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One-body Green’s function (or propagator) describes the motion of quasi- 
particles and holes: 
 
 
 
 
 …this contains all the structure information probed by nucleon transfer 
(spectral!func.on): 

Green’s functions in many-body theory 
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15]. The method has later been applied to atoms and
molecules [12, 16] and recently to 56Ni [17] and 48Ca [18].
The ab initio results of Ref. [18] are in good agreement
with (e, e′p) data for spectroscopic factors from Ref. [19]
and also show that the configuration space needed for the
incorporation of long-range (surface) correlations is much
larger than the space that can be utilized in large-scale
shell-model diagonalizations. In Ref. [20], the FRPA was
employed to calculate proton scattering on 16O and ob-
tain results for phase shifts and low-lying states in 17F.
However, the properties of the self-energy at larger scat-
tering energies which are now of great interest for the
developments of DOM potentials was not addressed. In
particular, one may expect to extract useful information
regarding the functional form of the DOM from a study
of the self-energy for a sequence of calcium isotopes. It
is the purpose of the present work to close this gap. We
have chosen in addition to 40Ca and 48Ca also to include
60Ca, since the latter isotope was studied with a DOM
extrapolation in Refs. [8, 9]. Some preliminary results of
these FRPA calculations for spectroscopic factors were
reported in Ref. [14] but the emphasis in the present work
is on the properties of the microscopically calculated self-
energies. The resulting analysis is intended to provide
a microscopic underpinning of the qualitative features of
empirical optical potentials. Additional information con-
cerning the degree and form of the non-locality of both
the real and imaginary parts of the self-energy will also
be addressed because it is of importance to assess the
current local implementations of the DOM method.
In Sec. II A we introduce some of the basic properties

for the analysis of the self-energy. The ingredients of the
FRPA calculation are presented in Sec. II C. The choice
of model space and realistic nucleon-nucleon (NN) inter-
action are discussed in Sec. III. We present our results
in Sec. IV and finally draw conclusions in Sec. V.

II. FORMALISM

In the Lehmann representation, the one-body Green’s
function is given by

gαβ(E) =
∑

n

〈ΨA
0 |cα|Ψ

A+1
n 〉〈ΨA+1

n |c†β|Ψ
A
0 〉

E − (EA+1
n − EA

0 ) + iη

+
∑

k

〈ΨA
0 |c

†
β|Ψ

A−1
k 〉〈ΨA−1

k |cα|ΨA
0 〉

E − (EA
0 − EA−1

k )− iη
, (1)

where α, β, ..., label a complete orthonormal basis set
and cα (c†β) are the corresponding second quantization
destruction (creation) operators. In these definitions,
|ΨA+1

n 〉, |ΨA−1
k 〉 are the eigenstates, and EA+1

n , EA−1
k

the eigenenergies of the (A ± 1)-nucleon isotope. The
structure of Eq. (1) is particularly useful for our pur-
poses. At positive energies, the residues of the first term,
〈ΨA+1

n |c†α|Ψ
A
0 〉, contain the scattering wave functions for

the elastic collision of a nucleon off the |ΨA
0 〉 ground state,

while at negative energies they give information on fi-
nal states of the nucleon capture process. Consequently,
the second term has poles below the Fermi energy (EF )
which carry information about the removal of a nucleon
and therefore clarify the structure of the target state |ΨA

0 〉
itself. Green’s function theory provides a natural frame-
work for describing physics both above and below the
Fermi surface in a consistent manner.
The propagator (1) can be obtained as a solution of

the Dyson equation,

gαβ(E) = g(0)αβ (E) +
∑

γδ

g(0)αγ (E)Σ%
γδ(E) gδβ(E) , (2)

in which g(0)(E) is the propagator for a free nucleon
(moving only with its kinetic energy). Σ%(E) is the irre-
ducible self-energy and represents the interaction of the
projectile (ejectile) with the target nucleus. Feshbach,
developed a formal microscopic theory for the optical po-
tential already in Ref. [21, 22] by projecting the many-
body Hamiltonian on the subspace of scattering states.
It has been proven that if Feshbach’s theory is extended
to a space including states both above and below the
Fermi surface, the resulting optical potential is exactly
the irreducible self-energy Σ%(E) [23] (see also Ref. [24]
and Ref. [25] for a shorter demonstration).
The above equivalence with the microscopic optical po-

tential is fundamental for the present study, since the
available knowledge from calculations based on Green’s
function theory can be used to suggest improvements of
optical models. In particular, in the DOM, the dispersion
relation obeyed by Σ%(E) is used to reduce the number of
parameters and to enforce the effects of causality. Thus
the DOM potentials can also be thought of as a repre-
sentation of the nucleon self-energy.

