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Probing structure through (d,p) 
•  A(d,p)B reactions probe the overlap function of final nucleus 
•  angular distributions provide angular momentum of final state 
•  different beam energies probe different regions of space 



Example of using (d,p) to probe halos 

Schmitt et al, PRL 108, 192701 (2012), PRC 88, 064612 (2013) 

DWBA 
entrance channel	


DWBA 
exit channel	
 ADWA	


10Be(d,p)11Be @ 12-21 MeV	




Example of using (d,p) as a probe of magicity: 
studying double magic nuclei away from stability 

d(132Sn,133Sn)p@5 MeV/u 

K. Jones et al, Nature 465 (2010) 454, PRC 84, 034601 (2011) 

What is the error bar from the reaction model?	




overview 

	


	


	


 
1) benchmarking reaction theories 
2) Faddeev AGS including Coulomb without screening 
3) non-locality in reactions 



differences  between three-body methods 

	


	


	


3 jacobi coordinate sets	


Faddeev AGS:EXACT 
•  all three Jacobi components are included 
•  elastic, breakup and rearrangement   

 channels are fully coupled 
•  computationally expensive 

Deltuva and Fonseca, Phys. Rev. C79, 014606 (2009). 

ADWA:  
•  only one Jacobi component 
•  elastic and breakup fully coupled (no rearrangement) 
•  adiabatic approximation for breakup 
•  only applicable to obtain transfer cross sections 
•  runs on desktop – practical 

CDCC:  
•  only one Jacobi component 
•  elastic and breakup fully coupled (no rearrangement) 
•  computationally expensive 
 

Johnson and Tandy NP (1974) 

Austern, Kamimura, Rawistcher, Yahiro etc, Prog. Theo. Phys (1986)  



Comparing elastic scattering 
10Be(d,d)10Be	
 12C(d,d)12C	
 48Ca(d,d)48Ca	
 132Sn(d,d)132Sn	


Upadhyay, Deltuva and Nunes, PRC 85, 054621 (2012) 

CDCC provides a good approximation for elastic scattering	




Comparing transfer 
10Be(d,p)11Be	
 12C(d,p)13C	
 48Ca(d,p)49Ca	
 132Sn(d,p)133Sn	


Upadhyay, Deltuva and Nunes, PRC 85, 054621 (2012) 

CDCC is ok for transfer at ~10MeV/u 
agreement deteriorates for higher energy	




CDCC results for Pb 

208Pb(d,d)208Pb	
 208Pb(d,p)209Pb	


No comparison with Faddeev possible! 



The effects of Coulomb on transfer 

Coulomb effects on transfer can be very large… 
New method needs to accurately include Coulomb! 

48Ca(d,p)49Ca	
 132Sn(d,p)133Sn	
 208Pb(d,p)209Pb	




The dependence on the optical potential 

• Constraining p-A elastic 
reduces uncertainties but 
remaining uncertainty not 
neglegible 

• Important to include good 
optical potential 
information 

208Pb(p,p)208Pb	

208Pb(d,p)209Pb	


12C(p,p)12C	
 12C(d,p)13C	




overview 

	


	


	


 
1) benchmarking reaction theories 
2) Faddeev AGS including Coulomb without screening 
3) non-locality in reactions 



The three-body d+A problem with Coulomb  

	


	


	


Faddeev AGS with screened Coulomb Deltuva et al., PRC71, 054004 
•  equations written in the plane wave basis 
•  screening radius increases with increasing Z target 
•  larger number of partial waves needed for convergence 
•  integral equation solvers break down 

Faddeev AGS including unscreened Coulomb  
Mukhamedzhanov et al., PRC86, 034001 
•  equations written in the momentum space Coulomb distorted basis 
•  no screening of interactions 
•  assumes interactions are separable 
•  challenge to calculate the Coulomb distorted nuclear form factors 
 



Three-body including Coulomb without screening 

	


	


	


1)  Determine separable form for the interactions (optical potentials!) 
2)  Compute the Coulomb distorted nuclear form factors  
3)  Solve the corresponding AGS equations 

TORUS collaboration 
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FIG. 1. (Color online) The l = 4 (j = 9/2) partial wave S matrix
for the n + 48Ca system obtained from the CH89 [6] phenomeno-
logical optical potential as a function of the c.m energy. The
exactly calculated S matrix is given by the solid line. Separable
representations of rank 1 (support point at 6 MeV), rank 2 (support
points at 6 and 12.5 MeV), and rank 3 (support points at 6, 15,
and 25 MeV) are shown by the dash-double-dotted, dash-dotted, and
dashed lines, respectively. The rank-4 representation (support points
at 6, 15, 36, and 47 MeV) coincides with the exact calculation and is
indicated by the solid dots.

where E represents the center-of-mass (c.m.) energy,
E ≡ Ec.m.. The dimensionless amplitude τ̂l(E) is given by

τ̂l(E) = −πµk0 tl(k0, k0; E). (25)

The on-shell momentum k0 is defined via Ec.m. = k2
0/2µ, and

µ is the reduced mass of the system under consideration. The
partial wave t matrix, tl(k0, k0), is either calculated directly
from the CH89 potential or obtained via our general scheme
to construct a separable representation thereof.

First we study in detail the scheme for constructing a
separable representation of the n + 48Ca system for c.m.
energies from 0 to 50 MeV. Our goal is to arrive at an excellent
separable representation of the partial wave S matrix starting
from the local CH89 potential. For practical applications in,
e.g., three-body type calculations, it is desirable to achieve
this with as low a rank as possible. As a representative case,
we show the l = 4, j = 9/2 partial wave S matrix in Fig. 1.
The S matrix obtained from the solution of the LS equation
with the original CH89 optical potential (solid line) shows
a relatively mild variation with energy in the energy regime
under consideration. If one is only interested in describing the
very low energies, i.e., Ec.m. ! 10 MeV, a rank-1 separable
potential with a support point at 6 MeV is barely sufficient
(dash-double-dotted line), while a rank-2 representation with
support points at 6 and 12.5 MeV can already capture the range
between 0 and 20 MeV relatively well. A rank-3 representation
with support points at 5, 15, and 25 MeV captures the S matrix
up to roughly 35 MeV. However, for a high-quality separable
representation of at least four significant figures of the CH89
result a rank-4 representation with support points at 6, 15, 36,
and 47 MeV is needed in this partial wave. The figure also
shows that more support points are needed in the region where
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FIG. 2. (Color online) The l = 3 partial wave S matrix for the n +
48Ca system obtained from the CH89 [6] phenomenological optical
potential as a function of the c.m energy. The exactly calculated partial
wave S matrices for j = 7/2, j = 5/2, and the central part of the
optical potential alone are given by the solid, dash-double-dotted, and
dashed lines, respectively. The results for the corresponding rank-4
separable representations (support points at 6, 15, 36, and 47 MeV)
are overlayed and indicated by the solid symbols as indicated in the
figure.

the S matrix shows structure, and less points are necessary for
the smooth region.

The next question for a practical implementation of the
EST scheme is whether the optimum support points when
including both central and spin-orbit interactions differ from
the results when including the central interaction only. Usually
the central part of an optical potential is larger than the spin
part. Thus one may expect it to be sufficient to find EST
support points for the S matrix computed using only the central
part of the optical potential, and then use the same points for
deriving the separable representation of the l ± 1/2 partial
wave S matrices. This is indeed the case, as is demonstrated
for the l = 3 partial wave S matrix for the n + 48Ca system in
Fig. 2. The dashed line shows the S matrix calculated from the
cental part of the CH89 optical potential, while the solid and
dash-double-dotted lines represent the l + 1/2 and the l − 1/2
partial wave S matrices, respectively. Our results show that it
is indeed sufficient to determine the EST support points for
the S matrix computed from the cental part of the optical
potential. Thus, once the support points are determined from
a calculation including the central part, one only needs to
replace the corresponding form factors, i.e., the half-shell t
matrices, at the support points with the ones containing the
spin-orbit contribution to obtain the separable representation of
the l ± 1/2 partial wave S matrices with unchanged accuracy.

