromagnetic observables
and two unknown two-body LECs (L1 and L2).

I A successful prediction of EM in EFT(/⇡) will indicate its ability to
predict the pp fusion rate.

I For the first time we use A = 3 EM obs. to fix L1 and L2 and to
predict A = 2 obs.

I Repeat for the weak interaction: use 3H �-decay to predict pp fusion.

Electroweak matrix element in EFT(/⇡)

hOi = h
isospinz}|{
I , Izj , SjkLinteractionk

isospinz}|{
I , Izi , Siip

2J + 1

I We use the same 2-body and 3-body regulator: the 3-body cuto↵ (⇤).
I The numerical results have no cuto↵ dependence (⇤  107Mev).
I A consistent NLO matrix element for A = 2, 3 needs one insertion:

2-body LEC, r/a (ERE) or a A = 3 NLO amplitude.
. The 2-body LEC contains an e↵ective range correction.
. The A = 3 ERE is an r/a insertion to the dibaryon propagator.
. The A = 2 ERE is an r/a insertion to the deuteron normalization.
. For A = 3 the NLO correction of the amplitude is a result of the

3-nucleon pole (0 for 3H).
I For the pp fusion the relative momentum is low q ⇡ 0, therefore an

infinite sum of photons exchange is required.

Numerical results

Electromagnetic interactions:

A = 3 [µN] A = 2
hµ3Hi hµ3Hei �np [mb] µd [µN]

LO 3.088 -2.450 298.2 0.8798 LECs were calibrated
LO, Zd 3.1 -2.4 298.2 0.8798 from A = 2.
Full NLO 2.979 -2.127 338.8 0.8592

Full NLO, Zd 2.93 -2.15 347.8 0.8547 LECs were calibrated
� Zd [%] 1.7 1.1 2.7 0.1 from A = 3.
Exp data 2.9789 -2.12762 334.2 0.8574
� Exp [%] 0.04-1 0.03-2 1-4 0.2-0.3

Weak interactions:

It is interesting to compare �EFT and EFT(/⇡) calculations of pp fusion, which
both calibrate the axial LEC from 3H �-decay.
We compare to Marcucci et al [10], pure Coulomb �EFT S-calculation, with
the same 3H decay rate & gA values and the same hF i value.

S�EFT
pp (3S1, pure Coulomb) 4.02 · 10�23MeV · fm2 ± 0.01

S
EFT (/⇡)
pp (0) 3.90 · 10�23MeV · fm2

S
EFT (/⇡)
pp (0),Zd 4.16 · 10�23MeV · fm2

Higher orders contribution can be estimated by:

I Di↵erence between Z-parameterization and
regular counting.

I Taking the ratio between NLO and LO as
expansion parameter. Both methods give
the same estimate (± 3%).

Summary

I EFT(/⇡) consistently predict A=2, 3 EM q ⇡ 0 observables up to NLO with
O(1%) accuracy.

I We determine the p-p fusion rate with reliable uncertainty estimate. Our
prediction:

S
EFT (/⇡)
pp (gA = 1.2695) = 4.02 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

S
EFT (/⇡)
pp (gA = 1.275) = 4.16 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

Better determination of gA and 3H half-life are needed to reduce the error-bar.
N2LO can reduce the theoretical uncertainty significantly, to less than 1%.
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3H:	Schrödinger	formalism,	local	regulator	
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J. Kirscher, D. Gazit / Physics Letters B 755 (2016) 253–260 257

Fig. 2. Cutoff dependence of the ground (black solid) and first-excited-state (gray dashed) binding energies (left MeV Y-scale), and their ratio (dotted red, right Y scale) 
for D!

(∗) = 0 (panel (a)). In panel (b), the running of the dimensionless 3-nucleon LEC with the cutoff is shown. For ! ! !crit. , only the ground state exists below the 
neutron–deuteron breakup threshold (thin dotted line (a)) with a corresponding repulsive 3-body LEC (solid black line (b)). For ! " !crit. , an excited state appears, which 
can be matched to B(1)(3) ∼ 8.5 MeV with an attractive 3-body LEC (black dashed (b)), while the deeply-bound ground state requires an increasingly repulsive LEC (thin gray 
line (b)) to meet B(0)(3) ∼ 8.5 MeV. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. The Helium-3 binding energy calculated from EFT(/π ) with a non-perturbative
Coulomb interaction. (NLO)LO results are shown as (solid)dashed lines and were 
obtained with the RGM. Results admitting deep 3-body state in the spectrum, i.e., 
Helium-3 is an excited state, are marked with stars. The assessed ! uncertainty is 
indicated by the height of the transparent (LO) and opaque (NLO) rectangle. An ad-
ditional 3-body bound state enters the spectrum (gray band) at !crit. ∼ 1230 MeV.

This error analysis constitutes the canonical, a posteriori justifica-
tion for the power counting of a cutoff EFT.

First, results with the non-perturbative Coulomb interaction are 
shown in Fig. 3. For both 3-body renormalization conditions, with 
(starry lines) and without the deep trimer, NLO results (solid lines) 
are found more stable for ! → 2.4 GeV than at LO (dashed) in 
the same limit. The total variation of B(3He) over the considered 
cutoff range is highlighted in Figs. 3 and 4 by the height of over-
lapping rectangles. Comparing these uncertainties in B(3He) , we 
find the NLO results without a deep trimer about twice as ac-
curate at NLO (blue, opaque rectangle at ∼ 2.2 GeV) relative to 
LO (blue, transparent overlapping rectangle). With a deep trimer, 
LO and NLO results are of about the same accuracy (red, overlap-
ping opaque and transparent rectangles at ∼ 2.3 GeV). The sig-
nificant difference in LO uncertainties, depending on the chosen 
3-body renormalization, with or without a deep state, exemplifies 
the need to test the renormalization-scheme independence beyond 
a cutoff-parameter variation with otherwise fixed regulator shape 
and identical matching conditions, i.e., data input. A comprehen-
sive analysis (see [42] for a recipe and [43] for its application), 
which would thus vary matching conditions and regulator shape, 
is required to assess the convergence rate of the EFT. Here, we aim 

Fig. 4. Comparison between perturbative (circles) and non-perturbative (no marker) 
Coulomb treatment in Helium-3 with EFT(/π ). (NLO)LO results are shown as (solid) 
dashed lines. The horizontal dotted line represents the experimental 3He binding 
energy. Transparent (LO) and opaque (NLO) rectangle heights indicate ! uncer-
tainty. At !crit. ∼ 1230 MeV (gray band), an additional 3-body bound state enters 
the spectrum.

to verify the consistency of the EFT’s power counting, and it suf-
fices to demonstrate convergence of predictions in a limit which 
removes the arbitrary regulator. To that end, we observe that the 
stability of all four curves for ! → 2.4 GeV does not indicate a 
failure of the power-counting of EFT(/π ) up to NLO with a non-
perturbative long-range Coulomb interaction.

If the Coulomb interaction is counted as a perturbation, the re-
sultant postdiction for B(3He) is shown in Fig. 4 (red line with 
circles). The LO result, in this counting scheme, coincides with 
the triton binding energy and is not shown as it is cutoff inde-
pendent by construction. Treating the Coulomb interaction at the 
same order as the most significant momentum-dependent terms of 
EFT(/π ) and not at LO, where the kinetic energy operator ∇⃗2/(2mN )

and the 4- and 6-fermi momentum-independent terms are in bal-
ance to yield the shallow deuteron and triton states, is supported 
further by a comparison between the matrix elements (Eq. (A.7)) 
of the Coulomb (Eq. (8)) and NLO-EFT(/π ) (Eq. (6)) operators be-
tween LO triton wave functions. Both contributions, Coulomb and 
NLO to B(3He) were found to be of O(1) in the considered cut-
off interval while, in contrast, the kinetic energy and LO opera-
tors assume for ! > 1 GeV values of O(102). In fact, perturba-
tive Coulomb and NLO operators yield results close to the non-

J.	Kirscher,	D.	Gazit,	PLB	755,	253	(2016)	
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3He:	one	more	difference	between	the	two	approaches		
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20	
Compare	with	König	et	al	(2011,	2013,	2014,	2015)	in	the	dibaryon	QFT	formalism:	
--	order	of	magnitude	smaller	cutoff	dependence	for	non-pert.	Coulomb	calculaAon	
--	Similar	results	in	the	perturba9ve	Coulomb	case.	

Kong,	Ravndal	(1999,2001),	Rupak,	Kong	(2003),	Ando,	Birse	(2010)	
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4He	–	preliminary	results@LO	(no	coulomb)	
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J.	Kirscher	et	al,	preliminary	
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!
π/		EFT	and	χEFT	are	both	EFTs	of	the	nuclear	regime	at	low	energy	

a)  Can	we	learn	something	useful	from	π/		EFT	and	apply	it	to	χEFT?	
	

b)  Can	one	observe	regulator/space	dependence	in	π/		EFT,	as	in	χEFT?	

c)  Use	π/		EFT	to	calculate	reacAons	and	compare	with	χEFT,	to	get	improved	
uncertainty	esAmate:	first	π/		EFT	calcula-on	of	3H	beta	decay	(@NLO),	
and	a	precision	calculaAon	of	proton-proton	fusion	in	the	Sun.	

d)  A	very	interesAng	confirmaAon	of	Ladce	QCD	as	well	as	π/	EFT	consistency	
check:		
first	π/		EFT	calcula-on	of	3H,	3He,	2H	magne-c	moments	and	n+pàd+γ	
(@NLO),	and	comparison	to	the	NPLQCD	calcula-on	of	2	nucleons	in	a	
magne-c	field	(Beane	et	al	PRL	115,	132001	(2015))	
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Lupu,	Barnea,	DG,	arXiv:	arXiv:	1508.05654	

Kirscher,	DG,	Phys	Le6	B	755,	253	(2016)	

De-Leon,	DG,	in	prep.,	see	Hilla	De-Leon’s	poster.	

De-Leon,	DG,	in	prep..	
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Weak	proton-proton	fusion	in	the	Sun	
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•  Cannot	be	measured	terrestrially	–	
depends	on	theory	

•  Very	low	proton-proton	relaAve	
momentum	(Erel~6	keV).	

•  Needed	accuracy:	~1%.	