A. Self-Energy

For a J = 0 nucleus, all partial waves ($, j, τ) are
decoupled, where $,j label the orbital and total angu-
lar momentum and τ represents its isospin projection.
The irreducible self-energy in coordinate space (for ei-
ther a proton or a neutron) can be written in terms of
the harmonic-oscillator basis used in the FRPA calcula-
tion, as follows:

Σ%(x,x′;E) =
∑

&jmjτ

I&jmj
(Ω,σ)

×

[

∑

na,nb

Rna&(r)Σ
%
ab(E)Rnb&(r

′)

]

(I&jmj
(Ω′,σ′))∗, (3)

where x ≡ r,σ, τ . The spin variable is represented by
σ, n is the principal quantum number of the harmonic
oscillator, and a ≡ (na, $, j, τ) (note that for a J = 0 nu-
cleus the self-energy is independent ofmj). The standard
radial harmonic-oscillator function is denoted by Rn&(r),
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[CB,!M.Hjorth:Jensen,!Pys.!Rev.!C79,!064313!(2009);!CB,!Phys.!Rev.!LeI.!103,!202502!(2009)]!
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“Extended”!
Hartree!Fock!

 ≥!2p1h/2h1p!configura.ons!!

Faddeev-RPA in two words… 
Faddeev-RPA:�Self-energy  

(optical potential):�

•  A complete expansion requires all types of particle-vibration coupling: 
#     gII(ω) ! pairing effects, two-nucleon transfer 
#  Π(ph)(ω) ! collective motion, using RPA or beyond 
#  Pauli exchange effects 
 

•  The Self-energy Σ$(ω)�yields both single-particle states and scattering 
 

•  Finite nuclei:! require high-performance computing 

R(2p1h) Σ$(ω) = R(2h1p) 

≡!!
!par<cle!

≡!hole!



Faddeev-RPA in two words… 
Particle vibration coupling is the main cause driving the distribution of 
particle strength—a least close to the Fermi surface…�

n� p�

≡!!
!par<cle!

≡!hole!



Open-shells: 1st & 2nd order Gorkov diagrams 

✺!1st!order!➟!energy:independent!self:energy!

✺!2nd!order!➟!energy:dependent!self:energy!

✺!Gorkov!equa.ons! eigenvalue!problem!

V.!Somà,!CB,!T.!Duguet,!,!arXiv:1311.1989![nucl:th]!–!PRC,!in!print!
V.!Somà,!CB,!T.!Duguet,!Phys.!Rev.!C!87,!011303R!(2013)!
V.!Somà,!T.!Duguet,!CB,!Phys.!Rev.!C!84,!064317!(2011)!



Espressions for 1st & 2nd order diagrams 
[V.(Somà,(T.(Duguet,(CB,(Pys.(Rev.(C84,(046317((2011)(](



Approaches in GF theory 
Truncation 
scheme:!

Dyson formulation 
(closed shells)!

Gorkov formulation 
(semi-magic)!

1st order:! Hartree-Fock! HF-Bogolioubov!

2nd order:! 2nd order! 2nd order (w/ pairing)!

.!.!.!! .!.!.!

3rd and all-orders 
sums, 
P-V coupling:!

ADC(3) 
FRPA 
etc…!

G-ADC(3) 
 …work in progress 

!
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Use effective degrees of freedom: p,n,pions

Effective Field Theory:  Bridges the non-perturbative low-energy regime of QCD with forces
                                      among nucleons

L =
⇤

k

ck

�
Q

�b

⇥k

Have a systematic expansion of the Hamiltonian 
in terms of diagrams

Construct the most general Hamiltonian which is 
consistent with the chiral symmetry of QCD

(3NFs arise naturally at N2LO)!

Modern realistic nuclear forces 

In-MEDIUM T MATRIX FOR NUCLEAR MATTER WITH . . . PHYSICAL REVIEW C 78, 054003 (2008)

The radial functions Y (r) and T (r) are the Yukawa and
tensor functions, respectively, the tensor operator is defined
as Sij = 3(σ i · r̂ ij )(σ j · r̂ ij ) − σ i · σ j , where r̂ ij is the unit
vector of the distance between particles i and j . To determine
the overall strength of the TBF and the relative strength
between the two terms two parameters are present (A < 0
and U > 0), to be tuned to reproduce the saturation properties
of symmetric nuclear matter. Since different NN potentials
lead to different saturation curves one should expect these
parameters to depend on the particular choice of the two-body
force.

