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Truncation artifacts

u(r) =
nmax∑

n=0
cnun(b; r)

Expansions in oscillator eigenstates are
convenient. . . but necessarily truncated!

Both IR and UV physics are cut off, balance determined by scale b

Oscillator length b ∼
√

1/(mΩ) , Ω = frequency

UV error
dominates

small Ω ↔ large b
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Universality of corrections

There’s no universal universality. . .

IR UV

universal

✦ independent of the
interaction

✦ determined by
observables

?

non-
universal

✪ depends on A
(no. of particles)

Furnstahl et al., J. Phys. G 42 034032

1408.0252 [nucl-th]

?
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UV cutoff from oscillator duality

Näıve estimate for UV cutoff

Consider largest included energy level. . .

→֒ Λ0 =
√

2µEmax =
√

2N + 3/b (N = 2n+ ℓ)
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UV cutoff from oscillator duality

Näıve estimate for UV cutoff

Consider largest included energy level. . .

→֒ Λ0 =
√

2µEmax =
√

2N + 3/b (N = 2n+ ℓ)

But recall from IR correction: basis truncation ↔ finite box

HO Hamiltonian

ĤHO =
p̂2

2µ
+

r̂2

2µ b4

Duality!

R-space

Q-space

R
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UV cutoff from oscillator duality

Näıve estimate for UV cutoff

Consider largest included energy level. . .

→֒ Λ0 =
√

2µEmax =
√

2N + 3/b (N = 2n+ ℓ)

But recall from IR correction: basis truncation ↔ finite box

HO Hamiltonian

ĤHO =
p̂2

2µ
+

r̂2

2µ b4

p̂2 and r̂2 have same spectrum

. . . and wavefunctions

same analysis in momentum space!

UV physics ↔ short distance scales

Duality!

R-space

Q-space

R

original images by D. Bellot
via Wikimedia Commons

Λ2(N, b) =
√

2(N + 3/2 + 2)/b

∼ 1/
√

smallest eigenvalue of r̂2
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Deuteron calculations
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Deuteron calculations

→

R
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Deuteron calculations

→

R

R

→
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Deuteron – Λ0 vs. Λ2

Λ0 =
√

2(N + 3/2)/b , Λ2 =
√

2(N + 3/2 + 2)/b
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Separable two-body extrapolations
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Regularized contact interaction

Simple toy model: V (k, k′) ∼ a fλ(k′)fλ(k) f
(4)
λ (k) = e−( k

λ
)

4

Exact cutoff dependence

−1 = 4πa

∫ Λ

0
dk k2 fλ(k)2

κ2
Λ + k2

 κΛ

interaction motivated by non-rel. EFT

regulator motivated by SRG evolution

UV extrapolations in finite oscillator bases – p. 8



Regularized contact interaction

Simple toy model: V (k, k′) ∼ a fλ(k′)fλ(k) f
(4)
λ (k) = e−( k

λ
)

4

Exact cutoff dependence

−1 = 4πa

∫ Λ

0
dk k2 fλ(k)2

κ2
Λ + k2

 κΛ

interaction motivated by non-rel. EFT

regulator motivated by SRG evolution

2.0 2.2 2.4 2.6 2.8 3.0 3.2

0.60

0.61

0.62

0.63

0.64

0.65

Λ (fm−1)

κ
Λ
(f
m

−
1
)

direct calc.

regularized contact a = −0.1 fm
quartic regulator with λ = 2.0 fm−1

UV extrapolations in finite oscillator bases – p. 8



Regularized contact interaction

Simple toy model: V (k, k′) ∼ a fλ(k′)fλ(k) f
(4)
λ (k) = e−( k

λ
)

4

Exact cutoff dependence

−1 = 4πa

∫ Λ

0
dk k2 fλ(k)2

κ2
Λ + k2

 κΛ

interaction motivated by non-rel. EFT

regulator motivated by SRG evolution

Simple fit formula

κΛ = κ∞ −A×
∞∫

Λ

dk fλ(k)2

2.0 2.2 2.4 2.6 2.8 3.0 3.2

0.60

0.61

0.62

0.63

0.64

0.65

Λ (fm−1)

κ
Λ
(f
m

−
1
)

direct calc.