SFII	–	Adelberger	et	al.,	Rev.	Mod.	Phys.	83,	195	(2011)	

the Sun and, as previously discussed, is now in conflict with
the SSM, when recent abundance determinations from 3D
photospheric absorption line analyses are used.

A. Rates and S factors

The SSM requires a quantitative description of relevant
nuclear reactions. Both careful laboratory measurements
constraining rates at near-solar energies and a supporting
theory of sub-barrier fusion reactions are needed.

At the temperatures and densities in the solar interior (e.g.,
Tc ! 15:5" 106 K and !c ! 153 g=cm3 at the Sun’s center),
interacting nuclei reach a Maxwellian equilibrium distribu-
tion in a time that is infinitesimal compared to nuclear
reaction time scales. Therefore, the reaction rate between
two nuclei can be written (Burbidge et al., 1957; Clayton,
1968)

r12 ¼
n1n2

1þ "12
h#vi12: (3)

Here the Kronecker delta prevents double counting in the case
of identical particles, n1 and n2 are the number densities of
nuclei of types 1 and 2 (with atomic numbers Z1 and Z2, and
mass numbers A1 and A2), and h#vi12 denotes the product
of the reaction cross section # and the relative velocity v of
the interacting nuclei, averaged over the collisions in the
stellar gas,

h#vi12 ¼
Z 1

0
#ðvÞv!ðvÞdv: (4)

Under solar conditions nuclear velocities are very well
approximated by a Maxwell-Boltzmann distribution. It fol-
lows that the relative velocity distribution is also a Maxwell-
Boltzmann, governed by the reduced mass $ of the colliding
nuclei,

!ðvÞdv ¼
!

$

2%kT

"
3=2

exp
!
'$v2

2kT

"
4%v2dv: (5)

Therefore,

h#vi12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8

%$ðkTÞ3

s Z 1

0
E#ðEÞ exp

!
' E

kT

"
dE; (6)

where E is the relative kinetic energy and k is the Boltzmann
constant. In order to evaluate h#vi12, the energy dependence
of the reaction cross section must be determined.

Almost all of the nuclear reactions relevant to solar energy
generation are nonresonant and charged particle induced.
For such reactions it is helpful to remove much of the rapid
energy dependence associated with the Coulomb barrier,
by evaluating the probability of s-wave scattering off a point
charge. The nuclear physics (including effects of finite nu-
clear size, higher partial waves, antisymmetrization, and any
atomic screening effects not otherwise explicitly treated) is
then isolated in the S factor, defined by

#ðEÞ ¼ SðEÞ
E

exp½'2%&ðEÞ); (7)

with the Sommerfeld parameter &ðEÞ ¼ Z1Z2'=v, where

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2E=$

p
is the relative velocity and ' the fine-structure

constant (ℏ ¼ c ¼ 1). Because the S factor is slowly varying,
one can extrapolate SðEÞ more reliably from the range of
energies spanned by data to the lower energies characterizing
the Gamow peak.

A substitution of Eq. (7) into Eq. (6) followed by a Taylor
expansion of the argument of the exponentials then yields
(Bahcall, 1989)

h#vi12¼
ffiffiffiffiffiffiffiffiffiffi
2

$kT

s
"E0

kT
f0Seff exp½'3E0=ðkTÞ)

¼1:301"10'14 cm3=s
!
Z1Z2

A

"
1=3

f0
Seff

MeVb
T'2=3
9

"exp½'3E0=ðkTÞ); (8)

where

E0

kT
¼ ð%Z1Z2'=

ffiffiffi
2

p
Þ2=3½$=ðkTÞ)1=3;

"E0

kT
¼ 4

ffiffiffiffiffiffiffiffiffi
E0

3kT

s
; A ¼ A1A2

A1 þ A2
;

and

Seff ¼ Sð0Þ
!
1þ 5kT

36E0

"
þ S0ð0ÞE0

!
1þ 35kT

36E0

"

þ 1

2
S00ð0ÞE2

0

!
1þ 89kT

36E0

"
:

E0, the Gamow peak energy where the integrand of Eq. (6)
takes on its maximum value, is the most probable energy of
reacting nuclei. "E0 corresponds to the full width of the
integrand at 1=e of its maximum value, when approximated
as a Gaussian. Equation (8) includes a factor f0, discussed
below, to correct for the effects of electronic screening on
nuclear reactions occurring in the solar plasma.

Rates in an astrophysical plasma can be calculated given
SðEÞ which by virtue of its slow energy dependence, in the
case of nonresonant reactions, can be approximated by its
zero-energy value Sð0Þ and possible corrections determined
by its first and second derivatives, S0ð0Þ and S00ð0Þ. It is these
quantities that we need to determine by fitting laboratory
data, or in cases where such data cannot be obtained, through
theory. For most of the reactions contributing to the pp
chain and CNO bicycle, data have been obtained only for
energies in regions above the Gamow peak, e.g., typically
E * 100 keV, so that extrapolations to lower energies de-
pend on the quality of the fit to higher-energy data. Ideally
one desires a fitting function that is well motivated theoreti-
cally and tightly constrained by the existing, higher-energy
data. The purpose of this review is to provide current best
values and uncertainties for Sð0Þ and, if feasible, its
derivatives.

S-factor uncertainties, when folded into SSM calculations,
then limit the extent to which that model can predict observ-
ables, such as the depth of the convective zone, the sound
speed profile, and the neutrino fluxes. It has become custom-
ary in the SSM to parametrize the consequences of input
uncertainties on observables through logarithmic partial
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The proton-proton weak capture reaction within

chiral effective field theory

Laura E Marcucci

Department of Physics “E. Fermi”, University of Pisa, and INFN-Pisa, 56127 Pisa, Italy

E-mail: laura.marcucci@df.unipi.it

Abstract. We review the results of the most recent calculation for the astrophysical S-factor
of the weak proton-proton capture reaction, over a range for the center-of-mass relative energy
of 0–100 keV. The so-called chiral effective field theory approach is used, where the chiral two-
nucleon potential is derived up to next-to-next-to-next-to leading order and is augmented by the
full electromagnetic interaction. The low-energy constants (LEC’s) entering the weak current
operators are fixed so as to reproduce the A = 3 binding energies and magnetic moments, and
the Gamow-Teller matrix element in tritium β-decay. Contributions from S and P partial waves
in the incoming two-proton channel are retained. The S-factor at zero energy is found to be ∼

1% larger than the value reported in the literature, mostly due to the P -waves contributions.

1. Introduction
The proton weak capture on protons, i.e., the reaction 1H(p, e+νe)2H (hereafter labelled pp), is
the most fundamental process in stellar nucleosynthesis: it is the first reaction in the pp chain,
which converts hydrogen into helium in main sequence stars like the Sun. Its reaction rate is
expressed in terms of the astrophysical S-factor, S(E), where E is the two-proton center-of-mass
(c.m.) energy, by the relation

S(E) = E exp(2π η)σ(E) , (1)

where η = α/vrel, α being the fine structure constant and vrel the pp relative velocity, and σ(E)
is the pp weak capture cross section. The energy-dependence of S(E) is often parametrized as [1]

S(E) = S(0) + S′(0)E + S′′(0)E2/2 + · · · , (2)

where S(0), S′(0) and S′′(0) are the zero-energy value of the S-factor, its first and second
derivatives, both evaluated at E = 0. At the center of light stars like the Sun, with temperature
of the order of 1.5 × 107 K, the Gamow peak is at E ≃ 6 keV, while in larger-mass stars,
whose central temperature becomes of the order of 5 × 107 K, the Gamow peak turns out to
be E ∼ 15 keV. At these energies, the reaction cross section cannot be measured in terrestrial
laboratories, and it is necessary to rely on theoretical predictions. The many studies on S(0),
and the few for S′(0) and S′′(0), have been extensively reviewed in Ref. [1]. The currently
recommended value for S(0), (4.01 ± 0.01) × 10−23 MeV fm2 [1], is the average of values
obtained within three different approaches, the “potential model” approach (PMA), “hybrid
chiral effective field theory” (χEFT*) and “pionless effective field theory” (\πEFT). The first
one uses phenomenological realistic models for the nuclear potential, fitted to reproduce the
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SFII	–	Adelberger	et	al.,	Rev.	Mod.	Phys.	83,	195	(2011)	
in quadrature, we find that the current best estimates for
S11ð0Þ are

4:01ð1# 0:009Þ $ 10%25 MeV b potential models;

4:01ð1# 0:009Þ $ 10%25 MeV b EFT&;

3:99ð1# 0:030Þ $ 10%25 MeV b pionless EFT:

(24)

The larger uncertainty in the pionless EFT result is due to the
relatively weak constraints on L1;A that can be imposed within
two-nucleon systems, but, as mentioned, this situation will
soon be improved. The agreement of the central values
obtained in the potential model and EFT* indicates the
robustness of the results as long as the two-body current is
constrained by tritium ! decay. Meanwhile, the agreement of
the error estimates in the two approaches is primarily due to
the fact that, as explained above, the dominant part of the
uncertainty has been estimated using the same argument.
Based on the result obtained in the potential model and
EFT*, we adopt as the recommended value

S11ð0Þ ¼ 4:01ð1# 0:009Þ $ 10%25 MeV b: (25)

We adopt the Bahcall and May (1969) value for S011ð0Þ

S011ð0Þ ¼ S11ð0Þð11:2# 0:1Þ MeV%1: (26)

Bahcall and May (1969) also estimated dimensionally that
S0011ð0Þ would enter at the level of (1%, for temperatures
characteristic of the solar center. As this is now comparable to
the overall error in S11, we recommend that a modern calcu-
lation of S0011ð0Þ be undertaken.

IV. THE dðp;!Þ3He RADIATIVE-CAPTURE REACTION

The radiative capture of protons on deuterium is the second
reaction occurring in the pp chain. Because this reaction is so
much faster than the pp weak rate discussed in the previous
section, it effectively instantaneously converts deuterium to
3He, with no observable signature. Thus uncertainties in its
rate have no consequences for solar energy generation. By
comparing the pp and dðp;"Þ3He rates, one finds that the
lifetime of a deuterium nucleus in the solar core is (1 s, and
that the equilibrium abundance of deuterium relative to H is
maintained at (3$ 10%18.