For the n + 48Ca system we find that for the lower partial
waves a rank-4 separable representation is sufficient for
energies up to Ec.m. = 50 MeV. Let us now consider what
happens as we increase the angular momentum. Reaction
calculations in the energy range 0–50 MeV often require
partial waves up to l = 20, but due to the centrifugal barrier
with increasing angular momentum the t matrix remains
close to zero even at higher scattering energy. Therefore, one
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resulting rank-1 nonlocal potential U will neither be Hermitian
nor satisfy K0UK0 = U †.

To remedy this situation for a non-Hermitian potential u we
replace the definition of Eq. (3) by

U
(
EkE

)
≡

u
∣∣fl,kE

〉〈
f ∗

l,kE

∣∣u
〈
f ∗

l,kE

∣∣u
∣∣fl,kE

〉 ≡ u
∣∣fl,kE

〉
λ̂
〈
f ∗

l,kE

∣∣u, (4)

where now the strength parameter is defined by (λ̂)−1 =
⟨f ∗

l,kE
|u|fl,kE

⟩.
Here fl,kE

(r) is the unique regular radial wave function
corresponding to u and f ∗

l,kE
(r) is the unique regular radial

wave function corresponding to u∗. By a suitable choice of
arbitrary normalization constants we can arrange that f ∗

l,kE
(r)

is simply the complex conjugate of fl,kE
and henceK0|fl,kE

⟩ =
|f ∗

l,kE
⟩.

If u satisfies K0uK0 = u† the definition of Eq. (4) gives a
symmetric complex potential matrix that satisfies

K0U
(
EkE

)
K0 =

(
K0u

∣∣fl,kE

〉)
(λ̂)∗

(〈
f ∗

l,kE

∣∣uK0
)

= u†∣∣f ∗
l,kE

〉
(λ̂)∗

〈
fl,kE

∣∣u† = U †, (5)

where the round brackets mean that K0 here acts only on the
quantities within the brackets.

For a general energy E and arbitrary potential V we define
an operator t(E) as the solution of

t(E) = V + Vg0(E)t(E). (6)

For the potential given by Eq. (4) we then obtain a rank-1
separable t matrix t(E) in a given partial wave with matrix
elements

⟨p′|t(E)|p⟩ =
⟨p′|u

∣∣fl,kE

〉〈
f ∗

l,kE

∣∣u|p⟩
〈
f ∗

l,kE

∣∣u − ug0(E)u
∣∣fl,kE

〉 . (7)

By introducing t(p′, kE,EkE
) = ⟨f ∗

l,kE
|u|p′⟩ and

t(p, kE,EkE
) = ⟨p|u|fl,kE

⟩, the partial wave t matrix
element ⟨p′|t(E)|p⟩ can be written as

⟨p′|t(E)|p⟩ =
t
(
p′, kE,EkE

)
t
(
p, kE,EkE

)
〈
f ∗

l,kE

∣∣u(1 − g0(E)u)
∣∣fl,kE

〉

≡ t(p′, kE,E) τ (E) t(p, kE,E), (8)

where

τ−1(E) =
〈
f ∗

l,kE

∣∣u(1 − g0(E)u)
∣∣fl,kE

〉
. (9)

The scattering wave function |fl,kE
⟩ satisfies |fl,kE

⟩ =
|kE⟩ + g0(EkE

)u|fl,kE
⟩. Using this we find [τ (EkE

)]−1 =
⟨kE|u|fl,kE

⟩ = t(kE, kE,EkE
), and hence

⟨p′|t
(
EkE

)
|p⟩ =

t
(
p′, kE,EkE

)
t
(
p, kE,EkE

)

t
(
kE, kE,EkE

) , (10)

where angular momentum indices are omitted.
On the energy shell, i.e., for p → kE and p′ → kE , the

separable t matrix of Eq. (10) agrees with the t matrix evaluated
with the original potential u, as it should. For any general E =
k2

0/2µ the function τ (E) of Eq. (8) is explicitly calculated as

τ (E)−1 = t
(
kE, kE,EkE

)
+ 2µ

[
P

∫
dpp2 t

(
p, kE,EkE

)
t
(
p, kE,EkE

)

k2
E − p2

− P
∫

dpp2 t
(
p, kE,EkE

)
t
(
p, kE,EkE

)

k2
0 − p2

]

+ iπµ
[
k0t

(
k0, kE,EkE

)
t
(
k0, kE,EkE

)
− kE t

(
kE, kE,EkE

)
t
(
kE, kE,EkE

)]
. (11)

Here the half-shell t matrices t(p, kE,EkE
) are the

momentum-space solutions of a standard LS equation
at the scattering energy EkE

.
Thus, the rank-1 separable potential as given in Eq. (4)

leads to the desired rank-1 separable t matrix, which fulfills
the reciprocity theorem.

B. Separable complex potentials of arbitrary rank

It remains to generalize the above formulation of a rank-1
separable complex potential to one of arbitrary rank. In analogy
to the procedure followed in Ref. [25] we define a complex
separable potential of arbitrary rank in a given partial wave as

U =
∑

i,j

u
∣∣fl,kEi

〉〈
fl,kEi

∣∣M
∣∣f ∗

l,kEj

〉〈
f ∗

l,kEj

∣∣u. (12)

Here fl,kEi
is the unique regular radial wave function corre-

sponding to the complex potential u and asymptotic energy
Ei , and f ∗

l,kEi
is the unique regular radial wave function

corresponding to u∗. Note that u may also be energy dependent.

The matrix M is defined and constrained by

δik =
∑

j

〈
fl,kEi

∣∣M
∣∣f ∗

l,kEj

〉〈
f ∗

l,kEj

∣∣u
∣∣fl,kEk

〉

=
∑

j

〈
f ∗

l,kEi

∣∣u
∣∣fl,kEj

〉〈
fl,kEj

∣∣M
∣∣f ∗

l,kEk

〉
. (13)

The corresponding separable partial wave t matrix must be of
the form

t(E) =
∑

i,j

u
∣∣fl,kEi

〉
τij (E)

〈
f ∗

l,kEj

∣∣u, (14)

where angular momentum indices are omitted for simplicity
of notation. The coefficient matrix τij (E) is constrained by

∑

i

〈
f ∗

l,kEn

∣∣u − ug0(E)u
∣∣fl,kEi

〉
τij (E) = δnj , (15)

and
∑

j

τij (E)
〈
f ∗

l,kEj

∣∣u − ug0(E)u
∣∣fl,kEk

〉
= δik. (16)
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Coulomb distorted nuclear form factors 

	


	


	


The Coulomb distorted basis: 

a partial wave decomposition can be written as:

 C
l,p(q) = � 2⇡ e⌘⇡/2

pq
lim

�!+0

d

d�

(
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2pq

�i⌘
(⇣2 � 1)�i ⌘

2 Qi⌘
l (⇣)

)
. (1)

Here p is the magnitude of a fixed asymptotic momentum and ⇣ = (p2 + q2)/2pq. The Sommerfeld parameter is
given as ⌘ = Z1Z2e2µ/p with Z1Z2e2 being the total charge and µ the reduced mass of the two-body system under
consideration. The spherical function Qi⌘

l (⇣) in Eq. (1) can be expressed in terms of hyper-geometric functions 2F1

as [19]

Qi⌘
l (⇣) =
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2
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under the condition that |arg (⇣ ± 1)| < ⇡ and |1 � ⇣| < 2, i.e., �1 < ⇣ < 3. The expression which is written
as Eq. (A2) in Ref. [6], results from a simplification of the above expression. However, care must be taken in its
implementation, since there are specific limits of validity of the various expansions of hyper-geometric functions used
in its derivation. Specific di�culties together with the final expressions implemented in this work are discussed in
detail in Appendix A.

