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From QCD to nuclear physics
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EFT with explicit Δ(1232)
Standard	
  chiral	
  expansion:
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Delta	
  contribu-ons	
  encoded	
  in	
  LECs
(Bernard, Kaiser & Meißner ´97)
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Convergence	
  of	
  EFT	
  poten-al

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

Q2 :

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

Q3 :

1

The	
  subleading	
  contribu-ons	
  are	
  larger	
  than	
  the	
  leading	
  one!
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NN forces with local regulator
For	
  numerical	
  studies	
  chiral	
  nuclear	
  forces	
  need	
  to	
  be	
  regularized
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For	
  many-­‐body	
  method	
  like	
  QMC	
  local	
  version	
  of	
  the	
  force	
  is	
  needed	
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R0 = 1.0 . . . 1.2 fm ↔ Λ = 550 . . . 600MeV
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Sources	
  of	
  non-­‐locality:	
  	
  	
  	
  	
  	
  	
  contact	
  interac-ons	
  	
  	
  	
  	
  	
  	
  	
  1/mN-­‐correc-ons

Introduce	
  local	
  regulator	
  in	
  coordinate	
  space	
  via	
  e.g.	
  

For	
  local	
  regulariza-on	
  in	
  momentum	
  space:	
  Gazit,	
  Quaglioni,	
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One	
  can	
  choose	
  instead	
  a	
  quasi-­‐local	
  basis:	
  

�p�,α�|V reg
1π |p,α� = �p�,α�|V1π|p,α� F

�
p�

Λ ,
p
Λ

�

V reg
1π (�q ) = V1π(�q ) F

�
p�

Λ ,
p
Λ

�

V reg
1π (�q ) = V1π(�q ) F

�
q
Λ

�

Tα�α(p) ≡ �p,α�|T |p,α� = �p,α�|V1π|p,α� e
−p�2−p2

Λ2

V1π(�q ) = − g2A
4F 2

π

(�q · �σ1)(�q · �σ2)

�q 2 +M2
π

τ 1 · τ 2 F
�
p�

Λ ,
p�

Λ

�

�p�,α�|V reg
1π |p,α� = �p�,α�|V1π|p,α� e

−p�2−p2

Λ2

�p�,α�|V reg
1π |p,α� ∼

�
r2dr jl�(p

�r)
�
V α�α
1π (r)F (r/R0)

�
jl(pr)

α, α�

l, l�

V reg
1π (�r ) = V1π(�r ) F (r/R0)

V reg
1π (�q ) = V1π(�q )

V1π(�q ) = − g2A
4F 2

π

(�q · �σ1)(�q · �σ2)

�q 2 +M2
π

τ 1 · τ 2 FΛ(p�, p)

�p�,α�|V reg
1π |p,α� = �p�,α�|V1π|p,α� FΛ(p�, p)

V reg
1π = V1π(�q ) FΛ(p�, p)

V (2)
cont = C1q

2 + C2q
2(τ 1 · τ 2) + C3q

2(�σ1 · �σ2) + C4q
2(�σ1 · �σ2)(τ 1 · τ 2) +

iC5

2
(�σ1 + �σ2) · �q × �k

+ C6(�σ1 · �q)(�σ2 · �q) + C7(�σ1 · �q)(�σ2 · �q)(τ 1 · τ 2)

1The	
  LECs	
  are	
  determined	
  from	
  NN	
  S-­‐,	
  P-­‐waves	
  and	
  the	
  mixing	
  angle	
  ε1

Construction of local N2LO potential

In the standard choice there are no isospin-matrices in the operator basis
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

accurate description of NN at 
least up to Elab ~ 200 MeV

converged 

higher orders in progress

not yet converged 

impact on few- & many-N 
systems?

converged ??

Nuclear forces up to N3LO
dimensional analysis counting



Three-nucleon forces
Three-­‐nucleon	
  forces	
  in	
  chiral	
  EFT	
  start	
  to	
  contribute	
  at	
  N2LO
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πN

1

3
H,4He,10B

1

nd

1

LECs	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  incorporate	
  short-­‐range	
  contr.

ρ, σ,ω

1

Resonance	
  satura-on
interpreta-on	
  of	
  LECs

ρ, σ,ω

1

π

1

Delta	
  contribu-ons	
  encoded	
  in	
  LECs

Delta-­‐resonance	
  satura-on
Enlargement	
  due	
  to
	
  Delta	
  contribu-on	
  

(Bernard, Kaiser & Meißner ’97)
∼ hA

1

c2,3,4

1

c3 = −2c4 = c3(∆/)−
4h2

A

9∆

1

π

1

(Friar & Coon ´86; U. van Kolck ´94; Epelbaum et al. ´02; Nogga et al. ´05; Navratil et al. ´07)
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NLO potential based on the spectral functions regular-
ization, one finds at NLO (163) B3H = 7.71 . . .8.46 MeV
and B3He = 24.38 . . .28.77 MeV to be compared with
the experimental values B3H = 8.482 MeV and B3He =
28.30 MeV. These numbers are similar to the ones ob-
tained in Ref. (122) within the framework based on di-
mensional regularization.