The three-body interaction depends on the spatial, spin,
and isospin coordinates of the three nucleons, and in such
a form cannot be used in the calculations. We then need to
introduce some approximation and derive an effective two-
particle potential. This can be done by averaging the action of
the third nucleon, resulting in a mean field felt by the other
two:

V 3
eff(q, q ′) =

∑

στ

∫
d3k

(2π )3
n(k) V 3(k, q, q ′), (11)

where V 3(k, q, q ′) is the Fourier transformed form of Eq. (7)
and

n(k) =
∫

dω

2π
G<(k,ω) (12)

is the particle momentum distribution. The sum over spin
and isospin degrees of freedom just reminds us that V 3 has
a nontrivial structure in the σ and τ spaces which has to be
taken care of (we did not write explicitly spin and isospin
indices).

This average has to be performed for each of the three
nucleons and over all their possible permutations, resulting in
nine different terms. One has to pay particular attention to the
spin-isospin and tensor dependence of the various averages
and finally get, for each of the nine permutations, an effective
potential of the form

V 3
eff(q,q ′) = V R

s (q,q ′) + V 2π
s (q,q ′) + V 2π

στ (q, q ′)σ · σ ′τ · τ ′

+V 2π
Sτ (q, q ′)S(q, q ′) τ · τ ′, (13)

where V R
s , V 2π

s , V 2π
στ , and V 2π

Sτ are now scalar functions.
Once we have obtained V 3

eff (density dependent) we add it
to the two-body potential in Eq. (3)

V −→ V ′ = V + V 3
eff, (14)

and perform the T -matrix iteration.

IV. BINDING ENERGY AND SINGLE PARTICLE
PROPERTIES

We perform calculations with two different parametriza-
tions of the NN interaction, the CD-Bonn [49], and
the Nijmegen [50] potentials. For both of them we compute
the energy per particle directly from the expectation value
of the interaction Hamiltonian, for symmetric and for pure
neutron matter, with and without TBF. In the case of three-body
forces we have tuned the parameters A and U in Eqs. (8) and
(10) in the symmetric case in order to reproduce the saturation

0.5 1 1.5 2 2.5 3
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ρ / ρ0

FIG. 1. (Color online) Energy per particle in symmetric nuclear
matter as a function of density (in units of the nuclear saturation
density ρ0 = 0.16 fm−3). T -matrix calculations are compared to the
variational [2] and BHF [9] approaches, both including TBF.

density ρ0 and binding energy E0. Since the averaging over
the third nucleon in TBF terms represents a rather crude
approximation, the resulting numerical values of the parame-
ters of the TBF are different than in other approaches.

A. Symmetric nuclear matter

The energy per particle as a function of density for sym-
metric nuclear matter is shown in Fig. 1. The calculations with
only two-body forces fail to reproduce the correct saturation
behavior, predicting a saturation density ρ = 1.47 ρ0 in the
case of the Nijmegen potential and ρ = 1.79 ρ0 for CD-Bonn.
After the inclusion of three-nucleon interactions the situation
is significantly improved, with both curves saturating around
the phenomenological value ρ0 = 0.16 fm−3 and yielding a
correct binding energy1 (Nijmegen EB = −16.4 MeV and
CD-Bonn EB = −16.3 MeV).

1We estimate the numerical error on all the energy calculations to
be ±0.5 MeV, for details see [26].
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FIG. 2. (Color online) Spectral function at zero momentum for
CD-Bonn interaction and symmetric nuclear matter, at ρ0, 2ρ0, and
3ρ0.
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FIG. 2: Single-particle energies of the neutron d5/2, s1/2 and
d3/2 orbitals measured from the energy of 16O as a function of
neutron number N . (a) SPE calculated from a G matrix and
from low-momentum interactions Vlow k. (b) SPE obtained
from the phenomenological forces SDPF-M [14] and USD-
B [15]. (c,d) SPE including contributions from 3N forces due
to∆ excitations and chiral EFT 3N interactions at N2LO [26].
The changes due to 3N forces based on ∆ excitations are
highlighted by the shaded areas.

sures N = 8, 14, 16, and 20. The evolution of the SPE
is due to interactions as neutrons are added. For the
SPE based on NN forces in Fig. 2 (a), the d3/2 orbital
decreases rapidly as neutrons occupy the d5/2 orbital,
and remains well-bound from N = 14 on. This leads
to bound oxygen isotopes out to N = 20 and puts the
neutron drip-line incorrectly at 28O. This result appears
to depend only weakly on the renormalization method
or the NN interaction used. We demonstrate this by
showing SPE calculated in the G matrix formalism [11],
which sums particle-particle ladders, and based on low-
momentum interactions Vlow k [12] obtained from chiral
NN interactions at next-to-next-to-next-to-leading order
(N3LO) [13] using the renormalization group. Both cal-
culations include core polarization effects perturbatively
(including diagram Fig. 3 (d) with the ∆ replaced by a
nucleon and all other second-order diagrams) and start
from empirical SPE [14] in 17O. The empirical SPEs con-
tain effects from the core and its excitations, including
effects due to 3N forces.
We next show in Fig. 2 (b) the SPE obtained from the