When carrying out calculations in a momentum space Coulomb basis, it is necessary to evaluate matrix elements of
operators in this basis. In general, such operators can be functions of di↵erent momenta p and p0 related to the bra-
and ket basis vectors. When expressing the Faddeev AGS equations in the Coulomb basis in Ref. [6], the operators
for the interactions in the two-body sub-systems are assumed to be of separable form. In this case the evaluation of
matrix elements consists of integrals over a Coulomb wave function and a smooth function (real or complex valued)
of a single momentum representing the operator. In the specific case of Faddeev AGS equations for a three-body
system consisting of a deuteron and a nucleus, for which the interactions are given as separable forces of arbitrary
rank, the Coulomb distorted nuclear formfactors are integrals over a nuclear formfactor ul(q) and a Coulomb wave
function  C

l,p(q)

uC
l (p) =

Z
1

0

dq q2

2⇡2
ul(q) ( 

C
l,p)

?(q). (3)

The nuclear formfactors should be chosen according to the physical properties of the two-body system under consider-
ation. While for the neutron-proton interaction traditionally a superposition of Yamaguchi formfactors is used [20, 21],
for the interaction between neutrons or protons and a nucleus, separable forms of phenomenological optical poten-
tials [22] should be employed. Our formulation for calculating the integrals of Eq. (3) is general, and we will mostly
concentrate on presenting results obtained with the complex optical potentials. However, for the sake of numerically
testing our approach we also will present calculations based on Yamaguchi-type formfactors.

The main challenge in computing the integral of Eq. (3) is its oscillatory singularity for p = q, of the form

S(p� q) = lim
�!+0

1

(p� q + i�)1+i⌘
. (4)

This type of singularity cannot be numerically evaluated by familiar principal value subtractions but rather needs
to be treated using the scheme proposed by Gel’fand and Shilov [23]. We discuss the nature of the singularity and
the regularization scheme in Appendix B. The essence of this scheme is to subtract as many terms as needed of
the Laurent expansion in a small region around the pole so that the oscillations around the pole become small, and
the value of the integral around the pole can be estimated analytically. We want to point out that our numerical
calculations are entirely performed along the real axis, which is in contrast to the approach chosen in Ref. [24].

As stated before, treating the scattering of charged particles in a momentum space Coulomb basis was formulated
in the context of generalized Faddeev equations for three particles of which two are charged, and one of the charged
particles is a nucleus. Calculations of elastic scattering of protons from nuclei in momentum space have relied on
screening techniques [25] as well as calculations in a Coulomb basis [26, 27]. The latter however, needed to numerically
evaluate the matrix elements of the Coulomb distorted nuclear potential in coordinate space, since the evaluation of
any potential with a local component leads to pinch-singularities when carrying out the required double integration
for obtaining the matrix element. However, it was already realized some time ago [17, 18], that in case of separable
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Momentum space Coulomb wfn 

nuclear form factor	
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under the condition that |arg (⇣ ± 1)| < ⇡ and |1 � ⇣| < 2, i.e., �1 < ⇣ < 3. The expression which is written
as Eq. (A2) in Ref. [6], results from a simplification of the above expression. However, care must be taken in its
implementation, since there are specific limits of validity of the various expansions of hyper-geometric functions used
in its derivation. Specific di�culties together with the final expressions implemented in this work are discussed in
detail in Appendix A.

When carrying out calculations in a momentum space Coulomb basis, it is necessary to evaluate matrix elements of
operators in this basis. In general, such operators can be functions of di↵erent momenta p and p0 related to the bra-
and ket basis vectors. When expressing the Faddeev AGS equations in the Coulomb basis in Ref. [6], the operators
for the interactions in the two-body sub-systems are assumed to be of separable form. In this case the evaluation of
matrix elements consists of integrals over a Coulomb wave function and a smooth function (real or complex valued)
of a single momentum representing the operator. In the specific case of Faddeev AGS equations for a three-body
system consisting of a deuteron and a nucleus, for which the interactions are given as separable forces of arbitrary
rank, the Coulomb distorted nuclear formfactors are integrals over a nuclear formfactor ul(q) and a Coulomb wave
function  C
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The nuclear formfactors should be chosen according to the physical properties of the two-body system under consider-
ation. While for the neutron-proton interaction traditionally a superposition of Yamaguchi formfactors is used [20, 21],
for the interaction between neutrons or protons and a nucleus, separable forms of phenomenological optical poten-
tials [22] should be employed. Our formulation for calculating the integrals of Eq. (3) is general, and we will mostly
concentrate on presenting results obtained with the complex optical potentials. However, for the sake of numerically
testing our approach we also will present calculations based on Yamaguchi-type formfactors.

The main challenge in computing the integral of Eq. (3) is its oscillatory singularity for p = q, of the form
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This type of singularity cannot be numerically evaluated by familiar principal value subtractions but rather needs
to be treated using the scheme proposed by Gel’fand and Shilov [23]. We discuss the nature of the singularity and
the regularization scheme in Appendix B. The essence of this scheme is to subtract as many terms as needed of
the Laurent expansion in a small region around the pole so that the oscillations around the pole become small, and
the value of the integral around the pole can be estimated analytically. We want to point out that our numerical
calculations are entirely performed along the real axis, which is in contrast to the approach chosen in Ref. [24].

As stated before, treating the scattering of charged particles in a momentum space Coulomb basis was formulated
in the context of generalized Faddeev equations for three particles of which two are charged, and one of the charged
particles is a nucleus. Calculations of elastic scattering of protons from nuclei in momentum space have relied on
screening techniques [25] as well as calculations in a Coulomb basis [26, 27]. The latter however, needed to numerically
evaluate the matrix elements of the Coulomb distorted nuclear potential in coordinate space, since the evaluation of
any potential with a local component leads to pinch-singularities when carrying out the required double integration
for obtaining the matrix element. However, it was already realized some time ago [17, 18], that in case of separable

3

Oscillating singularity at p=q	


a partial wave decomposition can be written as:

 C
l,p(q) = � 2⇡ e⌘⇡/2

pq
lim

�!+0

d

d�

(
q2 � (p+ i�)2

2pq

�i⌘
(⇣2 � 1)�i ⌘

2 Qi⌘
l (⇣)

)
. (1)

Here p is the magnitude of a fixed asymptotic momentum and ⇣ = (p2 + q2)/2pq. The Sommerfeld parameter is
given as ⌘ = Z1Z2e2µ/p with Z1Z2e2 being the total charge and µ the reduced mass of the two-body system under
consideration. The spherical function Qi⌘

l (⇣) in Eq. (1) can be expressed in terms of hyper-geometric functions 2F1

as [19]

Qi⌘
l (⇣) =

e�⇡⌘

2

(
�(i⌘)

✓
⇣ + 1

⇣ � 1

◆ i⌘
2

2F1

✓
�l, l + 1; 1� i⌘;

1� ⇣

2

◆
(2)

+�(� i⌘)
�(l + 1 + i⌘)

�(l + 1� i⌘)

✓
⇣ � 1

⇣ + 1

◆ i⌘
2

2F1

✓
�l, l + 1; 1 + i⌘;

1� ⇣

2

◆)

under the condition that |arg (⇣ ± 1)| < ⇡ and |1 � ⇣| < 2, i.e., �1 < ⇣ < 3. The expression which is written
as Eq. (A2) in Ref. [6], results from a simplification of the above expression. However, care must be taken in its
implementation, since there are specific limits of validity of the various expansions of hyper-geometric functions used
in its derivation. Specific di�culties together with the final expressions implemented in this work are discussed in
detail in Appendix A.