At N2LO one, for the first time, has to take into ac-
count the crresponding 3NFs. The two LECs D and E
entering the expressions for the 3NF in Eq. (2.22) have
been determined by fitting the 3H binding energy and
either the nd doublet scattering length (123), the 4He
binding energy (281) or the properties of light nuclei
(282). Notice that the πNNNN vertex entering the
1π-exchange-contact 3NF also plays an important role
in processes with a completely different kinematics such
as e.g. the pion production in the NN collisions (283),
see section II.E, or weak reactions like pp → de+νe, see
(284) and references therein. This offers the possibil-
ity to extract the corresponding LEC from these pro-
cesses, see (284) for a recent attempt. With the LECs
being determined as described above, the resulting nu-
clear Hamiltonian can be used to describe the dynam-
ics of few-nucleon systems. In particular, 3N continuum
observables offer a natural and rich testing ground for
the chiral forces. In Refs. (122; 123; 285–293) various
3N scattering observables have been explored by solving
the momentum-space Faddeev equations with chiral two-
and three-nuclein forces as input. In the formulation of
Ref. (22), one first computes the T -matrix by solving the
Faddeev-like integral equation

T = t P φ + (1 + t G0)V 1
3N (1 + P )φ + t P G0 T

+ (1 + t G0)V 1
3N (1 + P )G0 T , (2.38)

where the initial state φ is composed of a deuteron and
a momentum eigenstate of the projectile nucleon. Here
V i

3N is that part of the 3N force which singles out the par-
ticle i and which is symmetric under the interchange of
the two other particles. The complete 3NF is decomposed
as V3N = V 1

3N + V 2
3N + V 3

3N . Further, G0 = 1/(E − H0)
is the free propagator of the nucleons, P is a sum of a
cyclical and anti-cyclical permutation of the three par-
ticles and t denotes the two-body t-matrix. Once T is
calculated, the transition operators Uel and Ubr for the
elastic and break-up channels can be obtained via

Uel = P G−1
0 + P T + V 1

3N (1 + P ) (1 + G0 T ) ,

Ubr = (1 + P )T . (2.39)

For details on solving these equations in momentum
space using a partial wave decomposition the reader is
referred to (294). The partial wave decomposition of
the 1π-exchange and contact 3NF at N2LO and the one-
pion-two-pion-exchange topology at N3LO is detailed in
Refs. (123) and (295), respectively. The expressions for
various observables in terms of the transition operators
are given in (22). The inclusion of the long-range electro-
magnetic interaction requires a non-trivial generalization
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FIG. 18 Differential cross section for elastic nd scattering at
Elab = 10 MeV (left panel) and 65 MeV (right panel). Light
(dark) shaded bands depict the results at NLO (N2LO). The
neutron-deuteron data at 10 MeV are from Ref. (298). The
remaining data at 10 MeV are the Coulomb/IB-corrected
proton-deuteron data from Refs. (299–301). The data at
65 MeV are proton-deuteron data from Ref. (302).

of the formalism, see (296; 297) for recent progress along
this line.

The results for the differential cross section in elas-
tic nd scattering are in a good agreement with the data,
see Fig. 18 for two representative examples. Notice, how-
ever, that the theoretical uncertainty becomes significant
already at intermediate energies. Qualitatively, this be-
havior is consistent with the one observed in the two-
nucleon system (272). Notice further that the descrip-
tion of the data improves significantly when going from
NLO to N2LO. The situation is similar for vector and
tensor analyzing powers, see Ref. (163) for a recent re-
view article. More complicated spin observables have also
been studied. As a representative example, we show in
Fig. 19 a selection of the proton-to-proton and proton-
to-deuteron polarization transfer coefficients measured in
d($p, $p )d and d($p, $d )p reactions at Elab

p = 22.7 MeV
(303; 304). The results at N2LO are in a reasonable
agreement with the data, see (302) for more examples.
One further observes that the theoretical uncertainty ob-
tained by the cutoff variation is underestimated at NLO,
see the discussion earlier in the text. It is, however, com-
forting to see that the description of the data improves
significantly when going from NLO to N2LO.

The nucleon-deuteron breakup reaction offers even
more possibilities than the elastic channel due to the
much richer kinematics corresponding to three nucleons
in the final state. It has also been studied extensively
over the last years, both theoretically and experimentally,
leaving one with mixed conclusions. While the differen-
tial cross section in some configurations such as e.g. the
recently measured np final-state interaction, co-planar
star and an intermediate-star geometries at low energies
are in a very good agreement with the data (287), large
deviations are observed in certain other configurations.
In particular, the so-called symmetric space-star configu-
ration (SST) appears rather puzzling. In this configura-
tion, the plane in the CMS spanned by the outgoing nu-

polarization transfer: 
25

FIG. 19 The proton-to-proton (left panel) and proton-to-
deuteron (right panel) polarization transfer coefficients in

d(!p, !p )d and d(!p, !d )p reactions at Elab
p = 22.7. Light (dark)

shaded bands depict the results at NLO (N2LO). Data are
from Refs. (303; 304).
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FIG. 20 Chiral EFT predictions for neutron-deuteron
breakup cross section (in mb MeV−1 sr−2) along the kinemat-
ical locus S. Light-shaded (dark-shaded) bands refer to the
results at NLO (N2LO). Left panel: The SST configuration
at EN = 13 MeV. Neutron-deuteron data (open triangles) are
from (305; 306), proton-deuteron data (filled circles) are from
(307). Right panel: The SCRE configuration with α = 56◦

at EN = 19 MeV (292). Dashed and dashed-dotted lines are
results based on the CD Bonn 2000 2NF (18) combined with
the TM99 3NF (308) and the coupled channel calculation in-
cluding the explicit ∆ and the Coulomb interaction (296),
respectively.

cleons is perpendicular to the beam axis, and the angles
between the nucleons are 120◦. At Elab = 13 MeV, the
proton-deuteron and neutron-deuteron (nd) cross section
data deviate significantly from each other. Theoretical
calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb effect was found to be far too small to ex-

plain the difference between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle α between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for α = 56◦,
see Fig. 20. The included 3NFs have little effect on the
cross section while the effect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.