However, the dðp;"Þ3He reaction plays a more prominent
role in the evolution of protostars. As a cloud of interstellar
gas collapses on itself, the gas temperature rises to the point
of dðp;"Þ3He ignition, (106 K. The main effect of the onset
of deuterium burning is to slow down the contraction and, in
turn, the heating. As a consequence, the lifetime of the
protostar increases and its observational properties (surface
luminosity and temperature) are frozen until the original
deuterium is fully consumed (Stahler, 1988). Because of the
slow evolutionary time scale, a large fraction of observed
protostars are in the d-burning phase, while only a few are
found in the earlier, cooler, rapidly evolving phase. A reliable
knowledge of the rate of dðp;"Þ3He down to a few keV (the

Gamow peak in a protostar) is of fundamental importance for
modeling protostellar evolution.

The pd reaction also plays an important role in big bang
nucleosynthesis, which begins when the early Universe has
cooled to a temperature of (100 keV. The uncertainty in the
pd reaction in the relevant energy window (25–120 keV)
propagates into uncertainties in the deuterium, 3He, and 7Li
abundances, scaling as

d

H
/ R%0:32

pd ;
3He

H
/ R0:38

pd ;
7Li

H
/ R0:59

pd ; (27)

where Rpd is the value of S12 relative to the fiducial value in

Cyburt (2004). Thus a 10% error in the pd capture rate
propagates into roughly 3.2%, 3.8%, and 5.9% uncertainties
in the light element primordial abundances, d, 3He, and 7Li,
respectively.

A. Data sets

The extensive experimental data sets for pd radiative
capture include total cross sections and spin polarization
observables at center-of-mass energies E ranging from sev-
eral tens of MeV to a few keV, covering all the relevant
astrophysical energies. In the regime E & 2 MeV (below
the deuteron breakup threshold), the relevant experimental
data include Griffiths et al. (1962, 1963), Bailey et al.
(1970), Schmid et al. (1995, 1996), Ma et al. (1997), and
Casella et al. (2002). The Griffiths et al. (1963) and Bailey
et al. (1970) low-energy data may be(15% too high because
of the use of incorrect stopping powers (Ma et al., 1997;
Schmid et al., 1995, 1996). Also, the Schmid et al. (1995),
(1996) data sets may have not propagated their energy-
dependent systematic uncertainties. In Fig. 3, the data for
S12 used for the best fit in Sec. IV.C are plotted together with
theoretical predictions of Marcucci et al. (2005). The ob-
served linear dependence of S12 on E at low energies as well
as the angular distributions of the cross section and polariza-
tion observables indicates that the dðp;"Þ3He reaction pro-
ceeds predominantly through s- and p-wave capture,
induced, respectively, by magnetic (M1) and electric (E1)
dipole transitions. The M1 transitions (proceeding through
2S1=2 and

4S3=2 pd channels) are especially interesting, as the

one-body M1 operator cannot connect the main s-state com-
ponents of the pd and 3He wave functions at low energies.
Because of this ‘‘pseudo-orthogonality,’’ only the small com-
ponents of the wave functions contribute in the impulse
approximation (IA). In contrast, as exchange current opera-
tors are not similarly hindered, their matrix elements are
exceptionally large relative to those obtained with the one-
body M1 operator. The suppression of matrix elements cal-
culated in the IA and their consequent enhancement by
exchange current contributions are a feature common to other
M1-induced processes in A ¼ 3 and 4 systems, such as the nd
and n3He radiative captures at thermal neutron energies.

B. Theoretical studies

The most extensive and recent theoretical studies of the
dðp;"Þ3He reaction at low energies have been carried out by
Marcucci et al. (2005). The calculated S12, shown in Fig. 3, is
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in quadrature, we find that the current best estimates for
S11ð0Þ are

4:01ð1# 0:009Þ $ 10%25 MeV b potential models;

4:01ð1# 0:009Þ $ 10%25 MeV b EFT&;

3:99ð1# 0:030Þ $ 10%25 MeV b pionless EFT:

(24)

The larger uncertainty in the pionless EFT result is due to the
relatively weak constraints on L1;A that can be imposed within
two-nucleon systems, but, as mentioned, this situation will
soon be improved. The agreement of the central values
obtained in the potential model and EFT* indicates the
robustness of the results as long as the two-body current is
constrained by tritium ! decay. Meanwhile, the agreement of
the error estimates in the two approaches is primarily due to
the fact that, as explained above, the dominant part of the
uncertainty has been estimated using the same argument.
Based on the result obtained in the potential model and
EFT*, we adopt as the recommended value

S11ð0Þ ¼ 4:01ð1# 0:009Þ $ 10%25 MeV b: (25)

We adopt the Bahcall and May (1969) value for S011ð0Þ

S011ð0Þ ¼ S11ð0Þð11:2# 0:1Þ MeV%1: (26)

Bahcall and May (1969) also estimated dimensionally that
S0011ð0Þ would enter at the level of (1%, for temperatures
characteristic of the solar center. As this is now comparable to
the overall error in S11, we recommend that a modern calcu-
lation of S0011ð0Þ be undertaken.

IV. THE dðp;!Þ3He RADIATIVE-CAPTURE REACTION

The radiative capture of protons on deuterium is the second
reaction occurring in the pp chain. Because this reaction is so
much faster than the pp weak rate discussed in the previous
section, it effectively instantaneously converts deuterium to
3He, with no observable signature. Thus uncertainties in its
rate have no consequences for solar energy generation. By
comparing the pp and dðp;"Þ3He rates, one finds that the
lifetime of a deuterium nucleus in the solar core is (1 s, and
that the equilibrium abundance of deuterium relative to H is
maintained at (3$ 10%18.

However, the dðp;"Þ3He reaction plays a more prominent
role in the evolution of protostars. As a cloud of interstellar
gas collapses on itself, the gas temperature rises to the point
of dðp;"Þ3He ignition, (106 K. The main effect of the onset
of deuterium burning is to slow down the contraction and, in
turn, the heating. As a consequence, the lifetime of the
protostar increases and its observational properties (surface
luminosity and temperature) are frozen until the original
deuterium is fully consumed (Stahler, 1988). Because of the
slow evolutionary time scale, a large fraction of observed
protostars are in the d-burning phase, while only a few are
found in the earlier, cooler, rapidly evolving phase. A reliable
knowledge of the rate of dðp;"Þ3He down to a few keV (the

Gamow peak in a protostar) is of fundamental importance for
modeling protostellar evolution.

The pd reaction also plays an important role in big bang
nucleosynthesis, which begins when the early Universe has
cooled to a temperature of (100 keV. The uncertainty in the
pd reaction in the relevant energy window (25–120 keV)
propagates into uncertainties in the deuterium, 3He, and 7Li
abundances, scaling as

d

H
/ R%0:32

pd ;
3He

H
/ R0:38

pd ;
7Li

H
/ R0:59

pd ; (27)

where Rpd is the value of S12 relative to the fiducial value in

Cyburt (2004). Thus a 10% error in the pd capture rate
propagates into roughly 3.2%, 3.8%, and 5.9% uncertainties
in the light element primordial abundances, d, 3He, and 7Li,
respectively.

A. Data sets

The extensive experimental data sets for pd radiative
capture include total cross sections and spin polarization
observables at center-of-mass energies E ranging from sev-
eral tens of MeV to a few keV, covering all the relevant
astrophysical energies. In the regime E & 2 MeV (below
the deuteron breakup threshold), the relevant experimental
data include Griffiths et al. (1962, 1963), Bailey et al.
(1970), Schmid et al. (1995, 1996), Ma et al. (1997), and
Casella et al. (2002). The Griffiths et al. (1963) and Bailey
et al. (1970) low-energy data may be(15% too high because
of the use of incorrect stopping powers (Ma et al., 1997;
Schmid et al., 1995, 1996). Also, the Schmid et al. (1995),
(1996) data sets may have not propagated their energy-
dependent systematic uncertainties. In Fig. 3, the data for
S12 used for the best fit in Sec. IV.C are plotted together with
theoretical predictions of Marcucci et al. (2005). The ob-
served linear dependence of S12 on E at low energies as well
as the angular distributions of the cross section and polariza-
tion observables indicates that the dðp;"Þ3He reaction pro-
ceeds predominantly through s- and p-wave capture,
induced, respectively, by magnetic (M1) and electric (E1)
dipole transitions. The M1 transitions (proceeding through
2S1=2 and

4S3=2 pd channels) are especially interesting, as the

one-body M1 operator cannot connect the main s-state com-
ponents of the pd and 3He wave functions at low energies.
Because of this ‘‘pseudo-orthogonality,’’ only the small com-
ponents of the wave functions contribute in the impulse
approximation (IA). In contrast, as exchange current opera-
tors are not similarly hindered, their matrix elements are
exceptionally large relative to those obtained with the one-
body M1 operator. The suppression of matrix elements cal-
culated in the IA and their consequent enhancement by
exchange current contributions are a feature common to other
M1-induced processes in A ¼ 3 and 4 systems, such as the nd
and n3He radiative captures at thermal neutron energies.

B. Theoretical studies

The most extensive and recent theoretical studies of the
dðp;"Þ3He reaction at low energies have been carried out by
Marcucci et al. (2005). The calculated S12, shown in Fig. 3, is
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SFII	recommended	value	(2011):	

Modern	χEFT	calcula9on	by	Marcucci	et	al.,	Phys.	Rev.	LeH.	(2013):	
Use	consistent	3H	decay-rate	to	constrain	consistently	axial	MEC		
(DG,	Quaglioni,	NavraAl,	PRL	2009),	and	predict	pp-fusion	rate.	

Table 3. Cumulative S- and P -wave contributions to S(0) in units of 10−23 MeV fm2. The
results labelled “χEFT(500)” and “χEFT(600)” have been obtained within the χEFT approach
with two different cutoff values, 500 and 600 MeV. The results obtained within the PMA are
also shown. The theoretical uncertainties are given in parentheses and are due to the fitting
procedure adopted for the LEC’s (or g∗A within the PMA) in the weak current.

1S0 · · · + 3P0 · · · + 3P1 · · · + 3P2

χEFT(500) 4.008(5) 4.011(5) 4.020(5) 4.030(5)
χEFT(600) 4.007(5) 4.010(5) 4.019(5) 4.029(5)

PMA 4.000(3) 4.003(3) 4.015(3) 4.033(3)

In conclusion, the χEFT results of table 3 can be summarized in the conservative range
S(0) = (4.030±0.006)×10−23 MeV fm2, with a P -wave contribution of ≃ 0.2×10−23 MeV fm2.