When carrying out calculations in a momentum space Coulomb basis, it is necessary to evaluate matrix elements of
operators in this basis. In general, such operators can be functions of di↵erent momenta p and p0 related to the bra-
and ket basis vectors. When expressing the Faddeev AGS equations in the Coulomb basis in Ref. [6], the operators
for the interactions in the two-body sub-systems are assumed to be of separable form. In this case the evaluation of
matrix elements consists of integrals over a Coulomb wave function and a smooth function (real or complex valued)
of a single momentum representing the operator. In the specific case of Faddeev AGS equations for a three-body
system consisting of a deuteron and a nucleus, for which the interactions are given as separable forces of arbitrary
rank, the Coulomb distorted nuclear formfactors are integrals over a nuclear formfactor ul(q) and a Coulomb wave
function  C

l,p(q)

uC
l (p) =

Z
1

0

dq q2

2⇡2
ul(q) ( 

C
l,p)

?(q). (3)

The nuclear formfactors should be chosen according to the physical properties of the two-body system under consider-
ation. While for the neutron-proton interaction traditionally a superposition of Yamaguchi formfactors is used [20, 21],
for the interaction between neutrons or protons and a nucleus, separable forms of phenomenological optical poten-
tials [22] should be employed. Our formulation for calculating the integrals of Eq. (3) is general, and we will mostly
concentrate on presenting results obtained with the complex optical potentials. However, for the sake of numerically
testing our approach we also will present calculations based on Yamaguchi-type formfactors.

The main challenge in computing the integral of Eq. (3) is its oscillatory singularity for p = q, of the form

S(p� q) = lim
�!+0

1

(p� q + i�)1+i⌘
. (4)

This type of singularity cannot be numerically evaluated by familiar principal value subtractions but rather needs
to be treated using the scheme proposed by Gel’fand and Shilov [23]. We discuss the nature of the singularity and
the regularization scheme in Appendix B. The essence of this scheme is to subtract as many terms as needed of
the Laurent expansion in a small region around the pole so that the oscillations around the pole become small, and
the value of the integral around the pole can be estimated analytically. We want to point out that our numerical
calculations are entirely performed along the real axis, which is in contrast to the approach chosen in Ref. [24].

As stated before, treating the scattering of charged particles in a momentum space Coulomb basis was formulated
in the context of generalized Faddeev equations for three particles of which two are charged, and one of the charged
particles is a nucleus. Calculations of elastic scattering of protons from nuclei in momentum space have relied on
screening techniques [25] as well as calculations in a Coulomb basis [26, 27]. The latter however, needed to numerically
evaluate the matrix elements of the Coulomb distorted nuclear potential in coordinate space, since the evaluation of
any potential with a local component leads to pinch-singularities when carrying out the required double integration
for obtaining the matrix element. However, it was already realized some time ago [17, 18], that in case of separable

3

TORUS collaboration 

a partial wave decomposition can be written as:

 C
l,p(q) = � 2⇡ e⌘⇡/2

pq
lim

�!+0

d

d�

(
q2 � (p+ i�)2

2pq

�i⌘
(⇣2 � 1)�i ⌘

2 Qi⌘
l (⇣)

)
. (1)

Here p is the magnitude of a fixed asymptotic momentum and ⇣ = (p2 + q2)/2pq. The Sommerfeld parameter is
given as ⌘ = Z1Z2e2µ/p with Z1Z2e2 being the total charge and µ the reduced mass of the two-body system under
consideration. The spherical function Qi⌘

l (⇣) in Eq. (1) can be expressed in terms of hyper-geometric functions 2F1

as [19]

Qi⌘
l (⇣) =

e�⇡⌘

2

(
�(i⌘)

✓
⇣ + 1

⇣ � 1

◆ i⌘
2

2F1

✓
�l, l + 1; 1� i⌘;

1� ⇣

2

◆
(2)

+�(� i⌘)
�(l + 1 + i⌘)

�(l + 1� i⌘)

✓
⇣ � 1

⇣ + 1

◆ i⌘
2

2F1

✓
�l, l + 1; 1 + i⌘;

1� ⇣

2

◆)

under the condition that |arg (⇣ ± 1)| < ⇡ and |1 � ⇣| < 2, i.e., �1 < ⇣ < 3. The expression which is written
as Eq. (A2) in Ref. [6], results from a simplification of the above expression. However, care must be taken in its
implementation, since there are specific limits of validity of the various expansions of hyper-geometric functions used
in its derivation. Specific di�culties together with the final expressions implemented in this work are discussed in
detail in Appendix A.

When carrying out calculations in a momentum space Coulomb basis, it is necessary to evaluate matrix elements of
operators in this basis. In general, such operators can be functions of di↵erent momenta p and p0 related to the bra-
and ket basis vectors. When expressing the Faddeev AGS equations in the Coulomb basis in Ref. [6], the operators
for the interactions in the two-body sub-systems are assumed to be of separable form. In this case the evaluation of
matrix elements consists of integrals over a Coulomb wave function and a smooth function (real or complex valued)
of a single momentum representing the operator. In the specific case of Faddeev AGS equations for a three-body
system consisting of a deuteron and a nucleus, for which the interactions are given as separable forces of arbitrary
rank, the Coulomb distorted nuclear formfactors are integrals over a nuclear formfactor ul(q) and a Coulomb wave
function  C

l,p(q)

uC
l (p) =

Z
1

0

dq q2

2⇡2
ul(q) ( 

C
l,p)

?(q). (3)

The nuclear formfactors should be chosen according to the physical properties of the two-body system under consider-
ation. While for the neutron-proton interaction traditionally a superposition of Yamaguchi formfactors is used [20, 21],
for the interaction between neutrons or protons and a nucleus, separable forms of phenomenological optical poten-
tials [22] should be employed. Our formulation for calculating the integrals of Eq. (3) is general, and we will mostly
concentrate on presenting results obtained with the complex optical potentials. However, for the sake of numerically
testing our approach we also will present calculations based on Yamaguchi-type formfactors.

The main challenge in computing the integral of Eq. (3) is its oscillatory singularity for p = q, of the form

S(p� q) = lim
�!+0

1

(p� q + i�)1+i⌘
. (4)

This type of singularity cannot be numerically evaluated by familiar principal value subtractions but rather needs
to be treated using the scheme proposed by Gel’fand and Shilov [23]. We discuss the nature of the singularity and
the regularization scheme in Appendix B. The essence of this scheme is to subtract as many terms as needed of
the Laurent expansion in a small region around the pole so that the oscillations around the pole become small, and
the value of the integral around the pole can be estimated analytically. We want to point out that our numerical
calculations are entirely performed along the real axis, which is in contrast to the approach chosen in Ref. [24].

As stated before, treating the scattering of charged particles in a momentum space Coulomb basis was formulated
in the context of generalized Faddeev equations for three particles of which two are charged, and one of the charged
particles is a nucleus. Calculations of elastic scattering of protons from nuclei in momentum space have relied on
screening techniques [25] as well as calculations in a Coulomb basis [26, 27]. The latter however, needed to numerically
evaluate the matrix elements of the Coulomb distorted nuclear potential in coordinate space, since the evaluation of
any potential with a local component leads to pinch-singularities when carrying out the required double integration
for obtaining the matrix element. However, it was already realized some time ago [17, 18], that in case of separable

3



Nuclear form factors with and without Coulomb 
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FIG. 3. (Color online) The real parts of the partial wave nuclear formfactors ul(p) (left panels) and the Coulomb distorted
nuclear formfactors u

C
l (p) (right panels) as function of the the external momentum p for selected angular momenta l: (a)

<e ul(p) for n+12C; (b) <e u

C
l (p) for p+12C; (c) <e ul(p) for n+48Ca; (d) < e u

C
l (p) for p+48Ca. (c) <e ul(p) for n+208Pb;

(d) <e u

C
l (p) for p+

208Pb. The formfactors for 12C correspond to the fixed support point Ecm = 30 MeV, that for 48Ca is at
a fixed support point Ecm = 36 MeV, while the nuclear formfactors for 208Pb are at a fixed support point Ecm = 36 MeV for
l = 0, 4, and Ecm = 39 MeV for l = 8.
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from k=0 but still die off fast; 
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Coulomb distorted nuclear form factors: the pole 
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FIG. 4. (Color online) Same as Fig.3, but for the imaginary parts of the nuclear formfactors ul(p) (left panels) and Coulomb
distorted nuclear formfactors uC

l (p) (right panels).
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external momentum p for 12C at the fixed support point Ecm = 30 MeV. The solid (black) line shows the full results, while for
all other curves an interval of the size � has been cut out left and right of the pole p while performing the integration.
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The treatment of the pole is critical 
Regularization procedure developed by Gel’fand and Shilov 
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1) benchmarking reaction theories 
2) Faddeev AGS including Coulomb without screening 
3) non-locality in reactions 



Non-local potential? 