regularized contact a = −0.1 fm
quartic regulator with λ = 2.0 fm−1

UV extrapolations in finite oscillator bases – p. 8



Regularized contact interaction

Simple toy model: V (k, k′) ∼ a fλ(k′)fλ(k) f
(4)
λ (k) = e−( k

λ
)

4

Exact cutoff dependence

−1 = 4πa

∫ Λ

0
dk k2 fλ(k)2

κ2
Λ + k2

 κΛ

interaction motivated by non-rel. EFT

regulator motivated by SRG evolution

Simple fit formula

κΛ = κ∞ −A×
∞∫

Λ

dk fλ(k)2

2.0 2.2 2.4 2.6 2.8 3.0 3.2

0.60

0.61

0.62

0.63

0.64

0.65

Λ (fm−1)

κ
Λ
(f
m

−
1
)

direct calc.
fit to direct calc.

regularized contact a = −0.1 fm
quartic regulator with λ = 2.0 fm−1

UV extrapolations in finite oscillator bases – p. 8



Regularized contact interaction

Simple toy model: V (k, k′) ∼ a fλ(k′)fλ(k) f
(4)
λ (k) = e−( k

λ
)

4

Exact cutoff dependence

−1 = 4πa

∫ Λ

0
dk k2 fλ(k)2

κ2
Λ + k2

 κΛ

interaction motivated by non-rel. EFT

regulator motivated by SRG evolution

Simple fit formula

κΛ = κ∞ −A×
∞∫

Λ

dk fλ(k)2

2.0 2.2 2.4 2.6 2.8 3.0 3.2

0.60

0.61

0.62

0.63

0.64

0.65

Λ (fm−1)

κ
Λ
(f
m

−
1
)

direct calc.
fit to direct calc.
osc. calc., Λ = Λ2

fit to osc. calc., Λ = Λ2

regularized contact a = −0.1 fm
quartic regulator with λ = 2.0 fm−1

UV extrapolations in finite oscillator bases – p. 8



Regularized contact interaction

Simple toy model: V (k, k′) ∼ a fλ(k′)fλ(k) f
(4)
λ (k) = e−( k

λ
)

4

Exact cutoff dependence

−1 = 4πa

∫ Λ

0
dk k2 fλ(k)2

κ2
Λ + k2

 κΛ

interaction motivated by non-rel. EFT

regulator motivated by SRG evolution

Simple fit formula

κΛ = κ∞ −A×
∞∫

Λ

dk fλ(k)2

2.0 2.2 2.4 2.6 2.8 3.0 3.2

0.60

0.61

0.62

0.63

0.64

0.65

Λ (fm−1)

κ
Λ
(f
m

−
1
)

direct calc.
fit to direct calc.
osc. calc., Λ = Λ2

fit to osc. calc., Λ = Λ2

regularized contact a = −0.1 fm
quartic regulator with λ = 2.0 fm−1

UV extrapolations in finite oscillator bases – p. 8



Universality of corrections

There’s no universal universality. . .

IR UV

universal

✦ independent of the
interaction

✦ determined by
observables

?

non-
universal

✪ depends on A
(no. of particles)

Furnstahl et al., J. Phys. G 42 034032

1408.0252 [nucl-th]

?
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Universality of corrections

There’s no universal universality. . .

IR UV

universal

✦ independent of the
interaction

✦ determined by
observables

✦ might be
independent of A

(based on universality of

high-momentum tails in

density distributions)

see, e.g., Wiringa et al. (2014)

Alvioli et al. (2013)

Amado (1976)

non-
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What now if the interaction is
not separable?!

UV extrapolations in finite oscillator bases – p. 10



Separate and conquer

take a given Hamiltonian Ĥ = Ĥ0 + V̂ . . .

. . . and a (bound) state |ψ〉, Ĥ|ψ〉 = E|ψ〉
set V̂sep = g|η〉〈η| with |η〉 = V̂ |ψ〉, g−1 = 〈ψ|V̂ |ψ〉

see, e.g., Ernst, Shakin, Thaler (1973); Lovelace (1964)

→֒ This reproduces the same state |ψ〉 !
(

V̂sep|ψ〉 =
V̂ |ψ〉〈ψ|V̂
〈ψ|V̂ |ψ〉

|ψ〉 = V̂ |ψ〉 (quite simple. . . )

)

Just replace. . .

fλ(k) −→ η(k)

a −→ g

. . . in previous relations!