Recently, first results for the 4N continuum based on
both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p−3He scattering, (311) for the n−3He,
p−3H and d−d scattering, and (312) for the related ear-
lier work. These studies do not yet include effects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p−3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
referred to (313).

The properties of certain S-shell and P-shell nuclei
with A ≤ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
agreement with the data. Further results for light nu-
clei and the dilute neutron matter based on the lattice
formulation of chiral EFT are given in sections II.G and
III.E.

D. The role of the ∆-isobar

The chiral expansion for the long-range part of the
nuclear force discussed in the previous section exhibits a

ELab
p = 22.7MeV

1

d(�p, �p )d

1
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1

ELab = 65MeV

1

ELab = 10MeV
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FIG. 19 The proton-to-proton (left panel) and proton-to-
deuteron (right panel) polarization transfer coefficients in

d(!p, !p )d and d(!p, !d )p reactions at Elab
p = 22.7. Light (dark)

shaded bands depict the results at NLO (N2LO). Data are
from Refs. (303; 304).
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FIG. 20 Chiral EFT predictions for neutron-deuteron
breakup cross section (in mb MeV−1 sr−2) along the kinemat-
ical locus S. Light-shaded (dark-shaded) bands refer to the
results at NLO (N2LO). Left panel: The SST configuration
at EN = 13 MeV. Neutron-deuteron data (open triangles) are
from (305; 306), proton-deuteron data (filled circles) are from
(307). Right panel: The SCRE configuration with α = 56◦

at EN = 19 MeV (292). Dashed and dashed-dotted lines are
results based on the CD Bonn 2000 2NF (18) combined with
the TM99 3NF (308) and the coupled channel calculation in-
cluding the explicit ∆ and the Coulomb interaction (296),
respectively.

cleons is perpendicular to the beam axis, and the angles
between the nucleons are 120◦. At Elab = 13 MeV, the
proton-deuteron and neutron-deuteron (nd) cross section
data deviate significantly from each other. Theoretical
calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb effect was found to be far too small to ex-

plain the difference between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle α between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for α = 56◦,
see Fig. 20. The included 3NFs have little effect on the
cross section while the effect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.

Recently, first results for the 4N continuum based on
both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p−3He scattering, (311) for the n−3He,
p−3H and d−d scattering, and (312) for the related ear-
lier work. These studies do not yet include effects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p−3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
referred to (313).

The properties of certain S-shell and P-shell nuclei
with A ≤ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
agreement with the data. Further results for light nu-
clei and the dilute neutron matter based on the lattice
formulation of chiral EFT are given in sections II.G and
III.E.

D. The role of the ∆-isobar

The chiral expansion for the long-range part of the
nuclear force discussed in the previous section exhibits a
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NOT ALL IS WELL W/ 3 NUCLEONS

• Deuteron break-up in the
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configuration at Ed = 19 MeV
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Proton-3He elastic scattering
Viviani, Girlanda, Kievsky, Marcucci, Rosati EPJ Web Conf. 3 (2010) 05011
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Three-nucleon forces
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Two-pion-exchange 3NF 
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L(2)
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(

(N̄DN) · (N̄DN) + ((DN̄ )N) · ((DN̄)N)
)

− 2(C̃1 + C̃2)(N̄DN) · ((DN̄)N)

− C̃2(N̄N) · ((D2N̄)N + N̄D2N) + . . . , (2.12)

where li, di and C̃i denote further LECs and
◦
m is the

nucleon mass in the chiral limit. The ellipses in the pion
and pion-nucleon Lagrangians refer to terms which do
not contribute to the nuclear force at NLO. In the case
of the nucleon-nucleon Lagrangian L(2)

NN only a few terms
are given explicitly. The complete reparametrization-
invariant set of terms can be found in (148). The NLO
contributions to the two-nucleon potential have been first
considered in (149; 150) utilizing the framework of time-
ordered perturbation theory. The corresponding energy-
independent expressions have been worked out in (151)
using the method described in (152) and then re-derived
in (142) using an S-matrix-based approach and, inde-
pendently, in (143; 153) based on the method of uni-
tary transformation. The one-pion (1π) exchange dia-
grams at NLO do not produce any new momentum de-
pendence. Apart from renormalization of various LECs
in Eq. (2.11), one obtains the leading contribution to the
Goldberger-Treiman discrepancy (154)

gπN

m
=
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Fπ
− 2M2

π

Fπ
d18 + . . . (2.13)

where the ellipses refer to higher-order terms. Similarly,
loop diagrams involving NN short-range interactions only
lead to (Mπ-dependent) shifts in the LO contact terms.
The remaining contributions to the 2NF due to higher-
order contact interactions and two-pion exchange have
the form:
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where q ≡ |"q | and the LECs Ci can be written as lin-
ear combinations of C̃i in Eq. (2.12). The loop function

LΛ̃(q) is defined in the spectral function regularization
(SFR) (155; 156) as

LΛ̃(q) = θ(Λ̃ − 2Mπ)
ω

2q
ln
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4M2
π(Λ̃2 + q2)
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where we have introduced the following abbreviations:

ω =
√
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π + "q 2 and s =

√

Λ̃2 − 4M2
π . Here, Λ̃ denotes

Next!to!leading order
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FIG. 13 Chiral expansion of the three-nucleon force up to
N3LO. Diagrams in the first line (NLO) yield vanishing con-
tributions to the 3NF if one uses energy-independent for-
mulations as explained in the text. The five topologies
at N3LO involve the two-pion exchange, one-pion-two-pion-
exchange, ring, contact-one-pion exchange and contact-two-
pion-exchange diagrams in order. Shaded blobs represent
the corresponding amplitudes. For remaining notation see
Fig. 12.