	


	


	


•  Phenomenological optical potentials are usually made local 
•  microscopically derived optical potentials are non-local 

•  Does non-locality make a difference in the reaction? 
•  Can we constrain non-locality with reactions? 



Non-local potential: what we did 

	


	


	


Solve the single channel scattering problem with non-local optical potential 
Solve the single channel bound state problem with non-local mean field 
 
 
Construct the (d,p) matrix element within DWBA 

Perey and Buck type non-locality 
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rection Factor (PCF).
Recently, Timofeyuk and Johnson [26, 27] studied the

e↵ects of including an energy-independent non-local po-
tential in (d, p) reactions within the Adiabatic Distorted
Wave Approximation (ADWA) [28]. Non-locality was in-
cluded approximately through expansions to construct
a local equivalent potential and solving the correspond-
ing local Schrödinger’s equation. They found that a
Perey-Buck type non-locality can be e↵ectively included
in (d, p) through a very significant energy shift in the
evaluation of the local optical potentials to be used in
constructing the deuteron distorted waves. This can im-
pact cross sections dramatically, and calls for further in-
vestigations.

In this work, we determine the importance of non-local
e↵ects in the various components of a nuclear reaction
process, and assess the validity of the PCF by studying a
wide range of reactions, including neutron states bound
to 16O, 40Ca, 48Ca, 126Sn, 132Sn, and 208Pb, and (p, p)
and (p, d) on 17O, 41Ca, 49Ca, 127Sn, 133Sn, and 209Pb
at 20 and 50 MeV.

The paper is organized in the following way. In Sec. II
we briefly describe the necessary theory. Numerical de-
tails can be found in Sec. III. The results are presented
in Sec. IV, starting with a discussion of local equivalent
potentials in Sec. IVA and of approximate local equiv-
alent potentials in Sec. IVB. We consider the e↵ects of
non-localities on scattering wave functions and ways to
correct for non-localities in Sec. IVC. The e↵ects of non-
localities on bound state wave functions are presented in
Sec. IVD. We then explore the e↵ects of non-localities on
transfer cross sections in Sec. IVE. We discuss the con-
nection of this work with other relevant studies in Sec. V.
Finally, in Sec. VI, conclusions are drawn.

II. THEORETICAL CONSIDERATIONS

Let us consider a nucleon scattering o↵ a composite
nucleus. The e↵ective interaction between the nucleon
and the nucleus is a non-local optical potential. In this
case, the two-body Schrödinger equation takes the form

~2
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r2 (r)+E (r) = Uo(r) (r)+

Z
UNL(r, r0) (r0)dr0

(1)
where µ is the reduced mass of the nucleon-nucleus sys-
tem, E is the energy in the center of mass, Uo(r) is the
local part of the potential, and  (r) is the scattering
wave function. A particular form of the non-local poten-
tial introduced by Frahn and Lemmer [21] is
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where, � is the range of the non-locality, and typically

takes on a value of ⇡ 0.85 fm. In this work, UNL
WS is of a

Woods-Saxon form of the variable 1
2 |r+ r0|.

This type of potential was further investigated by
Perey and Buck [4]. Making the approximation |r+r0| ⇡
(r + r0) in UNL

WS allows for an analytic partial wave de-
composition resulting in the partial wave equation
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where j` are spherical Bessel functions, and z = 2rr0/�2.
In our study, we assume the spin-orbit and Coulomb po-
tentials are local, and therefore, Uo(r) = Vso(r)+Vcoul(r).
For a non-local potential of the Perey-Buck type, the

depths of an approximate local equivalent potential can
be found from the relations [4]

V NL
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Here, Vv and Wd are the depths of the real volume and
imaginary surface terms in the Woods-Saxon potential,
respectively, and are positive constants. E is the center
of mass energy, and Vc is the Coulomb potential at the
origin for a solid uniformly charged sphere with radius
Rc = rcA

1/3. Notice that even though the non-local
potential is energy-independent, the transformed local
depths are energy-dependent, which is a common feature
of local global optical potentials.
Through use of Eq.(5) and fits to neutron elastic scat-

tering data on 208Pb at low energies, the Perey-Buck
non-local potential was determined: the corresponding
parameters are given in the first column of Table I. The
parameters in the Perey-Buck potential are both energy
and mass-independent.
For a given non-local potential, a local equivalent po-

tential can often be found. However, in the nuclear inte-
rior, the wave function resulting from using a non-local
potential is reduced compared to the wave function re-
sulting from using a local equivalent potential. This phe-
nomenon is known as the Perey e↵ect [23]. Correcting
for the reduced amplitude is done via the PCF:

F (r) =


1� µ�2
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origin for a solid uniformly charged sphere with radius
Rc = rcA

1/3. Notice that even though the non-local
potential is energy-independent, the transformed local
depths are energy-dependent, which is a common feature
of local global optical potentials.
Through use of Eq.(5) and fits to neutron elastic scat-

tering data on 208Pb at low energies, the Perey-Buck
non-local potential was determined: the corresponding
parameters are given in the first column of Table I. The
parameters in the Perey-Buck potential are both energy
and mass-independent.
For a given non-local potential, a local equivalent po-

tential can often be found. However, in the nuclear inte-
rior, the wave function resulting from using a non-local
potential is reduced compared to the wave function re-
sulting from using a local equivalent potential. This phe-
nomenon is known as the Perey e↵ect [23]. Correcting
for the reduced amplitude is done via the PCF:

F (r) =


1� µ�2

2~2
�
ULE(r)� Uo(r)

���1/2

. (6)
If the local momentum approximation is valid  

3

Note that here, ULE(r) is the local equivalent potential.
As we required the spin-orbit and Coulomb terms to be
identical in the local and non-local potentials, these terms
in ULE exactly cancel Uo. Since F (r) ! 1 as r ! 1, the
correction factor Eq.(6) only a↵ects the magnitude of the
wave function within the range of the nuclear interaction.
A derivation of Eq.(5) and Eq.(6) is given in Appendix
A.

In the asymptotic limit, the wave function takes the
form

 asym
` (r) =

i

2

⇥
H�

` (⌘, kr)� S`jH
+(⌘, kr)

⇤
, (7)

where ⌘ = Z1Z2e
2µ/~2k is the Sommerfeld parameter, k

is the wave number, S`j is the scattering matrix element,
and H� and H+ are incoming and outgoing spherical
Hankel functions, respectively. For neutrons, ⌘ = 0.

In Sec. IVE, we use the Distorted Wave Born Ap-
proximation (DWBA) to calculate the T-matrix for the
B(p, d)A reaction, which, neglecting the remnant term,
is written as

Tp,d = h (�)
dA �d|Vnp| pB�nAi , (8)

where  (�)
dA is the deuteron scattering wave function, �d

is the deuteron bound state, Vnp is the Reid soft core
np interaction [29],  pB is the proton distorted wave,
and �nA is the neutron bound state wave function. (for
details on the formalism, please check [30]).

Due to its simplicity, a common technique is to do
a calculation with a suitable local equivalent potential,
then introduce the non-locality by modifying the wave
function with the PCF

 PCF
` (r) = F (r) Loc

` . (9)

This is precisely the approach we want to test in this
study.

III. NUMERICAL DETAILS

In this systematic study, we consider elastic scattering
(p, p) on 17O, 41Ca, 49Ca, 127Sn, 133Sn, and 209Pb at
20 and 50 MeV and the wave functions for a neutron
bound to 16O, 40Ca, 48Ca, 126Sn, 132Sn, and 208Pb. In
both cases, the full non-local equation is solved using
the Perey-Buck potential, with the method described in
Appendix B.

For the scattering process, a local equivalent potential
is determined by fitting the elastic scattering generated
from the non-local equation. This was done using the
code sfresco [31]. Using the local equivalent potential,
the local scattering equation is solved to obtain  Loc and,
finally, the PCF is applied to the wave function Eq.(9).