Cutoff dependence

−1 = 4πg ×
∫ Λ

0

dk k2 η(k)2

κ2
Λ + k2

κΛ = κ∞ −A×
∫

∞

Λ

dk η(k)2

This incorporates properties of the potential and the state!
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Separable extrapolations

But typically we don’t know the exact state!
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Separable extrapolations

But typically we don’t know the exact state!

Final step

Just take |ψ〉 from the most-converged oscillator
calculation!

η(k) = 〈k|Vfull|ψosc〉
use information about full potential!

performance can be tested with
analytically solvable models

compare to phenomenological fits

→֒ can perform just as well. . .

Fits

κΛ,exp = κ∞ − a× e−bΛ

κΛ,Gauss = κ∞ − a× e−bΛ2

κΛ,sep = κ∞ −a

∫
∞

Λ

dk η(k)2
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Separable extrapolations

But typically we don’t know the exact state!

Final step

Just take |ψ〉 from the most-converged oscillator
calculation!

η(k) = 〈k|Vfull|ψosc〉
use information about full potential!

performance can be tested with
analytically solvable models

compare to phenomenological fits

→֒ can perform just as well. . .

. . . with only two fit parameters!

Fits

κΛ,exp = κ∞ − a× e−bΛ

κΛ,Gauss = κ∞ − a× e−bΛ2

κΛ,sep = κ∞ −a

∫
∞

Λ

dk η(k)2

only two parameters!
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Back to the deuteron

Finally, consider realistic nucleon–nucleon interactions!

→֒ Deuteron

S–D coupled channels

V̂SD =

(
V̂00 V̂02

V̂20 V̂22

)

, |ψd〉 =

(
|ψ0〉
|ψ2〉

)

V̂SD,sep = g ×
(

|η0〉
|η2〉

)(
〈η0|
〈η2|

)T |η0〉 = V̂00|ψ0〉 + V̂02|ψ2〉
|η2〉 = V̂20|ψ0〉 + V̂22|ψ2〉

[(
1 0
0 1

)

+ g ×
(

〈η0|
(
k̂2 + κ2

)
−1|η0〉 0

0 〈η2|
(
k̂2 + κ2

)
−1|η2〉

)](
|η0〉
|η2〉

)

= 0

Quantization condition

−1 = 4πg ×
∫ Λ

0

dk k2 η0(k)2 + η2(k)2

κ2
Λ + k2

→֒ fit formulas, as before!
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Deuteron results

Entem–Machleidt
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Interlude: Gaussian dependence
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Gaussian dependence

Observation

Fits of the form

EΛ = E∞ +A0 e−4(Λ/λ)2

, λ = SRG evolution scale

work very well!

it can be shown that ∆E = ∆E(Λ2)

define g(Λ2) ≡ log ∆EΛ(Λ2)

expand about Λ2 = Λ2
∗
:

g(Λ2) = g0+g1(Λ2−Λ2
∗
)+ 1

2g2(Λ2−Λ2
∗
)2+· · ·

if g1 dominates:

∆EΛ = [e(g0−g1Λ2

∗
)] eg1Λ2

= (const.)×e−b1Λ2

g2 ∼ − 1

∆E2
Λ

(
d∆EΛ

dΛ2

)2

+
1

∆EΛ

d2∆EΛ

d(Λ2)2
0.0 0.5 1.0 1.5 2.0

(Λ
2
/λ)

2

10
−2

10
−1

10
0

∆
E

d
 /

 E
d

N
3
LO (500 MeV)

λ
eff

 = 2.5 fm
−1

SRG λ = 2 fm
−1

straight line segments ↔ Gaussian fit works well
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Gaussian universality

slope and region of validity are roughly independent of A

 evidence for UV universality!
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≈ same slope
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Moving on: Three particles
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More general perspective

Schrödinger equation: H|ψ〉 = (H0 + V )|ψ〉 = −EB|ψ〉
Green’s function: G0(z) = (z −H0)−1

→֒ |ψ〉 = G0(−EB)V |ψ〉
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More general perspective

Schrödinger equation: H|ψ〉 = (H0 + V )|ψ〉 = −EB|ψ〉
Green’s function: G0(z) = (z −H0)−1

→֒ V |ψ〉 = V G0(−EB)V |ψ〉

Quantization condition

 1 =
〈ψ|V G0(−EB) V |ψ〉

〈ψ|V |ψ〉
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V |ψ〉
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More general perspective