the ultraviolet cutoff in the mass spectrum of the two-
pion-exchange potential. If dimensional regularization
(DR) is employed, the expression for the loop function
simplifies to

L(q) = lim
Λ̃→∞

LΛ̃(q) =
ω

q
ln

ω + q

2Mπ
. (2.16)

In addition to the two-nucleon contributions, at NLO
one also needs to consider three-nucleon diagrams shown
in the first line of Fig. 13. The first diagram does not in-
volve reducible topologies and, therefore, can be dealt
with using the Feynman graph technique. It is then
easy to verify that its contribution is shifted to higher
orders due to the additional suppression by the factor
of 1/m caused by the appearance of time derivative at
the leading-order ππN̄N vertex, the so-called Weinberg-
Tomozawa vertex. The two remeining diagrams have
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the ultraviolet cutoff in the mass spectrum of the two-
pion-exchange potential. If dimensional regularization
(DR) is employed, the expression for the loop function
simplifies to
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In addition to the two-nucleon contributions, at NLO
one also needs to consider three-nucleon diagrams shown
in the first line of Fig. 13. The first diagram does not in-
volve reducible topologies and, therefore, can be dealt
with using the Feynman graph technique. It is then
easy to verify that its contribution is shifted to higher
orders due to the additional suppression by the factor
of 1/m caused by the appearance of time derivative at
the leading-order ππN̄N vertex, the so-called Weinberg-
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FIG. 2: Two-pion exchange 3N diagrams at N3LO. Solid dots (filled rectangles) denote vertices of dimension ∆i = 0 (∆i = 2).
Diagrams which result from the interchange of the nucleon lines and/or application of the time reversal operation are not
shown. For remaining notation see Fig. 1.

(1), (2), (4), (8), (10), (30-32), (34) and (35) just renormalize the external nucleon legs. Similarly, Feynman diagrams
(3), (9), (22-24), (26-28) lead to renormalization of the leading pion-nucleon coupling without producing any new
structures. All these contributions are taken into account by replacing the bare LECs in the leading 2π exchange 3N
scattering amplitude by renormalized ones. This suggests that there are no N3LO corrections to the 3NF from these
graphs since the 2π exchange 3N diagrams at order ν = 2 do not generate any nonvanishing 3NF. Given the fact
that nuclear potentials are, in general, not uniquely defined, the above argument based on the (on-shell) scattering
amplitude should be taken with care. We have, however, verified that this is indeed the case by explicitly calculating
the corresponding 3NF using the method of unitary transformation along the lines of Ref. [23]. From the remaining
graphs in Fig. 2, diagram (11) does not contribute at the considered order due to the 1/m-suppression caused by the
time derivative entering the Weinberg-Tomozawa vertex.3 For the same reason, diagram (25) also leads to a vanishing
result at the order considered. Here, the time derivative acts either on the pions exchanged between two nucleons
leading to a 1/m-suppression or on the pion in the tadpole giving an odd power of the loop momentum l0 to be

3 This graph does not involve reducible time-ordered topologies. Its contribution to the nuclear force is, therefore, most easily obtained
using the Feynman graph technique. The 1/m-suppression from the time derivative entering the Weinberg-Tomozawa vertex follows
then simply from the four-momentum conservation.
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structures. All these contributions are taken into account by replacing the bare LECs in the leading 2π exchange 3N
scattering amplitude by renormalized ones. This suggests that there are no N3LO corrections to the 3NF from these
graphs since the 2π exchange 3N diagrams at order ν = 2 do not generate any nonvanishing 3NF. Given the fact
that nuclear potentials are, in general, not uniquely defined, the above argument based on the (on-shell) scattering
amplitude should be taken with care. We have, however, verified that this is indeed the case by explicitly calculating
the corresponding 3NF using the method of unitary transformation along the lines of Ref. [23]. From the remaining
graphs in Fig. 2, diagram (11) does not contribute at the considered order due to the 1/m-suppression caused by the
time derivative entering the Weinberg-Tomozawa vertex.3 For the same reason, diagram (25) also leads to a vanishing
result at the order considered. Here, the time derivative acts either on the pions exchanged between two nucleons
leading to a 1/m-suppression or on the pion in the tadpole giving an odd power of the loop momentum l0 to be
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ē14(∆) =
h2
A

864F 2
π π

2 ∆

�
7 + 10 log

�
2∆

Mπ

��
, . . .

hi li

di ∈ L(3)
πN , hi ∈ L(3)

πN∆, li ∈ L(4)
ππ

hA � 3 gA
2
√
2

g1 �
9 gA
5

3

Large-­‐Nc

Δ-­‐resonance	
  satura-on	
  of	
  N4LO
3NF	
  checked,	
  explicitly



18

0 50 100 150 200
0

5

10

! 
[d

eg
re

e]

0 50 100 150 200
-10

-5

0

0 50 100 150 200
-2

-1

0

0 50 100 150 200

-2

-1

0

! 
[d

eg
re

e]

0 50 100 150 200
-2

-1

0

0 50 100 150 200
0

15

30

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

! 
[d

eg
re

e]

0 50 100 150 200
0

0.04

0.08

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

0 50 100 150 200
pLab [MeV/c]

-0.2

-0.1

0

S11 S31 P11

P33P13P31

D13 D33 D15

D35
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Appendix A: Formal algebraic structure of the N4LO corrections

To derive effective potential we use unitary transformation technique. A detailed discussion on the method of unitary
transformation including the explicit form of the unitary operator at lower orders in the chiral expansion can be found
in Ref. [42].