The corrected wave function,  PCF , is then compared to
the solution of the full non-local equation,  NL.
A similar procedure is followed for the bound states.

The full non-local equation is solved using a real Woods-
Saxon form with a radius parameter of r = 1.25 fm,
which is used to find the radius of the nucleus under con-
sideration through the formula R = rA1/3. The di↵use-
ness is set to a = 0.65 fm, and the non-locality parameter
is fixed at � = 0.85 fm. The depth is then adjusted to re-
produce the physical binding energy of the system. The
local equation is solved with the local depth V Loc

ws nec-
essary to reproduce the binding energy. We then apply
the PCF to the resulting wave function, and renormal-
ize to unity, to obtained the corrected bound state. The
corrected wave function, �PCF , is then compared to the
solution of the full non-local equation, �NL.
The bound and scattering states resulting from either

non-local or local potentials are then introduced into the
DWBA T-matrix for (p, d), Eq.(8), for describing the pro-
cess at 20 and 50 MeV. Angular distributions are calcu-
lated using the code fresco [31]. Non-locality was only
added in the entrance channel, namely through the pro-
ton distorted wave and the neutron bound state. The lo-
cal global parameterization of Daehnick et al. was used to
obtain  dA in the exit channel. In principle, the deuteron
optical potential is also non-local due to breakup e↵ects
and the non-locality of the nucleon-nucleus optical poten-
tial. The non-locality of the deuteron optical potential
will be addressed in a future study. The scattering wave
functions were solved by using a 0.05 fm radial step size
with a matching radius of 40 fm. For the bound state
solutions, we used a radial step size of 0.02 fm. The
matching radius was half the radius of the nucleus under
consideration, and the maximum radius was 30 fm, ex-
cept for a very low binding energy study, when a larger
value was necessary. The cross sections contain contri-
butions of partial waves up to J = 30.

In the following subsection, we present the results and
analyze the e↵ect of non-locality and the approximate
correction factor in detail.

IV. RESULTS

A. Local Equivalent Potentials

As described before, in order to study the correction
factor, a local equivalent potential (LEP) needs to be
found. A local potential is equivalent to a given non-local
potential if it produces the same S-matrix elements, thus,
producing the same elastic scattering angular distribu-
tion. A LEP is found by �2 minimization starting from
the transformed local potential obtained by using Eq.(5).
We required that the spin-orbit and Coulomb terms of
the Perey-Buck non-local potential and the LEP be ex-
actly the same, thus only the real volume and imaginary
surface terms were allowed to vary in the fit to find the
LEP (a total of 6 parameters). For most cases we were

2

rection Factor (PCF).
Recently, Timofeyuk and Johnson [26, 27] studied the

e↵ects of including an energy-independent non-local po-
tential in (d, p) reactions within the Adiabatic Distorted
Wave Approximation (ADWA) [28]. Non-locality was in-
cluded approximately through expansions to construct
a local equivalent potential and solving the correspond-
ing local Schrödinger’s equation. They found that a
Perey-Buck type non-locality can be e↵ectively included
in (d, p) through a very significant energy shift in the
evaluation of the local optical potentials to be used in
constructing the deuteron distorted waves. This can im-
pact cross sections dramatically, and calls for further in-
vestigations.

In this work, we determine the importance of non-local
e↵ects in the various components of a nuclear reaction
process, and assess the validity of the PCF by studying a
wide range of reactions, including neutron states bound
to 16O, 40Ca, 48Ca, 126Sn, 132Sn, and 208Pb, and (p, p)
and (p, d) on 17O, 41Ca, 49Ca, 127Sn, 133Sn, and 209Pb
at 20 and 50 MeV.

The paper is organized in the following way. In Sec. II
we briefly describe the necessary theory. Numerical de-
tails can be found in Sec. III. The results are presented
in Sec. IV, starting with a discussion of local equivalent
potentials in Sec. IVA and of approximate local equiv-
alent potentials in Sec. IVB. We consider the e↵ects of
non-localities on scattering wave functions and ways to
correct for non-localities in Sec. IVC. The e↵ects of non-
localities on bound state wave functions are presented in
Sec. IVD. We then explore the e↵ects of non-localities on
transfer cross sections in Sec. IVE. We discuss the con-
nection of this work with other relevant studies in Sec. V.
Finally, in Sec. VI, conclusions are drawn.

II. THEORETICAL CONSIDERATIONS

Let us consider a nucleon scattering o↵ a composite
nucleus. The e↵ective interaction between the nucleon
and the nucleus is a non-local optical potential. In this
case, the two-body Schrödinger equation takes the form

~2
2µ

r2 (r)+E (r) = Uo(r) (r)+

Z
UNL(r, r0) (r0)dr0

(1)
where µ is the reduced mass of the nucleon-nucleus sys-
tem, E is the energy in the center of mass, Uo(r) is the
local part of the potential, and  (r) is the scattering
wave function. A particular form of the non-local poten-
tial introduced by Frahn and Lemmer [21] is

UNL(r, r0) = UNL
WS

✓����
r+ r0

2

����

◆ exp

✓
�
��� r�r0

�

���
2
◆

⇡3/2�3
, (2)

where, � is the range of the non-locality, and typically

takes on a value of ⇡ 0.85 fm. In this work, UNL
WS is of a

Woods-Saxon form of the variable 1
2 |r+ r0|.

This type of potential was further investigated by
Perey and Buck [4]. Making the approximation |r+r0| ⇡
(r + r0) in UNL

WS allows for an analytic partial wave de-
composition resulting in the partial wave equation

~2
2µ


d2

dr2
� `(`+ 1)

r2

�
 NL
` (r) + E NL

` (r)

= Uo(r) 
NL
` (r) +

Z
g`(r, r

0) NL
` (r0)dr0.(3)

Here, the kernel is explicitly given by:

g`(r, r
0) =

2i`z

⇡
1
2 �

j`(�iz) exp

✓
�r2 + r02

�2

◆
UNL
WS

✓
1

2
(r + r0)

◆
,

(4)
where j` are spherical Bessel functions, and z = 2rr0/�2.
In our study, we assume the spin-orbit and Coulomb po-
tentials are local, and therefore, Uo(r) = Vso(r)+Vcoul(r).
For a non-local potential of the Perey-Buck type, the

depths of an approximate local equivalent potential can
be found from the relations [4]

V NL
v = V Loc

v exp


µ�2

2~2
�
E � Vc + V Loc

v

��

WNL
d = WLoc

d exp


µ�2

2~2
�
E � Vc + V Loc

v

��
. (5)

Here, Vv and Wd are the depths of the real volume and
imaginary surface terms in the Woods-Saxon potential,
respectively, and are positive constants. E is the center
of mass energy, and Vc is the Coulomb potential at the
origin for a solid uniformly charged sphere with radius
Rc = rcA

1/3. Notice that even though the non-local
potential is energy-independent, the transformed local
depths are energy-dependent, which is a common feature
of local global optical potentials.
Through use of Eq.(5) and fits to neutron elastic scat-

tering data on 208Pb at low energies, the Perey-Buck
non-local potential was determined: the corresponding
parameters are given in the first column of Table I. The
parameters in the Perey-Buck potential are both energy
and mass-independent.
For a given non-local potential, a local equivalent po-

tential can often be found. However, in the nuclear inte-
rior, the wave function resulting from using a non-local
potential is reduced compared to the wave function re-
sulting from using a local equivalent potential. This phe-
nomenon is known as the Perey e↵ect [23]. Correcting
for the reduced amplitude is done via the PCF:

F (r) =


1� µ�2

2~2
�
ULE(r)� Uo(r)

���1/2

. (6)

F. Perey and B. Buck, Nucl. Phys. 32, 353 (1962). 

N. Austern, Phys. Rev. 137, 752 (1965) 
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non-locality in both the proton distorted wave and the
neutron bound state, the dashed line corresponds to the
distribution obtained when only local equivalent interac-
tions are used, and the crosses correspond to the cross
sections obtained when the proton scattering state and
the neutron bound state are both corrected by the PCF.
While the Perey correction improves upon the distribu-
tion involving local interactions only, it is still unable
to fully capture the complex e↵ect of non-locality. The
prominent changes at zero degrees was unique to this
case, but the very significant changes between the uncor-
rected local and the fully non-local around the main peak
was seen for most distributions studied.