phenomenological forces SDPF-M [14] and USD-B [15]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2 (a): As neutrons occupy the d5/2 orbital,
with N evolving from 8 to 14, the d3/2 orbital remains
almost at the same energy and is not well-bound out to
N = 20. The dominant differences between Figs. 2 (a)
and (b) can be traced to the two-body monopole compo-
nents, which determine the average interaction between
two orbitals. The monopole components of a general two-
body interaction V are given by an angular average over
all possible orientations of the two nucleons in orbitals lj
and l′j′ [16],

V mono
j,j′ =

∑

m,m′

〈jm j′m′|V |jm j′m′〉
/

∑

m,m′

1 , (1)

where the sum over magnetic quantum numbers m and
m′ can be restricted by antisymmetry (see [17, 18] for
details). The SPE of the orbital j is effectively shifted by
V mono
j,j′ multiplied by the occupation number of the orbital

j′. This leads to the change in the SPE and determines
shell structure and the location of the drip-line [17–20].
The comparison of Figs. 2 (a) and (b) suggests that the

monopole interaction between the d3/2 and d5/2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction
on the d3/2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [21].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repul-
sive monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion princi-
ple. Figure 3 (a) depicts the leading contribution to NN
forces due to the excitation of a ∆, induced by the ex-
change of pions with another nucleon. Because this is
a second-order perturbation, its contribution to the en-
ergy and to the two-neutron monopole components has
to be attractive. This is part of the attractive d3/2-d5/2
monopole component obtained from NN forces.
In nuclei, the process of Fig. 3 (a) leads to a change of

the SPE of the j,m orbital due to the excitation of a core
nucleon to a ∆, as illustrated in Fig. 3 (b) where the ini-
tial valence neutron is virtually excited to another j′,m′

orbital. As discussed, this lowers the energy of the j,m
orbital and thus increases its binding. However, in nuclei
this process is forbidden by the Pauli exclusion princi-
ple, if another neutron occupies the same orbital j′,m′,
as shown in Fig. 3 (c). The corresponding contribution
must then be subtracted from the SPE change due to
Fig. 3 (b). This is taken into account by the inclusion

Chiral EFT for nuclear forces: 

Need at LEAST 3NF!!! 
(“cannot” do RNB physics without…)!

Single particle spectrum at Efermi:!
!

Saturation of nuclear matter:!

[T. Otsuka et al.,"
Phys Rev. Lett  105, "
32501 (2010)]"

[V. Somà, Phys Rev. C 78,"
 054003 (2008))]"
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Use effective degrees of freedom: p,n,pions

Effective Field Theory:  Bridges the non-perturbative low-energy regime of QCD with forces
                                      among nucleons
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Have a systematic expansion of the Hamiltonian 
in terms of diagrams

Construct the most general Hamiltonian which is 
consistent with the chiral symmetry of QCD

Chiral Nucler forces SRG evolved 
N3LO (Λ = 500Mev/c) 
chiral NN interaction  

(3NFs arise naturally at N2LO)!
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-1!

VNN ! V3N 
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full!
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Inclusion of NNN forces  

✺ NNN forces can enter diagrams in three different ways: 

Correction to external 
1-Body interaction!

Correction to  
non-contracted  
2-Body interaction!

- Contractions are with fully correlated density 
 matrices  (BEYOND a normal ordering…) 
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FIG. 6. (Color online) (Data points) CCSD results (taken at the
h̄ω minima) for the binding energy of 4He with 3NFs as a function of
the number of oscillator shells. (Dashed lines) Exponential fit to the
data and asymptote of the fit. (Full line) Exact result.

due to the sharp cutoff in Vlow k . This might be improved by
using low-momentum interactions with smooth cutoffs [58].
Using the minima of the CCSD results with 3NFs, we make
an exponential fit of the form E(N ) = E∞ + a exp (−bN ) to
the data points. The result is shown in Fig. 6. The extrapolated
infinite model space value is E∞ = −28.09 MeV, which is
very close to the exact result E = −28.20(5) MeV.