Here we adopt the following notation. The the indices in the interactions H(κ)
a,b,c,d,e denote

a = Number of pion fields

b = Number of incoming nucleons

c = Number of incoming deltas

d = Number of outgoing nucleons

e = Number of outgoing deltas

κ = d+
3

2
(b+ c+ d+ e) + a− 4, (A.1)

where d is the number of derivatives in the vertex.

The chiral order associated with a given contribution can easily be read off by adding together the dimensions κ of

H(κ)
a,b,c,d,e. More precisely, it is given by

∑
i κi − 2. In the above equations, η (λ) denote projection operators onto

the purely nucleonic (the remaining) part of the Fock space satisfying η2 = η, λ2 = λ, ηλ = λη = 0 and λ + η = 1.
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Preliminary
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−1.37 1.53 −2.80 1.65 1.74 −2.44 0.47 −3.56 0.04 −1.95 −1.00 −0.55 0.64
−0.91 1.59 −2.03 1.28 2.35 −3.88 1.23 −5.26 −0.14 −6.52 2.45 −0.38 2.96

γp,n
0 δp,nLT (Q

2) δpLT � · v = 0 ∼ 1

m2
N

1.32× γp,n
0 (Q2) 10−4 fm4

Γ(p−n)
1 (Q2)

Γp
1(Q

2) =
Q2

2m2
N

I1(Q
2) I1(0) = −1

4
κ2

γp
0(Q

2) δnLT (Q
2 = 0.1GeV2)

L
0
∆ = ψ̄µ(iγ

µνα∂α −m∆γ
µν)ψν

(i∂/−m∆)ψµ = 0

∂ · ψ = 0

γ · ψ = 0

L = ψ̄µ

�
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l̄3c1
F 2
π

�

c3 → c3 + 4M2
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Potentialy one could also expect contributions of 1/∆-terms from ε2 πN -amplitude expansion. After renormalization
of hA, however, those contributions vanish and for this reason do not contribute to resonance saturation of d̄i. The
resonance saturation explains (at least half of) the unnatural size of the constants d̄1 + d̄2, d̄3 and d̄14 − d̄15 in the

delta less theory. To derive the resonance saturation for ēi’s, which are q4 LECs from L(4)
πN terms and contribute to

the q4 amplitude in delta-less scenario, we need to analyze different contributions:

• 1/∆3-contributions from ε1-amplitude.

• 1/∆2-contributions from ε2-amplitude vanish after renormalization of hA.

• 1/∆-contributions from ε3-amplitude.

Overall result for ēi is a sum of these contributions and is given by
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ē17(∆) = − h2
A

1728F 2
π π2 ∆

(
1 + 2 log

(
2∆

Mπ

))
,
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. (5.76)

Note the appearance of logarithms of Mπ in the LECs. The reason that they appear here is that we express
everything in physical variables. If we would switch to the chiral expansion in MS-scheme we would get expressions
where logarithms of the pion mass would not be present. The LECs ē15(∆), ē16(∆) and ē18(∆) get 1/∆3 contributions
from ε1 order of πN -amplitude. Those contributions dominate the loop contributions and explain half of the unnatural
size of ē15, ē16 and ē18 in the delta-less theory, see Table II. Note that we also get a resonance saturation information

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

Q1 +Q2 +Q3 +Q4: Fit to KH [60] −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

ε1 + ε2 + ε3 +Q4: Fit to KH[60] −0.95 1.90 −1.78 1.50 2.40 −3.87 1.21 −5.25 −0.24 −6.35 2.34 −0.39 2.81

Delta-resonance saturation contribution 0 2.81 −2.81 1.40 2.39 −2.39 0 −4.77 1.87 −4.15 4.15 −0.17 1.32

TABLE I: Low-energy constants obtained from a fit to the empirical s, p- and d-wave pion-nucleon phase shifts using partial
wave analysis of Ref. [59] and of Ref. [60]. Values of the LECs are given in GeV−1, GeV−2 and GeV−3 for the ci, d̄i and ēi,
respectively.

Size of the LECs are consistent
with resonance saturation
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, . . .

3

LECs which appear in 3NF up to
N4LO are of natural size
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Two-pion-exchange 3NF
Epelbaum, Gasparyan, HK. forthcoming

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�

1

Similar results for TPE-3NF in N3LO-Δ and N4LO Δ-less approaches
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FIG. 9: Chiral expansion of the functions A(q2) and B(q2) entering the two-pion exchange 3NF in Eq. (4.54) up to N4LO.
Left (right) panel shows the results obtained with the LECs determined from the order-Q4 fit to the pion-nucleon partial wave
analysis of Ref. [60] (Ref. [59]) and listed in Table II. Dashed, dashed-dotted and solid lines correspond to A(3), A(3) + A(4)

and A(3) +A(4) +A(5) in the upper plots while B(3), B(3) + B(4) and B(3) + B(4) + B(5) in the lower plots.

The superscript a and b of λa,b refer to the number of pions and deltas in the corresponding intermediate state,
respectively. Further, Eπ∆ denotes the total energy of the pions and deltas in the corresponding state.