We also show the separate e↵ect of including only non-
locality in the proton scattering state (dotted) and the
neutron bound state (dot-dashed). For this case, the non-
locality in the proton distorted wave acts in a similar way
to the non-locality in the bound state, namely it increases
the cross section at zero degrees and reduces the cross
section around 15�.
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FIG. 5: Angular distributions for 49Ca(p, d)48Ca at 50.0 MeV:
inclusion of non-locality in both the proton distorted wave and
the neutron bound state (solid line), using LEP, then apply-
ing the correction factor to both the scattering and bound
states (crosses), using the LEP without applying any correc-
tions (dashed line); including non-locality only to the proton
distorted wave (dotted line), and including non-locality in the
neutron bound state only (dot-dashed line).

The reason for the large changes at small angles can be
seen from an analysis of the scattering and bound wave
functions of Figs. 2, 3, and 4. The existence of a node in
the bound state wave function influences the cross section
in a complex manner. The radius that corresponds to the
surface for 49Ca occurs at a radius slightly larger than
that where the bound state wave function is zero. The
bound wave function has a large slope in this region, so
the percent di↵erence between the non-local and local
wave functions can be quite large in this region. For this
case, the non-local bound wave function is smaller than

the local wave functions in this region, reducing the cross
section at the peak. On the other hand, the magnitude
of the bound wave function is larger for the non-local
case in the tail region, which enhances the cross section
at forward angles.
For the scattering wave functions, the largest di↵er-

ences were for partial waves that corresponded to the
surface. Also, the asymptotics of scattering partial waves
were di↵erent due to small di↵erences in the S-Matrix,
mostly for surface partial waves. The larger the ampli-
tude in the asymptotic region, the larger the cross sec-
tion at forward angles. There is an interplay between
the real and imaginary parts of the scattering wave func-
tion which influences the cross section at forward angles.
In a very complex manner, the combination of all these
e↵ects produces the interesting behavior of the transfer
cross section at forward angles, and the changes in the
magnitude of the cross section at the peak for this par-
ticular reaction.
In order to better understand this case, we artificially

modified the bound wave function. By changing the bind-
ing energy we altered the Q-value of the reaction. Dif-
ferent Q-values produced very di↵erent types of distri-
butions, both in shape and in magnitude. Nevertheless,
similar dramatic changes in the cross section due to non-
locality were found. For very low binding energy, the nor-
malization of the bound wave function was dominated by
the asymptotics, so the PCF did very little. The node in
the wave function altered the cross section in a very com-
plex way. The PCF was not able to correct the bound
wave function in the region around the node since the
wave function and the PCF have a very large slope in
this region, so inadequacies of the PCF were amplified.
Consider now the same target but lower energy. In

Fig.6 we present the transfer angular distribution for
49Ca(p, d)48Ca at 20.0 MeV. Non-locality is seen to have
a large e↵ect at small angles. Including non-locality in
only the bound state increases the cross section at for-
ward angles, which is to be expected from Fig.4, where
it is seen that the magnitude of �NL

nA is larger than �PCF
nA

and �Loc
nA in the asymptotic region. Non-locality in only

the scattering state decreases the cross section, but only
by a small amount. The net e↵ect of non-locality is an
overall increase in the cross section of 17.3% relative to
the cross section obtained with local interactions only.
While the correction factor moves the transfer distribu-
tion in the right direction, it falls short by 5.2%.
Next we consider some heavier targets, 133Sn and

209Pb, and study (p, d) at 20 MeV. In both cases, the
inclusion of non-locality in the scattering state decreases
the cross section by a small amount. This is due to the
low energy of the proton, and the high charge of the tar-
get; the details of the scattering wave function within
the nuclear interior are not significant for the transfer
since these details are suppressed by the Coulomb bar-
rier. Non-locality in the bound state is very significant,
and increases the cross section by a large amount in both
cases. In 133Sn, the correction factor does a fair job tak-
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FIG. 6: Angular distributions for 49Ca(p, d)48Ca at 20.0 MeV
(descriptions of each line is given in the caption of Fig.5).

ing non-locality into account, but there is still a notice-
able discrepancy between the full non-local and corrected
local results. In 209Pb, there are discrepancies at forward
angles, but coincidentally the distributions resulting from
the non-local potential and the local potential with the
PCF agree quite well at the major peak of the distribu-
tion. This agreement is accidental and comes from the
non-local e↵ect in the bound state canceling that in the
scattering state.
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FIG. 7: Angular distributions for 133Sn(p, d)132Sn at 20.0
MeV (descriptions of each line is given in the caption of Fig.5).

The percent di↵erences at the first peak of the transfer
distributions for all the cases that were studied are sum-
marized in Table II and III for the (p, d) reactions at 20
and 50 MeV.

It is seen that for both energies and for nearly all cases,
the inclusion of non-locality in the entrance channel can
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FIG. 8: Angular distributions for 209Pb(p, d)208Pb at 20.0
MeV (descriptions of each line is given in the caption of Fig.5).

Corrected Non-Local

E
lab

= 20 MeV Relative to Local Relative to Local
17O(1d5/2)(p, d) 7.1% 18.8%
17O(2s1/2)(p, d) 20.1% 26.5%

41Ca(p, d) 11.4% 21.9%
49Ca(p, d) 10.4% 17.3%
127Sn(p, d) 17.5% 17.3%
133Sn(p, d) 18.2% 24.4%
209Pb(p, d) 19.4% 20.8%

TABLE II: Percent di↵erence of the (p, d) transfer cross sec-
tions at the first peak when using Eq.(6) (2nd column), or a
non-local potential (3rd column), relative to the local calcu-
lation with the LEP, for a number of reactions occurring at
20 MeV.

have a very significant e↵ect on the transfer cross section,
often times introducing di↵erences of 15� 35%. Most of
the time, adding non-locality increases the cross section
at the first peak. In general, the correction factor moves
the distribution obtained with local interactions in the
direction of the distribution including the non-local
interactions. In the case of 127Sn(p, d) at 50 MeV, the
correction factor overshoots at the first peak, but the
overall shape of the corrected distribution is in better
agreement with the exact result.

V. DISCUSSION

It should be noted that the PCF is only valid for non-
local potentials of the Perey-Buck form. However, there
is no reason to expect that the full non-locality in the
optical potential will look anything like the Perey-Buck
form. On physical grounds, the optical potential must

Titus and Nunes, PRC submitted 
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Corrected Non-Local

E
lab

= 50 MeV Relative to Local Relative to Local
17O(1d5/2)(p, d) 17.0% 35.4%
17O(2s1/2)(p, d) 0.2% 12.7%

41Ca(p, d) 2.9% 5.8%
49Ca(p, d) �16.0% �17.1%
127Sn(p, d) 10.1% 4.5%
133Sn(p, d) �6.7% �16.9%
209Pb(p, d) 8.6% 8.6%

TABLE III: Percent di↵erence of the (p, d) transfer cross sec-
tions at the first peak when using Eq.(6) (2nd column), or a
non-local potential (3rd column), relative to the local calcu-
lation with the LEP, for a number of reactions occurring at
50 MeV.

be energy dependent due to non-localities arising from
channel couplings. While the specific form chosen for
the Perey-Buck potential is convenient for numerical cal-
culations, a single Gaussian term mocking up all energy-
independent non-local e↵ects is likely to be an oversim-
plification.

In an earlier study, Rawitscher et al. [8] calculated the
exchange non-locality in n�16O scattering and examined
the PCF. The wave functions obtained from their micro-
scopically derived exchange non-locality were reasonably
corrected by the PCF. The exchange non-locality is based
on anti-symmetrized wave functions, which will naturally
reduce the amplitude of the wave function in the nuclear
interior due to the Pauli exclusion principle, similarly to
the PCF. Results in [8] show that the PCF is able to
approximately take into account the e↵ects of including
exchange. However, data suggests [33] that exchange is
not su�cient and that channel coupling is also needed.