It is interesting to analyze the different contributions "E
to the binding energy E. The individual contributions are
given in Fig. 7 for a model space of N = 4 oscillator shells
and h̄ω = 20 MeV. The main contribution stems from the
low-momentum NN interaction. The contributions from 3NFs
account only for about 10% of the total binding energy. This
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2-body only
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residual 3NF

estimated triples corrections

FIG. 7. (Color online) Relative contributions |"E/E| to the
binding energy of 4He at the CCSD level. The different points denote
the contributions from (1) low-momentum NN interactions, (2) the
vacuum expectation value of the 3NF, (3) the normal-ordered one-
body Hamiltonian due to the 3NF, (4) the normal-ordered two-body
Hamiltonian due to the 3NF, and (5) the residual 3NFs. The dotted
line estimates the corrections due to omitted three-particle/three-hole
clusters.

is consistent with the chiral EFT power-counting estimate
〈V3N〉 ∼ (Q/#χ )3〈Vlow k〉 ≈ 0.1〈Vlow k〉 [50] (see also Table I
in Ref. [52]). The second, third, and fourth largest contribution
are due to the first, second, and third term on the right-hand
side of Eq. (2). These are the density-dependent zero-, one-,
and two-body terms, which resulted from the normal ordering
of the three-body Hamiltonian in coupled-cluster theory.
The contributions from the residual three-body Hamiltonian,
Eq. (3), are very small and are represented by the last point
in Fig. 7. Recall that the residual 3NF contributes to the
energy directly through Eq. (12) and indirectly through a
modification of the cluster amplitudes via Eqs. (15) and (16).
Apparently, both contributions are very small. In addition and
independent of the result that low-momentum 3N interactions
are perturbative for cutoffs # <∼ 2 fm−1 [50], we find here that
the contributions of 3NFs decrease rapidly with increasing
rank of the normal-ordered terms.

The small contribution from the residual three-body Hamil-
tonian is the most important result of our study. It suggests that
one can neglect the residual terms of the 3NF when computing
binding energies of light nuclei. This is not unexpected
and has been anticipated in several earlier studies. Mihaila
and Heisenberg [19] computed the charge form factor for
16O within coupled-cluster theory and found a very good
agreement with experimental data by considering only the
density-dependent one- and two-body parts of 3NFs. Similarly,
Navrátil and Ormand [59] observed in no-core shell-model
calculations that density-dependent two-body terms are the
most significant contributions of effective three-body forces.
Our finding also support Zuker’s [60] idea that monopole
corrections to valence-shell interactions are due to the density-
dependent terms of 3NFs. Note finally that the modeling of
three-body interactions in terms of density-dependent two-
body Hamiltonians has a long history, see, e.g., Ref. [61].
Note that all these examples and the present study employ
sufficiently “soft” or “effective” interactions. We expect
that the smallness of residual 3NFs is a property of such
interactions. We will study the cutoff dependence of this
finding in future work. Finally, the smallness of residual
3NFs is also encouraging for future improved nuclear matter
calculations, which currently include low-momentum 3NFs
through density-dependent NN interactions [51].

The smallness of the residual three-body terms is also for
coupled-cluster calculations a most welcome result. This is
attractive for two reasons. First, the inclusion of the residual
three-nucleon Hamiltonian, as described in subsection II B,
is computationally expensive. It exceeds the cost of a CCSD
calculation for two-body Hamiltonians by a factor of order
O(nu) + O(n2

o) and is therefore significant for a large number
of unoccupied orbitals and/or large number of nucleons.
Second, the omission of the residual three-body Hamiltonian
will allow us to treat 3NFs within the standard coupled-cluster
theory developed for two-body Hamiltonians (after normal
ordering). As a result, we can take the CCSD calculations
one step further and include perturbative corrections of three-
particle/three-hole clusters [62].

Let us neglect the residual 3NF terms of Eq. (3) and
perform CCSD(T) calculations for the binding energy of 4He.
The approximate inclusion of three-particle/three-hole clusters

034302-9

[PhyRevC 76, 
034302 (2007)]!

pure 3-body 
contribution (small)!

 A. Carbone, CB, et al., Phys. Rev. C88, 054326 (2013)#
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for higher-order forces and e↵ective interactions beyond
the 3B level.

Hence, for a system with up to 3BFs, we define an
e↵ective Hamiltonian,

eH
1

= eU + eV + Ŵ (9)

where eU and eV represent e↵ective interaction operators.
The diagrammatic expansion arising from Eq. (7) with

the e↵ective Hamiltonian eH
1

is formed only of (1PI, skele-
ton) interaction-irreducible diagrams to avoid any poten-
tial double counting. Note that the 3B interaction, Ŵ ,
remains the same as in Eq. (1) but enters only the interac-
tion irreducible diagrams with respect to 3B interactions.
The explicit expressions for the 1B and 2B e↵ective in-
teraction operators are:

eU =
X

↵�

2

6

4

�U↵,� � i~
X

��

V↵�,��)G��(t � t+) +
i~
4

X

�✏
�⌘

W↵�✏,��⌘ G
II
�⌘,�✏(t � t+)