Finally, we show in figure 2 the energy dependence of S(E) in the energy range 2 – 100 keV,
as obtained within the χEFT approach. The S- and (S + P )-wave contributions are displayed
separately, and the theoretical uncertainty is included—the curves are in fact very narrow bands.
As expected, the P -wave contributions become significant at higher values of E. From these
results, a least-squares polynomial fit to S(E) has been performed up to order O(E2), i.e., by
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Figure 2. (Color online) Energy dependence of S(E) in the range 2 – 100 keV. The S- and
(S + P )-wave contributions are displayed separately. In the inset, S(E) is shown in the range
3–15 keV.

6

Including:	p-wave	contribuAon	(+0.005%),	full	EM	(-0.0025-(-0.0075)%),	
	 	difference	between	500	and	600	MeV	cutoff	and	potenAal	models.	
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Pionless	EFT	description	of	weak	interaction	at	low-energies	
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l l

IniAal		
amplitude	

Final	
amplitude	

Weak	
InteracAon	

ψi J µ ψ f

J µ
± =

τ
±

2
Vµ

± − Aµ
±( ) e 

eν

ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

pp Aµ
− 2H

Chen,	Butler	(2001-3),	Ando	et	al	(2005-8),	Rupak	(2014)	
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Precision,	Uncertainty,	and	predictions	
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We	revisit	the	pp-fusion	problem	within	pionless	
EFT,	fixing	the	unknown	LEC	using	triton	decay.	

Advantages	of	 π/		EFT	UQ	for	proton-proton	fusion:	
1.  Small	number	of	parameters.	
2.  Two	π/		EFT	expansions.	
3.  A	“cheat-sheet”	in	the	electromagneAc	sector.	
4.  Cutoff	independence	up	to	infinity.	



!

A	fully	perturbative	pionless	EFT	A=2,	3	calculation	
@NLO	

•  LO	Parameters:	
•  nn	and	2-np	Sca6ering	lengths:	3S1,	1S0.	
•  pp	sca6ering	length.	
•  Fine	structure	constant.	
•  Three	body	force	strength	to	prevent	Thomas	collapse.	

•  NLO	parameters:	
•  2 effecAve	ranges.	
•  RenormalizaAons	of	pp	and	3NF.	
•  (isospin	dependent	3NF	to	prevent	logarithmic	divergence	in	the	binding	
energy	of	3He).	

•  Weak	Interac9on:	LO	(gA	–	1	body),	NLO	(L1A	–	2	body)	
•  EM	Interac9on:	LO	(κS	,	κV)	–	1	body),	NLO	(L1	,	L2–	2	body)	
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Precision,	Uncertainty,	and	predictions	
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We	revisit	the	pp-fusion	problem	within	pionless	
EFT,	fixing	the	unknown	LEC	using	triton	decay.	

Advantages	of	 π/		EFT	UQ	for	proton-proton	fusion:	
1.  Small	number	of	parameters.	
2.  Two	π/		EFT	expansions.	
3.  A	“cheat-sheet”	in	the	electromagneAc	sector.	
4.  Cutoff	independence	up	to	infinity.	



!
The	role	of	the	deuteron	tail	

•  Many	low	energy	reacAons	depend	on	deuteron	normalizaAon.	
•  One	has	a	choice	of	construcAng	pionless	EFT:	

•  rho-parameterizaAon:	

•  Z(ed)-parameterizaAon:		
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Zd =
1

1−γρ
≈1+γρ + γρ( )

2
+ ...

Zd =
1

1−γρ
≈1+ (Zd −1)+ 0       +...

LO	 NLO	 N2LO+…	

Both	theories	are	valid	EFTs.		
Z-parameterizaAon	someAmes	has	quicker	convergence.	

Phillips,	Rupak,	Savage,	Phys.	Le6.	B473,	209	(2000)	
Grießhammer,	Nucl.	Phys.	A744,	192	(2004)	
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We	revisit	the	pp-fusion	problem	within	pionless	
EFT,	fixing	the	unknown	LEC	using	triton	decay.	

Advantages	of	 π/		EFT	UQ	for	proton-proton	fusion:	
1.  Small	number	of	parameters.	
2.  Two	π/		EFT	expansions.	
3.  A	“cheat-sheet”	in	the	electromagneAc	sector.	
4.  Cutoff	independence	up	to	infinity.	
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Analogy	between	weak	and	EM:	
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Low energy electroweak interaction processes in A=2,3 nuclei in pionless EFT

Hilla De-Leon and Doron Gazit
The Racah Institute of Physics, The Hebrew University of Jerusalem

Introduction

Low energy electroweak interactions in light nuclear systems
(d , 3H,3He) take part in many scenarios such as Big Bang
nucleosynthesis and evolution of the Sun. The Sun’s energy
comes from an exothermic set of reactions, called the pp
chain (kBT ⇠ 1.5keV). The pp fusion is the leading reaction
in this chain and as the slowest one, it determines the Sun’s
lifetime [1, 2]. Since a measurement of its cross-section is
impossible, the fusion rate estimates depend entirely on
theory.

I Simple theory for describing a few-nucleon system at low
energies - E↵ective Field Theory (EFT).

I For low energy - q < ⇤cut = m⇡ the pion can be integrated
out and only nucleons are left as e↵ective degrees of
freedom: QCD! EFT(/⇡) [3].

I Le↵ective = O(1)|{z}
LO

+O (q/⇤cut, r/a)| {z }
NLO

+..., where r ⇠ 1/⇤cut

is the e↵ective range and a ⇠ 1/q is the scattering length.
I The e↵ective-Lagrangian Low-Energy Constants (LECs)

encode all fundamental theory and can be determined
from experimental data.

I For 3He, there is an addition of a
Coulomb interaction: O(↵MN/q),
but 3He typical momentum is: q ⇠ 70MeV ! ↵MN/q ⌧ 1 so the
Coulomb interaction can be treated as a perturbation (one photon
exchange) [4, 5, 6, 7].

I For the first time we introduce a calculation of A = 3 magnetic
moments in EFT(/⇡) as well as a prediction for pp fusion rate.

Three-body EFT(/⇡)

A three-nucleons system can be treated as a scattering of two nucleons and
one nucleon. We are working in dibaryon formalism, in which the two nucleons
are coupled into two channels:

I Deuteron channel: I=0, S=1 (d).
I Singlet channel: I=1, S=0 (nn, np, pp).

I EFT(/⇡) can be expanded about zero momentum or around the deuteron pole
(dictating physical deuteron normalization Zd at NLO) [8].

Zd = 1|{z}
LO

+ �d⇢d|{z}
NLO

+O
⇣
(�d⇢d)

2
⌘

| {z }
N2LO

+... (about Q=0).

Zd = 1|{z}
LO

+Zd � 1| {z }
NLO

+0 (Zd expansion)

I The Coulomb interaction distinguishes pp from np in the singlet channel.
I In NLO, in order to ensure the 3H pole position, the three-body force must be

renormalized [9].

Electroweak interaction in EFT(/⇡)

A = 3 A = 2

I Ai ,j is the three-body amplitude,i , j=d , s for 3H and d , s, pp for 3He.
I Di ,j is the two-body propagator, i , j=d , s for 3H and d , s, pp for 3He.

EM weak
1-body LEC n, p gA

1-body operator �,�⌧ 0 �⌧+,�,⌧+,�

2-body operator L1(d i)†sj , L2(d i)†d j L1A(d i)†sj

A = 2, q ⇡ 0 �np : n + p ! d + � pp fusion:
observables d magnetic moment hµdi p + p ! d + e+ + ⌫e
A = 3, q ⇡ 0 3H, 3He magnetic moments: 3H �-decay into 3He:
observables hµ3Hi, hµ3Hei 3H !3 He + e�⌫̄e

I There are four well measured low-energy electromagnetic observables
and two unknown two-body LECs (L1 and L2).

I A successful prediction of EM in EFT(/⇡) will indicate its ability to
predict the pp fusion rate.

I For the first time we use A = 3 EM obs. to fix L1 and L2 and to
predict A = 2 obs.

I Repeat for the weak interaction: use 3H �-decay to predict pp fusion.

Electroweak matrix element in EFT(/⇡)

hOi = h
isospinz}|{
I , Izj , SjkLinteractionk

isospinz}|{
I , Izi , Siip

2J + 1

I We use the same 2-body and 3-body regulator: the 3-body cuto↵ (⇤).
I The numerical results have no cuto↵ dependence (⇤  107Mev).
I A consistent NLO matrix element for A = 2, 3 needs one insertion:

2-body LEC, r/a (ERE) or a A = 3 NLO amplitude.
. The 2-body LEC contains an e↵ective range correction.
. The A = 3 ERE is an r/a insertion to the dibaryon propagator.
. The A = 2 ERE is an r/a insertion to the deuteron normalization.
. For A = 3 the NLO correction of the amplitude is a result of the

3-nucleon pole (0 for 3H).
I For the pp fusion the relative momentum is low q ⇡ 0, therefore an

infinite sum of photons exchange is required.

Numerical results

Electromagnetic interactions:

A = 3 [µN] A = 2
hµ3Hi hµ3Hei �np [mb] µd [µN]

LO 3.088 -2.450 298.2 0.8798 LECs were calibrated
LO, Zd 3.1 -2.4 298.2 0.8798 from A = 2.
Full NLO 2.979 -2.127 338.8 0.8592

Full NLO, Zd 2.93 -2.15 347.8 0.8547 LECs were calibrated
� Zd [%] 1.7 1.1 2.7 0.1 from A = 3.
Exp data 2.9789 -2.12762 334.2 0.8574
� Exp [%] 0.04-1 0.03-2 1-4 0.2-0.3

Weak interactions:

It is interesting to compare �EFT and EFT(/⇡) calculations of pp fusion, which
both calibrate the axial LEC from 3H �-decay.
We compare to Marcucci et al [10], pure Coulomb �EFT S-calculation, with
the same 3H decay rate & gA values and the same hF i value.

S�EFT
pp (3S1, pure Coulomb) 4.02 · 10�23MeV · fm2 ± 0.01

S
EFT (/⇡)
pp (0) 3.90 · 10�23MeV · fm2

S
EFT (/⇡)
pp (0),Zd 4.16 · 10�23MeV · fm2

Higher orders contribution can be estimated by:

I Di↵erence between Z-parameterization and
regular counting.