On top of usual Okubo transformation we find 50 operators which can be used to perform additional unitary trans-
formations at N3LO. Additional unitary operators have a general form

U = eS , (A.2)

where S is an antihermitean operator (S† = −S). We parametrize the operator S as

S =
∑

i

αiSi +
∑

i

α∆
i S

∆
i . (A.3)

The operators Si include only nucleon degrees of freedom and have already been discussed earlier [2, 42]. In this
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Partial wave decomposition
Golak et al. Eur. Phys. J. A 43 (2010) 241
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Faddeev	
  equa-on	
  is	
  solved	
  in	
  the	
  par-al	
  wave	
  basis

can be reduced 
to 5 dim. integral depends on spin & isospin

Too	
  many	
  terms	
  for	
  doing	
  PWD	
  by	
  hand Automa-za-on

̃matrix	
  	
  	
  	
  	
  	
  105	
  x	
  105

Ring-­‐diagram-­‐contr.	
  expensive	
  to	
  calculate	
  on	
  the	
  fly	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

We	
  prestore	
  ring-­‐contr.	
  to	
  3nf‘s	
  
on	
  a	
  fine	
  momentum	
  grid

Numerical	
  interpola-on	
  
of	
  ring	
  terms	
  

PWD	
  matrix-­‐elements	
  can	
  be	
  used	
  to	
  produce	
  matrix-­‐elements	
  in	
  harmonic	
  oscillator	
  basis

Straighqorward	
  implementa-on	
  of	
  high	
  order	
  3nf‘s	
  in	
  many-­‐body	
  calc.	
  
within	
  No-­‐Core	
  Shell	
  Model
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PWD for local forces
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  possible



26

Ay-puzzle in elastic nd scattering
Witala et al. Proceedings of Few Body 204
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Fig. 2 (color online) The neutron analyzing power Ay in elastic nd scattering. In the left
column the light shaded (green) band shows predictions of N3LO chiral NN potentials alone
and the dark shaded (magenta) band when they are combined with N2LO chiral 3NF. In the
right column the N3LO chiral forces (green band) are combined with N3LO 3NF composed
of 1π-exchange-contact and purely contact terms supplemented with long-range terms: 2π-
exchange (yellow band), 2π- and 2π−1π-exchange (blue band), and 2π- and 2π−1π-exchange
and ring (magenta band). The nd data (full circles) are from [6].

The measurement of QFS np cross sections have shown good agreement of data with
theory [9], confirming thus good knowledge of the np force. For nn QFS it was found
that theory underestimates the data by ≈ 20% [9]. The large stability of the QFS cross
sections to the underlying dynamics, implies that the present day 1S0 nn interaction is
probably incorrect. Modifications of the 1S0 nn force by multiplying its matrix elements
by a factor λ lead to large changes of the nn QFS cross sections, leaving the np ones
practically unchanged [10–12]. To remove the discrepancy found in experiment for nn
QFS one needs to increase λ by about 8%. Such increased strength of the 1S0 nn force
leads to a nearly bound 1S0 state of two neutrons [11,12]. That raises the question to
what extent is the existence of 1S0 dineutron compatible with available nd data ? It
turns out that the total nd cross section data, total nd elastic scattering cross section
and total nd breakup cross section seem not to exclude two neutrons being bound with
a ≈ −100 keV binding energy [12]. The dineutron influences the nd elastic scattering
angular distribution only at forward angles, changing the slope of the cross section.
No reliable data at these angles are available [12]. The strongest argument against
dineutron is provided by four measured nn final-state interaction (FSI) configurations
[13]. Their analysis gave consistent negative values for the nn scattering length. It
seems that with a positive scattering length one would get nn scattering length values
which are configuration dependent. Changing to positive nn scattering lengths reduces
drastically the magnitude of the FSI peak at large proton energy in the spectra of
protons from incomplete nd breakup. Integrating the experimental peak provides an
angular distribution for n + d → p + dineutron transition. Comparing it to theoretical
values excludes binding energies for dineutron larger in magnitude than ≈ 100 keV
(see Fig.3).

The most favorable conditions to detect a dineutron would exist when two neutrons
mostly occupy the 1S0 state. Such a situation is provided by the 3H nucleus and
the γ(3H,p)nn reaction seems to be advantageous in searching for a dineutron. The

N3LO	
  NN	
  +	
  N2LO	
  3NF
N3LO	
  NN

N3LO	
  NN	
  +	
  N2LO	
  3NF

Right	
  panel:	
  X	
  =	
  N3LO	
  NN	
  +	
  N2LO	
  3NF	
  +	
  N3LO	
  3NF	
  (1π-­‐cont.)	
  +	
  N3LO	
  3NF	
  (cont.)
	
  =	
  X	
  +	
  N3LO	
  3NF	
  (2π-exch.)

	
  =	
  X	
  +	
  N3LO	
  3NF	
  (2π-exch. & 2π-1π-exch.)

	
  =	
  X	
  +	
  N3LO	
  3NF	
  (2π-exch. & 2π-1π-exch. & ring)

Incomplete	
  results:	
  N3LO	
  3NF	
  (2π-­‐cont.	
  &	
  1/m-­‐corr.)	
  are	
  missing
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Summary
Chiral	
  NN	
  forces	
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  local	
  regulators	
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  upto	
  N2LO
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N3LO	
  few-­‐body	
  calcula-ons	
  of	
  Nd	
  scajering	
  and	
  breakup	
  reac-ons
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  calc.	
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  range	
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  of	
  3NF

Long-­‐range	
  part	
  of	
  3NFs	
  is	
  analyzed	
  up	
  to	
  N4LO	
  Δ-­‐less/N3LO-­‐Δ

Op-mized	
  version	
  of	
  PWD	
  for	
  local	
  3NF‘s	
  

QMC	
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  forces
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  elements	
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Most general structure of a local 3NF
Epelbaum, Gasparyan, HK, PRC87 (2013) 054007