In another study by Rawitscher [17], the micro-
scopic Feshbach optical potential from channel coupling
is examined. The resulting potentials were strongly
`�dependent, had emissive (positive imaginary) parts,
and the non-local part did not resemble a Gaussian
shape. The PCF obtained from the Wronskian was also
strongly angular momentum dependent, and was found
to be larger than unity in some cases. The channel cou-
pling non-locality is therefore very di↵erent than the ex-
change non-locality, and one should not expect it to be
corrected for in the same way. In those studies [8, 17], the
exchange and channel coupling non-localities were ana-
lyzed separately. In [7], the e↵ect of channel coupling in
low energy scattering is studied, including a repulsive po-
tential to account for the Pauli Principle. The resulting
non-local potentials were found to be very di↵erent from
the Perey-Buck form.

Our results, together with [7, 8, 17], emphasize the
need for non-locality to be treated explicitly, contrary to
what has been preferred for more than 50 years. Since
we have not yet found a good way to pin down non-
locality phenomenologically, it would be extremely help-
ful to have microscopically derived optical potentials to

guide further work. Microscopic nA optical potentials
based on the nucleon-nucleon interaction are particularly
attractive because they immediately connect the intrinsic
structure of the target to the reaction.

VI. CONCLUSIONS

The long established Perey correction factor (PCF)
was studied. To do so, the integro-di↵erential equation
containing the Perey-Buck non-local potential was solved
numerically for single channel scattering and bound
states. A local equivalent potential was obtained by
fitting the elastic distribution generated by the Perey-
Buck potential to a local potential. Both the local and
non-local binding potentials reproduced the experimental
binding energies. The scattering and bound state wave
functions were used in a finite range DWBA calculation
in order to calculate (p, d) transfer cross sections. The
PCF was applied to the wave functions generated with
the local equivalent potentials.
For the (p, d) transfer reactions, we found that the ex-

plicit inclusion of non-locality to the entrance channel
increased the transfer distribution at the first peak by
15 � 35%. The transfer distribution from using a non-
local potential increased relative to the distribution from
the local potential in most cases. In all cases, the PCF
moved the transfer distribution in the direction of the
distribution which included non-locality explicitly. How-
ever, non-locality was never fully taken into account with
the PCF.
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APPENDIX A: DERIVING THE PEREY
CORRECTION FACTOR

Here we provide details on the derivation of the PCF,
Eq.(6). We also include the derivation of the transforma-
tion formulas Eq.(5), as well as the correct radial version
of the transformation formulas which could be used to
transform the non-local radius and di↵useness to their
local counterpart.
We start from Eq.(1). Let us define a function F (r)

that connects the local wave function  Loc(r), resulting
from the potential ULE(r), with the wave function re-
sulting from a non-local potential,  NL(r)

 NL(r) ⌘ F (r) Loc(r). (A1)
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FIG. 6: Angular distributions for 49Ca(p, d)48Ca at 20.0 MeV
(descriptions of each line is given in the caption of Fig.5).

ing non-locality into account, but there is still a notice-
able discrepancy between the full non-local and corrected
local results. In 209Pb, there are discrepancies at forward
angles, but coincidentally the distributions resulting from
the non-local potential and the local potential with the
PCF agree quite well at the major peak of the distribu-
tion. This agreement is accidental and comes from the
non-local e↵ect in the bound state canceling that in the
scattering state.
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FIG. 7: Angular distributions for 133Sn(p, d)132Sn at 20.0
MeV (descriptions of each line is given in the caption of Fig.5).

The percent di↵erences at the first peak of the transfer
distributions for all the cases that were studied are sum-
marized in Table II and III for the (p, d) reactions at 20
and 50 MeV.

It is seen that for both energies and for nearly all cases,
the inclusion of non-locality in the entrance channel can
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FIG. 8: Angular distributions for 209Pb(p, d)208Pb at 20.0
MeV (descriptions of each line is given in the caption of Fig.5).

Corrected Non-Local

E
lab

= 20 MeV Relative to Local Relative to Local
17O(1d5/2)(p, d) 7.1% 18.8%
17O(2s1/2)(p, d) 20.1% 26.5%

41Ca(p, d) 11.4% 21.9%
49Ca(p, d) 10.4% 17.3%
127Sn(p, d) 17.5% 17.3%
133Sn(p, d) 18.2% 24.4%
209Pb(p, d) 19.4% 20.8%

TABLE II: Percent di↵erence of the (p, d) transfer cross sec-
tions at the first peak when using Eq.(6) (2nd column), or a
non-local potential (3rd column), relative to the local calcu-
lation with the LEP, for a number of reactions occurring at
20 MeV.

have a very significant e↵ect on the transfer cross section,
often times introducing di↵erences of 15� 35%. Most of
the time, adding non-locality increases the cross section
at the first peak. In general, the correction factor moves
the distribution obtained with local interactions in the
direction of the distribution including the non-local
interactions. In the case of 127Sn(p, d) at 50 MeV, the
correction factor overshoots at the first peak, but the
overall shape of the corrected distribution is in better
agreement with the exact result.

V. DISCUSSION

It should be noted that the PCF is only valid for non-
local potentials of the Perey-Buck form. However, there
is no reason to expect that the full non-locality in the
optical potential will look anything like the Perey-Buck
form. On physical grounds, the optical potential must
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Summary and Outlook 

•  Comparisons CDCC and ADWA versus Faddeev 
•  strong disagreement for transfer and breakup 
•  current implementation of Faddeev AGS limited to Z ~ 20  

•  need better approach 
 
•  Faddeev AGS in the Coulomb distorted basis 

•  separable forms for optical potentials was developed 
•  Coulomb distorted nuclear form factors are now implemented 
•  next: implement the corresponding AGS equations 

 
•  Impact of non-locality in nuclear reactions 

•  DWBA tests using Perey and Buck show strong sensitivity  
to non-locality (up to 30% change in cross section) 
•  need to upgrade best reaction theories to handle non-local 
interactions 
•  use state-of-the-art ab-initio methods with correlations to derive 
non-local optical potentials 
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reaction methods: CDCC versus Faddeev formalism 

Faddeev Formalism 

CDCC Formalism 



CDCC model space 

Upadhyay, Deltuva and Nunes, PRC 85, 054621 (2012) 



Faddeev calculations: details 

Upadhyay, Deltuva and Nunes, PRC 85, 054621 (2012) 



Sensitivity to interactions 

At low energies, L dependence of NN interaction important 
At high energies, spin-orbit in optical potential important	


Upadhyay, Deltuva and Nunes, PRC 85, 054621 (2012) 



transfer data for Ar isotopes 

•  finite range adiabatic methods are 
used to obtained spectroscopic 
factors 

•  Faddeev calculations are used to 
determined error in reaction theory 

[FN, Deltuva, Hong, PRC83, 034610 (2011)] 



transfer versus knockout 

[Jenny Lee et al, PRL 2009] 

[Gade et al, Phys. Rev. Lett. 93, 042501]  

[FN, Deltuva, Hong, PRC83, 034610 2011] 



Comparing transfer models 
CDCC, ADWA and Faddeev 



Comparing breakup 
10Be(d,pn)10Be	
 12C(d,pn)12C	


48Ca(d,pn)48Ca	


blue – CDCC 
red – Faddeev 
(All calculations without Coulomb)	


21.4 MeV	


40.9 MeV	


71 MeV	


12 MeV	


56 MeV	
 56 MeV	


Upadhyay, Deltuva and Nunes, PRC 85, 054621 (2012) 

CDCC is reliable at higher energy 
Very poor description ~10MeV/u 



Technical challenges: CDCC model space 

•  Contribution of np partial waves to breakup 
•  CDCC convergence is very slow at low energy 
(No predictions for low energy breakup on 48Ca, 132Sn, 208Pb) 

12C(d,pn)12C @ 12 MeV	
 48Ca(d,pn)48Ca @ 56 MeV	