I Taking the ratio between NLO and LO as
expansion parameter. Both methods give
the same estimate (± 3%).

Summary

I EFT(/⇡) consistently predict A=2, 3 EM q ⇡ 0 observables up to NLO with
O(1%) accuracy.

I We determine the p-p fusion rate with reliable uncertainty estimate. Our
prediction:

S
EFT (/⇡)
pp (gA = 1.2695) = 4.02 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

S
EFT (/⇡)
pp (gA = 1.275) = 4.16 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

Better determination of gA and 3H half-life are needed to reduce the error-bar.
N2LO can reduce the theoretical uncertainty significantly, to less than 1%.
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Use	the	same	strategy	in	both	cases:	fix	probe	LECs	at	A=3	and	predict	A=2.	



!
Precision,	Uncertainty,	and	predictions	

Fe
br
ua
ry
	2
4,
	2
01
6	

ab
	in
iA
o@

TR
IU
M
F,
	D
or
on

	G
az
it	

32	

We	revisit	the	pp-fusion	problem	within	pionless	
EFT,	fixing	the	unknown	LEC	using	triton	decay.	

Advantages	of	 π/		EFT	UQ	for	proton-proton	fusion:	
1.  Small	number	of	parameters.	
2.  Two	π/		EFT	expansions.	
3.  A	“cheat-sheet”	in	the	electromagneAc	sector.	
4.  Cutoff	independence	up	to	infinity.	



!
Triton	decay	–	GT	cutoff	independence	

Rho-parameteriza-on	 Zed-parameteriza-on	
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“Empirical”	extracAon	of	GT	(using	calculated	F	strength)	
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Triton	decay	–	GT	cutoff	independence	

Rho-parameteriza-on	 Zed-parameteriza-on	
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Adding	the	LO	1-body	contribuAon	
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Triton	decay	–	GT	cutoff	independence	

Rho-parameteriza-on	 Zed-parameteriza-on	
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Adding	the	NLO	1-body	contribuAons	
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Triton	decay	–	GT	cutoff	independence	

Rho-parameteriza-on	 Zed-parameteriza-on	
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Adding	all	contribuAon,	but	L1A	

ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

1st	esAmate	of	theoreAcal	uncertainty:	
All	NLO	contribuAons	are	of	the	same	order,		
one	can	esAmate	higher	order	effects	as	the	NLO	contribuAon.	
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Triton	decay	–	GT	cutoff	independence	
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37	
Adding	all	contribuAon,	but	L1A	

ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
⎥

1st	esAmate	of	theoreAcal	uncertainty:	
All	NLO	contribuAons	are	of	the	same	order,		
one	can	esAmate	higher	order	effects	as	the	NLO	contribuAon.	

Translates	to	±2%	difference	in	pp	fusion	
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Triton	decay	–	GT	cutoff	independence	
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ft = K

GF
2Vud

2 3H Vµ
+ 3He

2

+
fA
fV

3H Aµ
+ 3He

2⎡

⎣
⎢

⎤

⎦
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1st	esAmate	of	theoreAcal	uncertainty:	
All	NLO	contribuAons	are	of	the	same	order,		
one	can	esAmate	higher	order	effects	as	the	NLO	contribuAon.	
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Introduction

Low energy electroweak interactions in light nuclear systems
(d , 3H,3He) take part in many scenarios such as Big Bang
nucleosynthesis and evolution of the Sun. The Sun’s energy
comes from an exothermic set of reactions, called the pp
chain (kBT ⇠ 1.5keV). The pp fusion is the leading reaction
in this chain and as the slowest one, it determines the Sun’s
lifetime [1, 2]. Since a measurement of its cross-section is
impossible, the fusion rate estimates depend entirely on
theory.

I Simple theory for describing a few-nucleon system at low
energies - E↵ective Field Theory (EFT).

I For low energy - q < ⇤cut = m⇡ the pion can be integrated
out and only nucleons are left as e↵ective degrees of
freedom: QCD! EFT(/⇡) [3].

I Le↵ective = O(1)|{z}
LO

+O (q/⇤cut, r/a)| {z }
NLO

+..., where r ⇠ 1/⇤cut

is the e↵ective range and a ⇠ 1/q is the scattering length.
I The e↵ective-Lagrangian Low-Energy Constants (LECs)

encode all fundamental theory and can be determined
from experimental data.

I For 3He, there is an addition of a
Coulomb interaction: O(↵MN/q),
but 3He typical momentum is: q ⇠ 70MeV ! ↵MN/q ⌧ 1 so the
Coulomb interaction can be treated as a perturbation (one photon
exchange) [4, 5, 6, 7].

I For the first time we introduce a calculation of A = 3 magnetic
moments in EFT(/⇡) as well as a prediction for pp fusion rate.

Three-body EFT(/⇡)

A three-nucleons system can be treated as a scattering of two nucleons and
one nucleon. We are working in dibaryon formalism, in which the two nucleons
are coupled into two channels:

I Deuteron channel: I=0, S=1 (d).
I Singlet channel: I=1, S=0 (nn, np, pp).

I EFT(/⇡) can be expanded about zero momentum or around the deuteron pole
(dictating physical deuteron normalization Zd at NLO) [8].

Zd = 1|{z}
LO

+ �d⇢d|{z}
NLO

+O
⇣
(�d⇢d)

2
⌘

| {z }
N2LO

+... (about Q=0).

Zd = 1|{z}
LO

+Zd � 1| {z }
NLO

+0 (Zd expansion)

I The Coulomb interaction distinguishes pp from np in the singlet channel.
I In NLO, in order to ensure the 3H pole position, the three-body force must be

renormalized [9].

Electroweak interaction in EFT(/⇡)

A = 3 A = 2

I Ai ,j is the three-body amplitude,i , j=d , s for 3H and d , s, pp for 3He.
I Di ,j is the two-body propagator, i , j=d , s for 3H and d , s, pp for 3He.

EM weak
1-body LEC n, p gA

1-body operator �,�⌧ 0 �⌧+,�,⌧+,�

2-body operator L1(d i)†sj , L2(d i)†d j L1A(d i)†sj

A = 2, q ⇡ 0 �np : n + p ! d + � pp fusion:
observables d magnetic moment hµdi p + p ! d + e+ + ⌫e
A = 3, q ⇡ 0 3H, 3He magnetic moments: 3H �-decay into 3He:
observables hµ3Hi, hµ3Hei 3H !3 He + e�⌫̄e

I There are four well measured low-energy electromagnetic observables
and two unknown two-body LECs (L1 and L2).

I A successful prediction of EM in EFT(/⇡) will indicate its ability to
predict the pp fusion rate.

I For the first time we use A = 3 EM obs. to fix L1 and L2 and to
predict A = 2 obs.

I Repeat for the weak interaction: use 3H �-decay to predict pp fusion.

Electroweak matrix element in EFT(/⇡)

hOi = h
isospinz}|{
I , Izj , SjkLinteractionk

isospinz}|{
I , Izi , Siip

2J + 1

I We use the same 2-body and 3-body regulator: the 3-body cuto↵ (⇤).
I The numerical results have no cuto↵ dependence (⇤  107Mev).
I A consistent NLO matrix element for A = 2, 3 needs one insertion:

2-body LEC, r/a (ERE) or a A = 3 NLO amplitude.
. The 2-body LEC contains an e↵ective range correction.
. The A = 3 ERE is an r/a insertion to the dibaryon propagator.
. The A = 2 ERE is an r/a insertion to the deuteron normalization.
. For A = 3 the NLO correction of the amplitude is a result of the

3-nucleon pole (0 for 3H).
I For the pp fusion the relative momentum is low q ⇡ 0, therefore an

infinite sum of photons exchange is required.

Numerical results

Electromagnetic interactions:

A = 3 [µN] A = 2
hµ3Hi hµ3Hei �np [mb] µd [µN]

LO 3.088 -2.450 298.2 0.8798 LECs were calibrated
LO, Zd 3.1 -2.4 298.2 0.8798 from A = 2.
Full NLO 2.979 -2.127 338.8 0.8592

Full NLO, Zd 2.93 -2.15 347.8 0.8547 LECs were calibrated
� Zd [%] 1.7 1.1 2.7 0.1 from A = 3.
Exp data 2.9789 -2.12762 334.2 0.8574
� Exp [%] 0.04-1 0.03-2 1-4 0.2-0.3

Weak interactions:

It is interesting to compare �EFT and EFT(/⇡) calculations of pp fusion, which
both calibrate the axial LEC from 3H �-decay.
We compare to Marcucci et al [10], pure Coulomb �EFT S-calculation, with
the same 3H decay rate & gA values and the same hF i value.

S�EFT
pp (3S1, pure Coulomb) 4.02 · 10�23MeV · fm2 ± 0.01

S
EFT (/⇡)
pp (0) 3.90 · 10�23MeV · fm2

S
EFT (/⇡)
pp (0),Zd 4.16 · 10�23MeV · fm2

Higher orders contribution can be estimated by:

I Di↵erence between Z-parameterization and
regular counting.

I Taking the ratio between NLO and LO as
expansion parameter. Both methods give
the same estimate (± 3%).

Summary

I EFT(/⇡) consistently predict A=2, 3 EM q ⇡ 0 observables up to NLO with
O(1%) accuracy.

I We determine the p-p fusion rate with reliable uncertainty estimate. Our
prediction:

S
EFT (/⇡)
pp (gA = 1.2695) = 4.02 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

S
EFT (/⇡)
pp (gA = 1.275) = 4.16 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

Better determination of gA and 3H half-life are needed to reduce the error-bar.
N2LO can reduce the theoretical uncertainty significantly, to less than 1%.
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S. Köenig et al.
J. Phys. G: Nucl. Part. Phys, 42,
2015.
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±3%	difference	
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Introduction

Low energy electroweak interactions in light nuclear systems
(d , 3H,3He) take part in many scenarios such as Big Bang
nucleosynthesis and evolution of the Sun. The Sun’s energy
comes from an exothermic set of reactions, called the pp
chain (kBT ⇠ 1.5keV). The pp fusion is the leading reaction
in this chain and as the slowest one, it determines the Sun’s
lifetime [1, 2]. Since a measurement of its cross-section is
impossible, the fusion rate estimates depend entirely on
theory.