Up to N4LO, the computed contributions are local            it is natural to switch to r-space. 
A meaningful comparison requires a complete set of independent operators 

15

where we made a change of variable P ′′ = P ′P in the last line. This equation has the form of Eq. (5.39) with

Fi :=
∑

P∈S3







1

36
P−1(Mi) +

1

36
(−1)w(P )P−1(Ni) +

2
∑

j,k=1

1

18
Djk(P )P−1(Li

jk)







. (5.42)

VI. CHIRAL EXPANSION OF THE LONG-RANGE TAIL OF THE 3NF

With these preparations we are now in the position to address the convergence of the chiral expansion for the long-
range tail of the 3NF. It is clear that all arguments of the previous section can also be applied to operators in
coordinate space. Here and in what follows, we use the following basis of 22 operators:

G̃1 = 1 ,

G̃2 = τ 1 · τ 3 ,

G̃3 = !σ1 · !σ3 ,

G̃4 = τ 1 · τ 3 !σ1 · !σ3 ,

G̃5 = τ 2 · τ 3 !σ1 · !σ2 ,

G̃6 = τ 1 · (τ 2 × τ 3)!σ1 · (!σ2 × !σ3) ,

G̃7 = τ 1 · (τ 2 × τ 3)!σ2 · (r̂12 × r̂23) ,

G̃8 = r̂23 · !σ1 r̂23 · !σ3 ,

G̃9 = r̂23 · !σ3 r̂12 · !σ1 ,

G̃10 = r̂23 · !σ1 r̂12 · !σ3 ,

G̃11 = τ 2 · τ 3 r̂23 · !σ1 r̂23 · !σ2 ,

G̃12 = τ 2 · τ 3 r̂23 · !σ1 r̂12 · !σ2 ,

G̃13 = τ 2 · τ 3 r̂12 · !σ1 r̂23 · !σ2 ,

G̃14 = τ 2 · τ 3 r̂12 · !σ1 r̂12 · !σ2 ,

G̃15 = τ 1 · τ 3 r̂13 · !σ1 r̂13 · !σ3 ,

G̃16 = τ 2 · τ 3 r̂12 · !σ2 r̂12 · !σ3 ,

G̃17 = τ 1 · τ 3 r̂23 · !σ1 r̂12 · !σ3 ,

G̃18 = τ 1 · (τ 2 × τ 3)!σ1 · !σ3 !σ2 · (r̂12 × r̂23) ,

G̃19 = τ 1 · (τ 2 × τ 3)!σ3 · r̂23 r̂23 · (!σ1 × !σ2) ,

G̃20 = τ 1 · (τ 2 × τ 3)!σ1 · r̂23 !σ2 · r̂23 !σ3 · (r̂12 × r̂23) ,

G̃21 = τ 1 · (τ 2 × τ 3)!σ1 · r̂13 !σ3 · r̂13 !σ2 · (r̂12 × r̂23) ,

G̃22 = τ 1 · (τ 2 × τ 3)!σ1 · r̂23 !σ3 · r̂12 !σ2 · (r̂12 × r̂23) , (6.43)

where r̂ij ≡ !rij/|!rij| and !rij = !ri −!rj denotes the position of nucleon i with respect to nucleon j. The 3NF is a linear

combination of the operators G̃i with the coefficients given by scalar functions Fi(r12, r23, r31). These functions have
the dimension of energy and can be interpreted as the potential energy between three static nucleons projected onto
the corresponding operator. The profile functions Fi receive contributions from the long-range and the intermediate-
range 3NF topologies and are predicted (at long distances) in terms of the chiral expansion. In order to explore the
convergence, we plot these functions for the equilateral triangle configuration of the nucleons given by the condition

r12 = r23 = r31 = r . (6.44)

Restricting ourselves to this particular configuration allows us to stay with simple one-dimensional plots. We em-
phasize, however, that the conclusions about the convergence of the chiral expansion for the 3NF drawn in this
section apply to this particular configuration. We begin with the longest-range 2π exchange topology. Projecting the
coordinate-space expressions given in section II onto the operators in Eq. (6.43) and evaluating the three-dimensional
integrals in Eqs. (2.8) and (2.13) numerically we compute the corresponding contributions to the profile functions
F (3)(r), F (4)(r) and F (5)(r) at N2LO, N3LO and N4LO, respectively. Our results for the 3NF profile functions

n

p

n

r12

r31

r23

Building	
  blocks:
τ 1, τ 2, τ 3, �σ1, �σ2, �σ3, �r12, �r23, �r31 (1)

V (0)
2N = − g2A

4F 2
π

τ 1 · τ 2
�σ1 · �q �σ2 · �q
�q 2 +M2

π

+ CS + CT�σ1 · �σ2, (2)

T (�p �, �p)=V (0)
2N (�p �, �p) +

� d3k

(2 π)3
V (0)
2N (�p �,�k)

mN

p2 − k2 + i �
T (�k, �p) (3)

T (�p �, �p)=V (0)
2N (�p �, �p) +

m2
N

2

� d3k

(2 π)3
V (0)
2N (�p �,�k)T (�k, �p)

(k2 +m2
N) (E −

�
k2 +m2

N + i �)
, (4)

��
(23 + 32)2 − 168− 1

�2

(5)

a+ = (7.6± 3.1)× 10−3M−1
π (6)

a− = (86.1± 0.9)× 10−3M−1
π (7)

m∆ −mN ∼ Mπ (8)