3

7

5

a†↵a� , (10)

eV =
1

4

X

↵�
��

"

V↵�,�� � i~
X

✏⌘

W↵�✏,��⌘ G⌘✏(t � t+)

#

a†↵a
†
�a�a� . (11)

We have introduced a specific component of the 4-point
GFs,

GII
�⌘,�✏(t � t0) = G4�pt

�⌘,�✏(t
+, t; t0, t0+) , (12)

which involves two-particle and two-hole propagation.
This is the so-called two-particle and two-time Green’s
function. Let us also note that the contracted propaga-
tors in Eqs. (10) and (11) correspond to the full 1B and
2B reduced density matrices of the system:

⇢1B�� = h N
0

| a†�a� | N
0

i = �i~G��(t � t+) , (13)

⇢2B�⌘,�✏ = h N
0

| a†�a†✏a⌘a� | N
0

i = i~GII
�⌘,�✏(t � t+) . (14)

In a self-consistent calculation, e↵ective interactions
should be computed iteratively at each step, using corre-
lated 1B and 2B propagators as input.

The e↵ective Hamiltonian of Eq. (9) not only regroups
Feynman diagrams in a more e�cient way, but also de-
fines the e↵ective 1B and 2B terms from higher order
interactions. Averaging the 3BF over one and two spec-
tator particles in the medium is expected to yield the
most important contributions to the many-body dynam-
ics in nuclei [31, 33]. We note that Eqs. (10) and (11)
are exact and can be derived rigorously from the per-
tubative expansion. Details of the proof are discussed
in Appendix B. As long as interaction irreducible dia-
grams are used together with the e↵ective Hamiltonian,
eH
1

, this approach provides a systematic way to incorpo-
rate many-body forces in the calculations and to gener-
ate e↵ective in-medium interactions. More importantly,
the formalism is such that symmetry factors are properly
considered and no diagram is over-counted.

This approach can be seen as a generalisation of
the normal ordering of the Hamiltonian with respect
to the reference state |�N

0

i, a procedure that has al-
ready been used in nuclear physics applications with

3BFs [31, 33, 48]. In both cases the eU and eV opera-
tors contain contributions from higher order forces, while
Ŵ remains unchanged. The normal ordered interactions
are then such that they a↵ect only excited configura-
tions with respect to |�N

0

i but not the reference state
itself. Similarly, the e↵ective operators discussed above
only enter interaction irreducible diagrams. As a matter
of fact, if the unperturbed 1B and 2B propagators were
used in Eqs. (10) and (11), the e↵ective operators eU and
eV would trivially reduce to the contracted 1B and 2B
terms of normal ordering. In the present case, however,
the contraction goes beyond normal ordering because it
is performed with respect to the exact correlated den-
sity matrices. To some extent, one can think of the ef-
fective Hamiltonian, eH, as being reordered with respect
to the interacting many-body ground-state | N

0

i, rather
than the non-interacting |�N

0

i. This e↵ectively incorpo-
rates correlations that, in the normal ordering procedure,
must be instead calculated explicitly by the many-body
approach. Calculations indicate that such correlated av-
erages are important in both the saturation mechanism
of nuclei and nuclear matter [27, 35].

Note that a normal ordered Hamiltonian also contains
a 0B term equal to the expectation value of the origi-
nal Hamiltonian, Ĥ, with respect to |�N

0

i. Likewise, the
full contraction of Ĥ, according to the procedure of Ap-

5

for higher-order forces and e↵ective interactions beyond
the 3B level.

Hence, for a system with up to 3BFs, we define an
e↵ective Hamiltonian,

eH
1

= eU + eV + Ŵ (9)
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should be computed iteratively at each step, using corre-
lated 1B and 2B propagators as input.

The e↵ective Hamiltonian of Eq. (9) not only regroups
Feynman diagrams in a more e�cient way, but also de-
fines the e↵ective 1B and 2B terms from higher order
interactions. Averaging the 3BF over one and two spec-
tator particles in the medium is expected to yield the
most important contributions to the many-body dynam-
ics in nuclei [31, 33]. We note that Eqs. (10) and (11)
are exact and can be derived rigorously from the per-
tubative expansion. Details of the proof are discussed
in Appendix B. As long as interaction irreducible dia-
grams are used together with the e↵ective Hamiltonian,
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rate many-body forces in the calculations and to gener-
ate e↵ective in-medium interactions. More importantly,
the formalism is such that symmetry factors are properly
considered and no diagram is over-counted.