I Simple theory for describing a few-nucleon system at low
energies - E↵ective Field Theory (EFT).

I For low energy - q < ⇤cut = m⇡ the pion can be integrated
out and only nucleons are left as e↵ective degrees of
freedom: QCD! EFT(/⇡) [3].

I Le↵ective = O(1)|{z}
LO

+O (q/⇤cut, r/a)| {z }
NLO

+..., where r ⇠ 1/⇤cut

is the e↵ective range and a ⇠ 1/q is the scattering length.
I The e↵ective-Lagrangian Low-Energy Constants (LECs)

encode all fundamental theory and can be determined
from experimental data.

I For 3He, there is an addition of a
Coulomb interaction: O(↵MN/q),
but 3He typical momentum is: q ⇠ 70MeV ! ↵MN/q ⌧ 1 so the
Coulomb interaction can be treated as a perturbation (one photon
exchange) [4, 5, 6, 7].

I For the first time we introduce a calculation of A = 3 magnetic
moments in EFT(/⇡) as well as a prediction for pp fusion rate.

Three-body EFT(/⇡)

A three-nucleons system can be treated as a scattering of two nucleons and
one nucleon. We are working in dibaryon formalism, in which the two nucleons
are coupled into two channels:

I Deuteron channel: I=0, S=1 (d).
I Singlet channel: I=1, S=0 (nn, np, pp).

I EFT(/⇡) can be expanded about zero momentum or around the deuteron pole
(dictating physical deuteron normalization Zd at NLO) [8].

Zd = 1|{z}
LO

+ �d⇢d|{z}
NLO

+O
⇣
(�d⇢d)

2
⌘

| {z }
N2LO

+... (about Q=0).

Zd = 1|{z}
LO

+Zd � 1| {z }
NLO

+0 (Zd expansion)

I The Coulomb interaction distinguishes pp from np in the singlet channel.
I In NLO, in order to ensure the 3H pole position, the three-body force must be

renormalized [9].

Electroweak interaction in EFT(/⇡)

A = 3 A = 2

I Ai ,j is the three-body amplitude,i , j=d , s for 3H and d , s, pp for 3He.
I Di ,j is the two-body propagator, i , j=d , s for 3H and d , s, pp for 3He.

EM weak
1-body LEC n, p gA

1-body operator �,�⌧ 0 �⌧+,�,⌧+,�

2-body operator L1(d i)†sj , L2(d i)†d j L1A(d i)†sj

A = 2, q ⇡ 0 �np : n + p ! d + � pp fusion:
observables d magnetic moment hµdi p + p ! d + e+ + ⌫e
A = 3, q ⇡ 0 3H, 3He magnetic moments: 3H �-decay into 3He:
observables hµ3Hi, hµ3Hei 3H !3 He + e�⌫̄e

I There are four well measured low-energy electromagnetic observables
and two unknown two-body LECs (L1 and L2).

I A successful prediction of EM in EFT(/⇡) will indicate its ability to
predict the pp fusion rate.

I For the first time we use A = 3 EM obs. to fix L1 and L2 and to
predict A = 2 obs.

I Repeat for the weak interaction: use 3H �-decay to predict pp fusion.

Electroweak matrix element in EFT(/⇡)

hOi = h
isospinz}|{
I , Izj , SjkLinteractionk

isospinz}|{
I , Izi , Siip

2J + 1

I We use the same 2-body and 3-body regulator: the 3-body cuto↵ (⇤).
I The numerical results have no cuto↵ dependence (⇤  107Mev).
I A consistent NLO matrix element for A = 2, 3 needs one insertion:

2-body LEC, r/a (ERE) or a A = 3 NLO amplitude.
. The 2-body LEC contains an e↵ective range correction.
. The A = 3 ERE is an r/a insertion to the dibaryon propagator.
. The A = 2 ERE is an r/a insertion to the deuteron normalization.
. For A = 3 the NLO correction of the amplitude is a result of the

3-nucleon pole (0 for 3H).
I For the pp fusion the relative momentum is low q ⇡ 0, therefore an

infinite sum of photons exchange is required.

Numerical results

Electromagnetic interactions:

A = 3 [µN] A = 2
hµ3Hi hµ3Hei �np [mb] µd [µN]

LO 3.088 -2.450 298.2 0.8798 LECs were calibrated
LO, Zd 3.1 -2.4 298.2 0.8798 from A = 2.
Full NLO 2.979 -2.127 338.8 0.8592

Full NLO, Zd 2.93 -2.15 347.8 0.8547 LECs were calibrated
� Zd [%] 1.7 1.1 2.7 0.1 from A = 3.
Exp data 2.9789 -2.12762 334.2 0.8574
� Exp [%] 0.04-1 0.03-2 1-4 0.2-0.3

Weak interactions:

It is interesting to compare �EFT and EFT(/⇡) calculations of pp fusion, which
both calibrate the axial LEC from 3H �-decay.
We compare to Marcucci et al [10], pure Coulomb �EFT S-calculation, with
the same 3H decay rate & gA values and the same hF i value.

S�EFT
pp (3S1, pure Coulomb) 4.02 · 10�23MeV · fm2 ± 0.01

S
EFT (/⇡)
pp (0) 3.90 · 10�23MeV · fm2

S
EFT (/⇡)
pp (0),Zd 4.16 · 10�23MeV · fm2

Higher orders contribution can be estimated by:

I Di↵erence between Z-parameterization and
regular counting.

I Taking the ratio between NLO and LO as
expansion parameter. Both methods give
the same estimate (± 3%).

Summary

I EFT(/⇡) consistently predict A=2, 3 EM q ⇡ 0 observables up to NLO with
O(1%) accuracy.

I We determine the p-p fusion rate with reliable uncertainty estimate. Our
prediction:

S
EFT (/⇡)
pp (gA = 1.2695) = 4.02 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

S
EFT (/⇡)
pp (gA = 1.275) = 4.16 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

Better determination of gA and 3H half-life are needed to reduce the error-bar.
N2LO can reduce the theoretical uncertainty significantly, to less than 1%.
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L1,	L2	calibrated	
in	the	A=3	sector		
and	A=2	is	predicted	

Capture	reacAon	(n+pàd+γ)	depends	stronger	on	deuteron	tail,	same	order	of		theoreAcal		
uncertainty	again	(a	few	percents).	
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Introduction

Low energy electroweak interactions in light nuclear systems
(d , 3H,3He) take part in many scenarios such as Big Bang
nucleosynthesis and evolution of the Sun. The Sun’s energy
comes from an exothermic set of reactions, called the pp
chain (kBT ⇠ 1.5keV). The pp fusion is the leading reaction
in this chain and as the slowest one, it determines the Sun’s
lifetime [1, 2]. Since a measurement of its cross-section is
impossible, the fusion rate estimates depend entirely on
theory.

I Simple theory for describing a few-nucleon system at low
energies - E↵ective Field Theory (EFT).

I For low energy - q < ⇤cut = m⇡ the pion can be integrated
out and only nucleons are left as e↵ective degrees of
freedom: QCD! EFT(/⇡) [3].

I Le↵ective = O(1)|{z}
LO

+O (q/⇤cut, r/a)| {z }
NLO

+..., where r ⇠ 1/⇤cut

is the e↵ective range and a ⇠ 1/q is the scattering length.
I The e↵ective-Lagrangian Low-Energy Constants (LECs)

encode all fundamental theory and can be determined
from experimental data.

I For 3He, there is an addition of a
Coulomb interaction: O(↵MN/q),
but 3He typical momentum is: q ⇠ 70MeV ! ↵MN/q ⌧ 1 so the
Coulomb interaction can be treated as a perturbation (one photon
exchange) [4, 5, 6, 7].

I For the first time we introduce a calculation of A = 3 magnetic
moments in EFT(/⇡) as well as a prediction for pp fusion rate.

Three-body EFT(/⇡)

A three-nucleons system can be treated as a scattering of two nucleons and
one nucleon. We are working in dibaryon formalism, in which the two nucleons
are coupled into two channels:

I Deuteron channel: I=0, S=1 (d).
I Singlet channel: I=1, S=0 (nn, np, pp).

I EFT(/⇡) can be expanded about zero momentum or around the deuteron pole
(dictating physical deuteron normalization Zd at NLO) [8].

Zd = 1|{z}
LO

+ �d⇢d|{z}
NLO

+O
⇣
(�d⇢d)

2
⌘

| {z }
N2LO

+... (about Q=0).

Zd = 1|{z}
LO

+Zd � 1| {z }
NLO

+0 (Zd expansion)

I The Coulomb interaction distinguishes pp from np in the singlet channel.
I In NLO, in order to ensure the 3H pole position, the three-body force must be

renormalized [9].

Electroweak interaction in EFT(/⇡)

A = 3 A = 2

I Ai ,j is the three-body amplitude,i , j=d , s for 3H and d , s, pp for 3He.
I Di ,j is the two-body propagator, i , j=d , s for 3H and d , s, pp for 3He.

EM weak
1-body LEC n, p gA

1-body operator �,�⌧ 0 �⌧+,�,⌧+,�

2-body operator L1(d i)†sj , L2(d i)†d j L1A(d i)†sj

A = 2, q ⇡ 0 �np : n + p ! d + � pp fusion:
observables d magnetic moment hµdi p + p ! d + e+ + ⌫e
A = 3, q ⇡ 0 3H, 3He magnetic moments: 3H �-decay into 3He:
observables hµ3Hi, hµ3Hei 3H !3 He + e�⌫̄e

I There are four well measured low-energy electromagnetic observables
and two unknown two-body LECs (L1 and L2).

I A successful prediction of EM in EFT(/⇡) will indicate its ability to
predict the pp fusion rate.

I For the first time we use A = 3 EM obs. to fix L1 and L2 and to
predict A = 2 obs.

I Repeat for the weak interaction: use 3H �-decay to predict pp fusion.