Schrödinger equation: H|ψ〉 = (H0 + V )|ψ〉 = −EB|ψ〉
Green’s function: G0(z) = (z −H0)−1

→֒ V |ψ〉 = V G0(−EB)V |ψ〉

Quantization condition

 1 =

〈η|
︷ ︸︸ ︷

〈ψ|V G0(−EB)

|η〉
︷ ︸︸ ︷

V |ψ〉
〈ψ|V |ψ〉
︸ ︷︷ ︸

g0

Nothing here is explicitly two-body!
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Tales of tails – Book 1

Why does it work?
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Tales of tails – Book 1

Why does it work?

we use the oscillator wavefunction, which is truncated at Λ2

but we know the full potential! → η(k) = 〈k|Vfull|ψosc〉

0 1 2 3 4
0.0

0.5

1.0

1.5

k (fm−1)

u
(f
m

1
/
2
)

uexact

uosc

0 1 2 3 4
−1.5

−1.0

−0.5

0.0

k (fm−1)

η
(f
m

−
1
/
2
)

〈k|Vosc|ψosc〉

〈k|Vfull|ψosc〉

〈k|Vfull|ψfull〉

 Restoration of high-momentum tail!
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Tales of tails – Book 1

How well does it work?
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Tales of tails – Book 1

How well does it work?

0 1 2 3 4 5 6

0.01

0.10

1.00

k (fm−1)

|η
|
(f
m

−
1
/
2
)

〈k|Vosc|ψosc〉

〈k|Vfull|ψosc〉

〈k|Vfull|ψfull〉

l

significant part of tail restored in 〈k|Vfull|ψosc〉. . .

. . . but not quite all of it! (slope is different at large momenta)
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Tales of tails – Book 2

We can in fact do better yet!
Define

PΛ =

∫ Λ

0

d3p

(2π)3
|p〉〈p| , QΛ =

∫ ∞

Λ

d3p

(2π)3
|p〉〈p| , PΛ + QΛ = 1

to project onto low- and high-momentum subspaces.
(

PΛHPΛ PΛHQΛ

QΛHPΛ QΛHQΛ

)(
PΛ|ψ〉
QΛ|ψ〉

)

= −EB

(
PΛ|ψ〉
QΛ|ψ〉

)

Master formula

QΛ|ψ〉 =
(
−EB − QΛHQΛ

)
−1QΛV PΛ|ψ〉 , PΛ|ψ〉 ≈ Z|ψΛ〉

→֒ express UV tail in terms of low-momentum part!
Bogner and Roscher, PRC 86 064304 (2012)

UV extrapolations in finite oscillator bases – p. 22
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We can in fact do better yet!
Define

PΛ =

∫ Λ

0

d3p

(2π)3
|p〉〈p| , QΛ =

∫ ∞

Λ

d3p

(2π)3
|p〉〈p| , PΛ + QΛ = 1

to project onto low- and high-momentum subspaces.
(

PΛHPΛ PΛHQΛ

QΛHPΛ QΛHQΛ

)(
PΛ|ψ〉
QΛ|ψ〉

)

= −EB

(
PΛ|ψ〉
QΛ|ψ〉

)

Master formula

QΛ|ψ〉 =
(
−EB − QΛHQΛ

)
−1QΛV PΛ|ψ〉 , PΛ|ψ〉 ≈ Z|ψΛ〉

→֒ express UV tail in terms of low-momentum part!
Bogner and Roscher, PRC 86 064304 (2012)

Oscillator input

Λ → Λ2(nmax,Ω) , PΛ|ψ〉 → Z|ψosc〉
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Tales of tails – Book 2

We can in fact do better yet!
QΛ|ψ〉 =

(−EB − QΛHQΛ

)−1QΛV PΛ|ψ〉 , PΛ|ψ〉 ≈ Z|ψΛ〉
→֒ express UV tail in terms of low-momentum part!