This approach can be seen as a generalisation of
the normal ordering of the Hamiltonian with respect
to the reference state |�N
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i, a procedure that has al-
ready been used in nuclear physics applications with

3BFs [31, 33, 48]. In both cases the eU and eV opera-
tors contain contributions from higher order forces, while
Ŵ remains unchanged. The normal ordered interactions
are then such that they a↵ect only excited configura-
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i but not the reference state
itself. Similarly, the e↵ective operators discussed above
only enter interaction irreducible diagrams. As a matter
of fact, if the unperturbed 1B and 2B propagators were
used in Eqs. (10) and (11), the e↵ective operators eU and
eV would trivially reduce to the contracted 1B and 2B
terms of normal ordering. In the present case, however,
the contraction goes beyond normal ordering because it
is performed with respect to the exact correlated den-
sity matrices. To some extent, one can think of the ef-
fective Hamiltonian, eH, as being reordered with respect
to the interacting many-body ground-state | N
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i, rather
than the non-interacting |�N
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i. This e↵ectively incorpo-
rates correlations that, in the normal ordering procedure,
must be instead calculated explicitly by the many-body
approach. Calculations indicate that such correlated av-
erages are important in both the saturation mechanism
of nuclei and nuclear matter [27, 35].

Note that a normal ordered Hamiltonian also contains
a 0B term equal to the expectation value of the origi-
nal Hamiltonian, Ĥ, with respect to |�N
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Inclusion of NNN forces  

effectively: 
- Second order PT 
diagrams with 3BFs: 
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In Eq. (10), the two-time two-particle/two-hole propaga-
tor

GII

�⌘,�✏

(t � t0) = G4�pt

�⌘,�✏

(t+, t; t0, t0+) (12)

is an appropriate time ordering of Eq. (3) and the con-
tracted propagators yield the exact 1B and 2B reduced
density matrices:

⇢1B
��

= h N

0

| a†
�

a
�

| N

0

i = �i~G
��

(t � t+) , (13)

⇢2B
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i = i~GII

�⌘,�✏

(t � t+) . (14)

The e↵ective Hamiltonian (9) not only regroups Feyn-
man diagrams in a more e�cient way but it also allow
to extract the e↵ective 1B and 2B terms from higher or-
der interactions. Averaging the 3BF over one and two
spectator particles in the medium is expected yield the
most important contributions to the many-body dynam-
ics [27, 30]. We note that Eqs. (10) and (11) are exact
and are derived rigorously from the pertubative expan-
sion. Details of the proof are discussed in App. B. As
long as only interaction irreducible diagrams are used to-
gether with eH, this gives a systematic way to generate
e↵ective in medium interactions, it ensures that symme-
try factors are correct and no diagram is over counted.

This approach can be seen as a generalisation of the
normal ordering of the Hamiltonian with respect to the
reference state |�N

0

i, that has already been used in nu-
clear physic applications with 3BFs [27, 30, 39]. If the
unperturbed propagators G(0) and GII,(0) were used in

Eqs. (10) and (11), the e↵ective operators
b

eU and
b

eV would
trivially reduced to the contracted 1B and 2B terms of
normal ordering. In the present case, however, the con-
traction is performed with respect to the exact correlated
density matrices and the e↵ective Hamiltonian eH can be
thought as reordered with respect the the many-body
ground-state | N

0

i, which takes into account the correla-
tions of the system. Note that, following the procedure of
App. B, the full contraction of the original hamiltonian,
H, will yield to the exact ground state energy

E
g.s.

= �
X

↵�

T
↵�

i~G
�↵
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+
1

2
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0

|H | N

0

i , (15)

in accordance with our analogy between the eH = H
0

+ eH
1

and the usual normal ordered hamiltonian. In the latter,

(a) (b)

FIG. 3. 1PI, skeleton and interaction irreducible self-energy
diagrams appearing at 2nd-order in the perturbative expan-
sion of Eq. (7), making use of the e↵ective hamiltonian of
Eq. (9).

the 0B contraction part is simply the expectation value
of H with respect to the reference state.

A. Self-energy expansion up to third order

For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
gram. This is the second term on the right hand side of
Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
grams in terms of e↵ective interactions, such as Eqs. (10)
and (11), becomes useful only when 3BF or higher terms
are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :

⌃?,(1)

↵�

= eU
↵�

, (16)

Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
pected to be less important: this describes contributions
from 3p2h and 3h2p excitations at higher excitation en-
ergies and, moreover, 3BFs are generally weaker than
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density matrices and the e↵ective Hamiltonian eH can be
thought as reordered with respect the the many-body
ground-state | N
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i, which takes into account the correla-
tions of the system. Note that, following the procedure of
App. B, the full contraction of the original hamiltonian,
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in accordance with our analogy between the eH = H
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and the usual normal ordered hamiltonian. In the latter,
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FIG. 3. 1PI, skeleton and interaction irreducible self-energy
diagrams appearing at 2nd-order in the perturbative expan-
sion of Eq. (7), making use of the e↵ective hamiltonian of
Eq. (9).

the 0B contraction part is simply the expectation value
of H with respect to the reference state.