Electroweak matrix element in EFT(/⇡)

hOi = h
isospinz}|{
I , Izj , SjkLinteractionk

isospinz}|{
I , Izi , Siip

2J + 1

I We use the same 2-body and 3-body regulator: the 3-body cuto↵ (⇤).
I The numerical results have no cuto↵ dependence (⇤  107Mev).
I A consistent NLO matrix element for A = 2, 3 needs one insertion:

2-body LEC, r/a (ERE) or a A = 3 NLO amplitude.
. The 2-body LEC contains an e↵ective range correction.
. The A = 3 ERE is an r/a insertion to the dibaryon propagator.
. The A = 2 ERE is an r/a insertion to the deuteron normalization.
. For A = 3 the NLO correction of the amplitude is a result of the

3-nucleon pole (0 for 3H).
I For the pp fusion the relative momentum is low q ⇡ 0, therefore an

infinite sum of photons exchange is required.

Numerical results

Electromagnetic interactions:

A = 3 [µN] A = 2
hµ3Hi hµ3Hei �np [mb] µd [µN]

LO 3.088 -2.450 298.2 0.8798 LECs were calibrated
LO, Zd 3.1 -2.4 298.2 0.8798 from A = 2.
Full NLO 2.979 -2.127 338.8 0.8592

Full NLO, Zd 2.93 -2.15 347.8 0.8547 LECs were calibrated
� Zd [%] 1.7 1.1 2.7 0.1 from A = 3.
Exp data 2.9789 -2.12762 334.2 0.8574
� Exp [%] 0.04-1 0.03-2 1-4 0.2-0.3

Weak interactions:

It is interesting to compare �EFT and EFT(/⇡) calculations of pp fusion, which
both calibrate the axial LEC from 3H �-decay.
We compare to Marcucci et al [10], pure Coulomb �EFT S-calculation, with
the same 3H decay rate & gA values and the same hF i value.

S�EFT
pp (3S1, pure Coulomb) 4.02 · 10�23MeV · fm2 ± 0.01

S
EFT (/⇡)
pp (0) 3.90 · 10�23MeV · fm2

S
EFT (/⇡)
pp (0),Zd 4.16 · 10�23MeV · fm2

Higher orders contribution can be estimated by:

I Di↵erence between Z-parameterization and
regular counting.

I Taking the ratio between NLO and LO as
expansion parameter. Both methods give
the same estimate (± 3%).

Summary

I EFT(/⇡) consistently predict A=2, 3 EM q ⇡ 0 observables up to NLO with
O(1%) accuracy.

I We determine the p-p fusion rate with reliable uncertainty estimate. Our
prediction:

S
EFT (/⇡)
pp (gA = 1.2695) = 4.02 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

S
EFT (/⇡)
pp (gA = 1.275) = 4.16 · 10�23MeV · fm2 ±Zd

0.14±gA 0.07±ft 0.04

Better determination of gA and 3H half-life are needed to reduce the error-bar.
N2LO can reduce the theoretical uncertainty significantly, to less than 1%.
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Our	predicAon	for	l1=-3.3-(-5.7) fm  

Ab initio Calculation of the np → dγ Radiative Capture Process
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Lattice QCD calculations of two-nucleon systems are used to isolate the short-distance two-body
electromagnetic contributions to the radiative capture process np → dγ, and the photo-disintegration
processes γð"Þd → np. In nuclear potential models, such contributions are described by phenomenological
meson-exchange currents, while in the present work, they are determined directly from the quark and gluon
interactions of QCD. Calculations of neutron-proton energy levels inmultiple backgroundmagnetic fields are
performed at twovalues of the quarkmasses, corresponding to pionmasses ofmπ ∼ 450 and 806MeV, and are
combined with pionless nuclear effective field theory to determine the amplitudes for these low-energy
inelastic processes. At mπ ∼ 806 MeV, using only lattice QCD inputs, a cross section σ806 MeV ∼ 17 mb is
found at an incident neutron speed of v ¼ 2; 200 m=s. Extrapolating the short-distance contribution to the
physical pion mass and combining the result with phenomenological scattering information and one-body

couplings, a cross section of σlqcdðnp → dγÞ ¼ 334.9ðþ5.2
−5.4 Þ mb is obtained at the same incident neutron

speed, consistent with the experimental value of σexptðnp → dγÞ ¼ 334.2ð0.5Þ mb.

DOI: 10.1103/PhysRevLett.115.132001 PACS numbers: 12.38.Gc, 11.15.Ha, 13.40.Gp

The radiative capture process, np → dγ, plays a critical
role in big bang nucleosynthesis (BBN) as it is the starting
point for the chain of reactions that form most of the light
nuclei in the cosmos. Studies of radiative capture [1–3], and
the inverse processes of deuteron electro- and photodisinte-
gration, γð"Þd → np [4–7], have constrained these cross
sections and have also provided critical insights into the
interactions between nucleons and photons. They conclu-
sively show the importance of non-nucleonic degrees of
freedom in nuclei, which arise from meson-exchange cur-
rents (MECs) in the context of nuclear potential models
[8,9]. Nevertheless, in the energy range relevant for BBN,
experimental investigations are challenging [10]. For the
analogous weak interactions of multinucleon systems, con-
siderably less is known from experiment but these processes
are equally important. The weak two-nucleon interactions
currently contribute the largest uncertainty in calculations
of the rate for proton-proton fusion in the Sun [11–17], and
in neutrino-disintegration of the deuteron [18], which is a

critical process needed to disentangle solar neutrino
oscillations. Given the phenomenological importance of
electroweak interactions in light nuclei, direct determinations
from the underlying theory of strong interaction, quantum
chromodynamics (QCD), are fundamental to future theo-
retical progress. Such determinations are also of significant
phenomenological importance for calibrating long-baseline
neutrino experiments and for investigations of double
beta decay in nuclei. In this Letter, we take the initial steps
towards meeting this challenge and present the first lattice
QCD (LQCD) calculations of the np → dγ process. The
results are in good agreement with experiment and show
that QCD calculations of the less well-determined electro-
weak processes involving light nuclei are within reach.
Similarly, the present calculations open the way for QCD
studies of light nuclear matrix elements of scalar [19]
(and other) currents relevant for dark matter direct detection
experiments and other searches for physics beyond the
Standard Model.
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The low-energy cross section for np → dγ is conven-
iently written as a multipole expansion in the electromag-
netic (EM) field [20,21],

σðnp → dγÞ ¼ e2ðγ20 þ jpj2Þ3

M4γ30jpj
j ~XM1j2 þ % % % ; ð1Þ

where ~XM1 is the M1 amplitude, γ0 is the binding
momentum of the deuteron, M is the mass of the nucleon,
and p is the momentum of each incoming nucleon in the
center-of-mass frame. The ellipsis denotes the contribution
from E1 and higher-order multipoles (higher multipoles
can be included systematically and improve the reliability
of the description [22] but are not relevant at the level of
precision of the present work). In a pionless effective field
theory expansion [23–25], employing dibaryon fields to
resum effective range contributions [26,27], the leading-
order (LO) and next-to-leading order (NLO) contributions
lead to the M1 amplitude [27,28]
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where κ1 ¼ ðκp − κnÞ=2 is the isovector nucleon magnetic
moment, Zd ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ0r3

p
is the square root of the

residue of the deuteron propagator at the pole with r3
the effective range in the 3S1 channel, and a1; r1 are the
scattering length and effective range in the 1S0 channel. The
quantity l1 ¼ ~l1 −

ffiffiffiffiffiffiffiffiffi
r1r3

p
κ1 encapsulates the short-distance

two-nucleon interactions through ~l1, but also depends on
κ1. It is well established that gauge-invariant EM two-
nucleon interactions (and direct photon-pion couplings in
pionful effective field theories) [12,18,22–24,29–32] must
be included in order to determine radiative capture and
breakup cross sections to a precision of better than ∼10%.
The only quantity in Eqs. (1) and (2) that is not

determined by kinematics, single-nucleon properties, or
scattering parameters is l1. In this work, we use LQCD to
calculate this quantity by determining the energies of
neutron-proton systems in background magnetic fields.
A magnetic field mixes the Iz ¼ jz ¼ 0 np states in the
1S0 and 3S1 − 3D1 channels, providing sensitivity to
the EM interactions. In the general situation, including
at the physical point, where the deuteron and dineutron
have different energy spectra, the formalism developed in
Ref. [28] can be used to extract l1 from the finite-volume
energy levels of this coupled system. The deuteron and
dineutron ground states are nearly degenerate at both
pion masses used in the present calculation [33], and the
two-nucleon sector exhibits an approximate spin-flavor
SU(4) symmetry (as predicted by the large-Nc limit of
QCD [34]). In this case, it can be shown [28,35] that

the energy difference between the two eigenstates depends
upon ~l1 as

ΔE3S1;1S0ðBÞ ¼ 2ðκ1 þ γ0Z2
d
~l1Þ

e
M

jBjþOðjBj2Þ; ð3Þ

where B is the background magnetic field. It is convenient
to focus on the combination L̄1 ¼ γ0Z2

d
~l1 that characterizes

the two-nucleon contributions.
Our LQCD calculations were performed on two ensem-

bles of gauge-field configurations generated with a clover-
improved fermion action [36] and a Lüscher-Weisz gauge
action [37]. The first ensemble had Nf ¼ 3 degenerate
light-quark flavors with masses tuned to the physical
strange quark mass (the physical value of ms is used, with
nonlinear mass dependence and discretization effects shift-
ing the pseudoscalar meson mass from the leading order
chiral perturbation theory estimate, mπ ∼ 680 MeV), pro-
ducing a pion of mass mπ ∼ 806 MeV and used a volume
of L3 × T ¼ 323 × 48. The second ensemble had Nf ¼
2þ 1 flavors with the same strange quark mass and
degenerate up and down quarks with masses corresponding
to a pion mass of mπ ∼ 450 MeV and a volume of
L3 × T ¼ 323 × 96. Both ensembles had a gauge coupling
of β ¼ 6.1, corresponding to a lattice spacing of
a ∼ 0.11 fm. The details of tuning the quark masses and
setting the lattice spacing are similar to those described
by the Hadron Spectrum collaboration in generating
the anisotropic clover gauge field configurations [38].
Background EM [UQð1Þ] gauge fields giving rise to uni-
form magnetic fields along the x3 axis were multiplied onto
each QCD gauge field in each ensemble (separately for
each quark flavor), and these combined gauge fields were
used to calculate up-, down-, and strange-quark propaga-
tors, which were then contracted to form the requisite
nuclear correlation functions using the techniques of
Ref. [39]. Calculations were performed on ∼1; 000
gauge-field configurations at the SU(3) point and ∼650
configurations at the lighter pion mass, each taken at
intervals of 10 hybrid Monte Carlo trajectories. On each
configuration, quark propagators were generated from 48
uniformly distributed Gaussian-smeared sources for each
magnetic field. For further details of the production at
the SU(3)-symmetric point, see Refs. [33,40,41] and in
particular, Ref. [35]. Analogous methods were employed
for the calculations using the lighter pion mass ensemble.
Background EM fields have been used extensively to