Bogner and Roscher, PRC 86 064304 (2012)

Oscillator input

Λ → Λ2(nmax,Ω) , PΛ|ψ〉 → Z|ψosc〉
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|η
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(f
m

−
1
/
2
)

〈k|Vosc|ψosc〉

〈k|Vfull|ψosc〉

〈k|Vfull|ψfull〉

〈k|Vfull|ψfull〉 = 〈k|Vfull(PΛ + QΛ)|ψfull〉 ≈ Z × 〈k|Vfull|ψosc〉 + corr.
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Tales of tails – Book 2

We can in fact do better yet!
QΛ|ψ〉 =

(−EB − QΛHQΛ

)−1QΛV PΛ|ψ〉 , PΛ|ψ〉 ≈ Z|ψΛ〉
→֒ express UV tail in terms of low-momentum part!

Bogner and Roscher, PRC 86 064304 (2012)

Oscillator input

Λ → Λ2(nmax,Ω) , PΛ|ψ〉 → Z|ψosc〉

0 1 2 3 4 5 6

0.01

0.10

1.00

k (fm−1)

|η
|
(f
m

−
1
/
2
)

〈k|Vosc|ψosc〉

〈k|Vfull|ψosc〉

〈k|Vfull|ψfull〉

+corr.

〈k|Vfull|ψfull〉 = 〈k|Vfull(PΛ + QΛ)|ψfull〉 ≈ Z × 〈k|Vfull|ψosc〉 + corr.
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Three-body toy model

Jacobi coordinates

ξ0 =
1√
3

(
r1 + r2 + r3

)

ξ1 =
1√
2

(
r1 − r2

)

ξ2 =

√

2

3

[
1

2

(
r1 + r2

)− r3

]

factor out center-of-mass
motion

assume local pairwise
interactions
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Three-body quantization condition

 1 =

〈η|
︷ ︸︸ ︷

〈ψ|V G0(−EB)

|η〉
︷ ︸︸ ︷

V |ψ〉
〈ψ|V |ψ〉
︸ ︷︷ ︸

g0

→֒ 1 = g0 ×
∫

d3℘1

∫

d3℘2
η(℘1,℘2)2

−EB − 1

2

℘2
1

2µ
− 1

2

℘2
2

2µ

η(℘1,℘2) = 〈℘1,℘2|V |ψ〉

Jacobi momenta: ℘1,2 ↔ ξ1,2

How to cut off these integrals?
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Three-body quantization condition

 1 =

〈η|
︷ ︸︸ ︷

〈ψ|V G0(−EB)

|η〉
︷ ︸︸ ︷

V |ψ〉
〈ψ|V |ψ〉
︸ ︷︷ ︸

g0

→֒ 1 = g0 ×
∫

d3℘1

∫

d3℘2
η(℘1,℘2)2

−EB − 1

2

℘2
1

2µ
− 1

2

℘2
2

2µ

η(℘1,℘2) = 〈℘1,℘2|V |ψ〉

Jacobi momenta: ℘1,2 ↔ ξ1,2

How to cut off these integrals?

℘1,2 ≤ Λ ?
√

℘2
1 + ℘2

2 ≤ Λ ? Depends on basis-truncation scheme!
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Truncated three-body oscillator basis

ψλµ(ξ1, ξ2) =
∑

(n1,l1),(n2,l2)

cn1l1,n2l2
〈ξ1, ξ2|n1n2, (l1l2)λ, µ〉

η(℘1,℘2) = 〈℘1,℘2|V |ψ〉

(nmax, lmax)-truncation

n1,2 ≤ nmax, l1,2 ≤ lmax

 rectangular cutoff: ℘1,2 ≤ Λ

Nmax-truncation

N = 2n1 + l1 + 2n2 + l2 ≤ Nmax

 radial cutoff:
√

℘2
1 + ℘2

2 ≤ Λ
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Cutoff dependence and fitting

Λ0 =
√

2(N + 3/2)/b , Λ2 =
√

2(N + 3/2 + 2)/b

General effective cutoff

Λeff ∼ (smallest eigenvalue of r̂2)−1/2

✦

✦
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Not even with full tail restoration!
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Summary and outlook

Summary

oscillator basis truncation corresponds to sharp UV cutoff

for separable interactions, the UV extrapolation is simple

more generally, one can use separable approximations

deuteron results are quite impressive!

extension to three particles looks promising

evidence for UV universality with SRG-evolved interactions

Outlook / To Do

analyze three-body system in more detail

extend to large scale many-body calculations

figure out how to do reliable combined IR and UV extrapolations
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***
Thanks for your attention!

UV extrapolations in finite oscillator bases – p. 28