V static
3N =

22�

i=1

Gi(�σ1,�σ2,�σ3, τ 1, τ 2, τ 3,�r12,�r23) Fi(r12, r23, r31) + permutations

(9)

c∆3 = −2c∆4 = − 4h2
A

9(m∆ −mN)
� −2.7 GeV−1 (10)

Q ∼ Mπ (11)

∼ 1
m∆−mN

(12)

∼ 1
(m∆−mN )2

, . . . (13)

∼ 1
m∆−mN

, 1
(m∆−mN )2

, . . . (14)
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Constraints:

Locality
Isospin	
  symmetry

Parity	
  and	
  -me-­‐reversal	
  invariance
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22�

i=1

Gi Fi(r12, r23, r31) + 5 perm. (1)

τ 1, τ 2, τ 3, �σ1, �σ2, �σ3, �r12, �r23, �r31 (2)

V (0)
2N = − g2A

4F 2
π

τ 1 · τ 2
�σ1 · �q �σ2 · �q
�q 2 +M2

π

+ CS + CT�σ1 · �σ2, (3)

T (�p �, �p)=V (0)
2N (�p �, �p) +

� d3k

(2 π)3
V (0)
2N (�p �,�k)

mN

p2 − k2 + i �
T (�k, �p) (4)

T (�p �, �p)=V (0)
2N (�p �, �p) +

m2
N

2

� d3k

(2 π)3
V (0)
2N (�p �,�k)T (�k, �p)

(k2 +m2
N) (E −

�
k2 +m2

N + i �)
, (5)

��
(23 + 32)2 − 168− 1

�2

(6)
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Redundant	
  operators

Epelbaum, Gasparyan, HK, Schat, forthcoming
Schat, Phillips, PRC88 (2013) 034002
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Explicit decoupling

Small	
  scale	
  expansion	
  parameter	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  not	
  that	
  small!

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

∆/Λχ ∼ 1

3

1

Don‘t	
  posi-ve	
  powers	
  of	
  Δ	
  possibly	
  spoil	
  the	
  convergence?	
  

Manifest	
  decoupling	
  through	
  the	
  choice	
  of	
  renormaliza-on	
  condi-ons	
  (no	
  posi-ve	
  powers	
  of	
  Δ)	
  
Decoupling theorem due to Appelquist & Carrazone Phys. Rev. 11 (1974) 2856

Choose	
  finite	
  part	
  of	
  these	
  LECs	
  such	
  that

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

lim
∆→∞

GreenFunction < ∞

1

Bernard, Fearing, Hemmert, Meißner NPA635 (1998) 121

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

+

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

lim
∆→∞

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators
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Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -
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�σ1 · �σ3 O5 - O6 O7 - -
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τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -
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1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

3�

n=1

∆n

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

(3− n)

1

LECs Q2, no ∆ Q2, fit 1 Q2, fit 2

c1 −0.57 −0.57 −0.57
c2 2.84 −0.25 0.83
c3 −3.87 −0.79 −1.87
c4 2.89 1.33 1.87
hA − 1.34 1.05

π +N → π + π +N

= 0

L
SSE
πN = L

(1)
πN + L

(2)
πN + L

(3)
πN +∆L

(1)
πN +∆L

(2)
πN +∆2

L
(1)
πN +O(�4)

1

π +N → π + π +N

= 0

hA g1 gA

S̄1(ν, Q
2) =

∞�

i=0

S̄(2i)
1 (0, Q2)ν2i, νS̄2(ν, Q

2) =
∞�

i=0

S̄(2i+1)
2 (0, Q2)ν2i+1

L
SSE
πN = L

(1)
πN + L

(2)
πN + L

(3)
πN +∆L

(2)
πN +∆2

L
(1)
πN +O(�4)

hA = 1.43± 0.02

b1 = −(4.98± 0.27)/mN

δp,∆−loop
0 = 1.22× 10−4fm4.

10−4 fm4

ππ

1
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Pion-nucleon scattering
Heavy	
  baryon	
  calcula-on	
  up	
  to	
  order	
  q4 Fettes, Meißner Nucl. Phys. A676 (2000) 311

Difference	
  in	
  Weinberg‘s	
  power	
  coun-ng	
  for	
  NN
p

m
∼

�
q

Λχ

�2

1

1/m	
  power	
  coun-ng	
  used	
  in	
  FM	
  work
p

m
∼ q

Λχ

1

Refit	
  of	
  di	
  and	
  ei	
  LECs	
  is	
  needed

πa(q1) +N(p1) → πb(q2) +N(p2)

1

T ba
πN =

E +m

2m

�
δba

�
g+(ω, t) + i�σ · �q2 × �q1 h

+(ω, t)
�
+ i �bacτ c

�
g−(ω, t) + i�σ · �q2 × �q1 h

−(ω, t)
��

1

CMS	
  kinema-cs: ω = q01 = q02, E = E1 = E2 =
�
�q 2 +m2, �q 2

1 = �q 2
2 = �q 2, t = (q1 − q2)

2

1

Par-al	
  wave	
  amplitudes: f±
l±(s) =

E +m

16π
√
s

� 1

−1
dz

�
g±Pl(z) + �q 2h± (Pl±1(z)− zPl(z))

�

1

f 1/2
l± = f+

l± + 2f−
l±, f 3/2

l± = f+
l± − f−

l±

1

In	
  the	
  isospin	
  basis:

Absence	
  of	
  inelas-city	
  below	
  the	
  two-­‐pion	
  produc-on	
  threshold

δIl±(s) = arctan
�
|�q |Re f I

l±(s)
�

1