calculate electromagnetic properties of hadrons, such as the
magnetic moments of the lowest-lying baryons [42–50] and
light nuclei [41], and the polarizabilities of mesons and
baryons [50,51]. The quark fields have electric charges
Qu ¼ þ2=3 and Qd;s ¼ −1=3 for the up-, down- and
strange-quarks, respectively, and background magnetic
fields are required to be quantized [52] in order that the
magnetic flux is uniform throughout the lattice. The link
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their magnetic field dependence. Uncertainties associated
with fit parameters are determined using bootstrap resam-
pling in order to account for the correlations between
energy shifts extracted at different magnetic fields from
the same configurations. Reference [35] presents the
mπ ∼ 806 MeV correlation functions in detail, and has a
complete discussion of the fitting methods used in the
analysis for both sets of pion masses.
The extracted values of L̄1 are shown in Fig. 3 for both

sets of quark masses. The functional dependence of L̄1 on
the light-quark masses is not known. However, the deuteron
and dineutron remain relatively near threshold over a large
range of quark masses [33,53–56], and the magnetic
moments of the nucleons are essentially independent of
the quark masses when expressed in units of natural nuclear
magnetons [41], so it is plausible that L̄1 also varies only
slowly with the pion mass. Indeed, there is only a small
difference in the value of L̄1 at mπ ∼ 806 MeV and at
mπ ∼ 450 MeV. In order to connect to the physical point,
we extrapolate both linearly and quadratically in the pion
mass by resampling the probability distribution functions
of L̄1 determined by the field-strength dependence fits
at each pion mass. The two forms of extrapolation yield
consistent values at the physical point, with the central
value and uncertainties determined from the 0.17, 0.50, and
0.83 quantiles of the combination of the two projected
probability distribution functions. After this extrapolation,

the value L̄lqcd
1 ¼ 0.285ðþ63

−60 Þ nNM is found at the

physical pion mass, where the uncertainty incorporates
statistical uncertainties, correlator fitting uncertainties,
field-strength dependence fitting uncertainties, lattice spac-
ing, and the uncertainties in the mass extrapolation. Using
the precise phenomenological values of γ0 ¼ 45.681 MeV,
r1 ¼ 2.73ð3Þ fm, r3 ¼ 1.749 fm, and κ1 ¼ 2.35295 NM,

this leads to a value llqcd1 ¼ −4.41ðþ15
−16 Þ fm. Future

calculations with lighter quark masses will reduce both
the statistical and systematic uncertainties associated
with L̄1.
The cross section for np → dγ has been precisely

measured in experiments at an incident neutron speed of
v ¼ 2; 200 m=s [1]. Using the expressions in Eqs. (1) and
(2), the experimentally determined deuteron binding energy
and 1S0 scattering parameters, the experimentally deter-
mined nucleon isovector magnetic moment, and the above
extrapolated LQCD value of llqcd1 , leads to a cross section at
v ¼ 2; 200 m=s of

σlqcd ¼ 334.9
!þ5.2

−5.4

"
mb; ð9Þ

which is consistent with the experimental value of σexpt ¼
334.2ð0.5Þ mb [1] within uncertainties (see also, Ref. [10]).
As in the phenomenological determination, the two-body
contributions are Oð10%Þ. At the quark masses where
the lattice calculations are performed, the cross sections
are considerably smaller than at the physical point, pri-
marily because the deuteron binding energy is larger. At
mπ ∼ 806 MeV, the scattering parameters, binding energy,
and magnetic moments have been determined previously
[33,40,41] and we can predict the scattering cross section
using only lattice QCD inputs, with a median value
σ806 MeV ∼ 17 mb at v ¼ 2; 200 m=s. (Propagation of
the uncertainties in the required inputs leads to a highly
non-Gaussian distribution of σ806 MeV [35].)
In summary, lattice QCD calculations have been used to

determine the short-distance two-nucleon interactions with
the electromagnetic field (meson-exchange currents in the
context of nuclear potential models) that make significant
contributions to the low-energy cross sections for np → dγ
and γð%Þd → np. This was facilitated by the pionless
effective field theory which provides a clean separation
of long-distance and short-distance effects along with a
concise analytic expression for the near-threshold cross
sections. A (naive) extrapolation of the LQCD results to the
physical pion mass is in agreement with the experimental
determinations of the np → dγ cross section, within the
uncertainties of the calculation and of the experiment.
Calculations were performed at a single lattice spacing and
volume, introducing systematic uncertainties in L̄1 that are
expected to be small in comparison to our other uncer-
tainties, Oða2Λ2

QCD; e
−mπL; e−γ0LÞ ≲ 4%. A more complete

study, and a reduction of the uncertainties of this cross
section will require additional calculations at smaller lattice
spacings and larger volumes, along with calculations at
smaller quark masses.
The present calculation demonstrates the power of lattice

QCD methods to address complex processes of importance

FIG. 3 (color online). The results of LQCD calculations of L̄1

(blue points). The blue (green) shaded regions show the linear
(quadratic) in mπ extrapolation of L̄1 to the physical pion mass
(dashed line) in natural nuclear magnetons (nNM). The vertical
(red) line indicates the physical pion mass.
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their magnetic field dependence. Uncertainties associated
with fit parameters are determined using bootstrap resam-
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energy shifts extracted at different magnetic fields from
the same configurations. Reference [35] presents the
mπ ∼ 806 MeV correlation functions in detail, and has a
complete discussion of the fitting methods used in the
analysis for both sets of pion masses.
The extracted values of L̄1 are shown in Fig. 3 for both

sets of quark masses. The functional dependence of L̄1 on
the light-quark masses is not known. However, the deuteron
and dineutron remain relatively near threshold over a large
range of quark masses [33,53–56], and the magnetic
moments of the nucleons are essentially independent of
the quark masses when expressed in units of natural nuclear
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of L̄1 determined by the field-strength dependence fits
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0.83 quantiles of the combination of the two projected
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r1 ¼ 2.73ð3Þ fm, r3 ¼ 1.749 fm, and κ1 ¼ 2.35295 NM,

this leads to a value llqcd1 ¼ −4.41ðþ15
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calculations with lighter quark masses will reduce both
the statistical and systematic uncertainties associated
with L̄1.
The cross section for np → dγ has been precisely

measured in experiments at an incident neutron speed of
v ¼ 2; 200 m=s [1]. Using the expressions in Eqs. (1) and
(2), the experimentally determined deuteron binding energy
and 1S0 scattering parameters, the experimentally deter-
mined nucleon isovector magnetic moment, and the above
extrapolated LQCD value of llqcd1 , leads to a cross section at
v ¼ 2; 200 m=s of
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which is consistent with the experimental value of σexpt ¼
334.2ð0.5Þ mb [1] within uncertainties (see also, Ref. [10]).
As in the phenomenological determination, the two-body
contributions are Oð10%Þ. At the quark masses where
the lattice calculations are performed, the cross sections
are considerably smaller than at the physical point, pri-
marily because the deuteron binding energy is larger. At
mπ ∼ 806 MeV, the scattering parameters, binding energy,
and magnetic moments have been determined previously
[33,40,41] and we can predict the scattering cross section
using only lattice QCD inputs, with a median value
σ806 MeV ∼ 17 mb at v ¼ 2; 200 m=s. (Propagation of
the uncertainties in the required inputs leads to a highly
non-Gaussian distribution of σ806 MeV [35].)
In summary, lattice QCD calculations have been used to

determine the short-distance two-nucleon interactions with
the electromagnetic field (meson-exchange currents in the
context of nuclear potential models) that make significant
contributions to the low-energy cross sections for np → dγ
and γð%Þd → np. This was facilitated by the pionless
effective field theory which provides a clean separation
of long-distance and short-distance effects along with a
concise analytic expression for the near-threshold cross
sections. A (naive) extrapolation of the LQCD results to the
physical pion mass is in agreement with the experimental
determinations of the np → dγ cross section, within the
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(they	use	different	
pionless	EFT	counAng,	
comparison	preliminary)	
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So…	is	3%	too	big	to	be	called	precision	physics?	
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Size	of	“bull’s	eye”	
related	to	experimental	error	bar	
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Spp (gA =1.2695) = (3.90− 4.16) ± 0.07 ± 0.04

Spp (gA =1.275) = (4.02− 4.30) ± 0.07 ± 0.04
gA	systemaAc		
uncertainty	

±3%	
theoreAcal	
uncertainty	

gA		
stat.	
unc.	

3H	
halflife	
syst.	
unc.	

i.e.,	theoreAcal	uncertainty	(3%)	of	the	same	order	of	systemaAc	experimental	
error	encapsulated	in	gA	and	3H	half	life	(2%	total).	



!
Summary		

a)  We	can	learn	something	useful	from	π/		EFT	and	apply	it	to	χEFT	–	disregarding	
correlaAons	from	π/		EFT	would	result	in	fine	tuning!	
One	should	augment	covariance	matrices.	

b)  One	observes	regulator/space	dependence	in	π/		EFT	just	as	in	χEFT.	

c)  First	π/		EFT	calcula-on	of	3H	beta	decay	(@NLO),	and	a	precision	calculaAon	of	
proton-proton	fusion	in	the	Sun:	
Improved	and	reliable	theoreAcal	uncertainty	esAmate.	
Improvement	in	gA	and	3H	decay	determinaAon	highly	needed.	
N2LO	calculaAon	should	follow.	
What	can	this	do	for	SSM?	A	lot,	mainly	to	CNO	neutrinos	flux	

	
d)  A	very	interesAng	confirmaAon	of	Ladce	QCD	as	well	as	π/	EFT	consistency	check:		

first	π/		EFT	calcula-on	of	3H,	3He,	2H	magne-c	moments	and	n+pàd+γ	(@NLO),	
and	good	comparison	to	the	NPLQCD	calcula-on	of	2	nucleons	in	a	magne-c	
field	(Beane	et	al	PRL	115,	132001	(2015))	
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