A. Self-energy expansion up to third order

For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
gram. This is the second term on the right hand side of
Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
grams in terms of e↵ective interactions, such as Eqs. (10)
and (11), becomes useful only when 3BF or higher terms
are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :

⌃?,(1)

↵�

= eU
↵�

, (16)

Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
pected to be less important: this describes contributions
from 3p2h and 3h2p excitations at higher excitation en-
ergies and, moreover, 3BFs are generally weaker than

5

(a) (b)

(c) (d)

FIG. 4. The one interaction irreducible diagrams (a) and the
three interaction reducible ones (b, c and d) that are contained
in Fig. 3a.

the corresponding 2BF (typically, < cW >⇡ 1

10

< bV >
for nuclear interactions [25, 39]). Note that, by expand-
ing the e↵ective 2B interaction according to Eq. (11),
the contribution of Fig. 3a splits in the four diagrams of
Fig. 4 [see also a similar example in Fig. 16]. Therefore,
at second order we have a total of five skeleton diagrams
of which only two are interaction irreducible and need to
be calculated when using the e↵ective interactions.

Figure 5 shows all the 17 interaction irreducible con-
tributions at third order. Diagrams 5a and 5b are the
only third order terms that come from only 2B interac-
tions, while the others are introduced by 3BFs. Again,
by expanding the eV e↵ective interaction would generate
a much larger number of diagrams (53 in total) of which
only two contain only 2BFs.

These diagrams are ordered in Fig. 5 in terms of in-
creasing numbers of 3B interactions and of increasing
number of particle-hole excitations. This should qualita-
tively correspond to decreasing importance of their con-
tributions. Diagrams 5a-5c only involve 2p1h and 2h1p
intermediate configurations, normally needed to describe
particle addition and removal energies to main quasipar-
ticle peaks as well as total ground state energies. Nu-
merically 5a and 5b only require evaluating Eq. (11) be-
forehand but can otherwise be dealt with using existing
2BF codes. They have already been exploited to include
3BFs in nuclear structure studies [21, 28, 31, 32]. Dia-
gram 5d includes one 3B irreducible interaction term and
still need to be investigated within the SCGF method,
although comparison to studies of normal ordered hamil-
tonians in [27, 30] clearly suggest smaller corrections to
the total energy with respect to 5a and 5b. This is in line
with the qualitative analysis of the number of eV and fW
interaction entering these diagrams. Note that 5a-5c all
represent the first order term in an all order summation
needed to account for configuration missing between 2p1h
or 2h1p excitations. Nowadays, resummations of these
configurations are performed routinely for the first two
diagrams in ADC(3) and FRPA calculations [10, 11, 16].

The remaining diagrams of Fig. 5 all include 3p2h

and 3h2p configurations that become necessary to re-
produce the fragmentation patterns of shakeup config-
urations in particle removal and addition experiments
(i.e. Dyson orbits beyond the main quasiparticle peaks).
These contributions are computationally more demand-
ing. Diagrams 5d to 5k all describe interaction between
2p1h (2h1p) and 3p2h (3h2p) configurations. These are
splitted into four contribution arising from the e↵ective
2BFs and four that are irreducible 3B interactions. Sim-
ilarly, the terms 5l to 5q are the first contribution to the
configuration missing among 3p2h or 3h2p states.

Appendix A gives some examples of applying the dia-
grammatic rules to calculate diagrams of Fig. 5. It must
be noted that the Feynman rules for the construction re-
main unaltered whether one uses the original (U and V )
or the e↵ective (eU or eV ) interactions; hence also symme-
try factors due to equivalent lines are unaltered.

III. EQUATIONS OF MOTION METHOD

The perturbation theory expansion of the previous sec-
tion is useful to identify new contributions arising from
the inclusion of 3B interactions. However, diagrams up
to third order alone do not incorporate all the neces-
sary information to describe strongly correlated quantum
many-body systems. For example, the strong repulsive
character of the nuclear force at short distances requires
explicit all orders summations of ladder series. All order
summations of 2p1h and 2h1p are also required in finite
systems to achieve accuracy of predicted ground state
and separation energies, as well as to preserve the cor-
rect analytic properties of the self-energy beyond second
order.

In order to investigate possible self-consistent expan-
sions of the irreducible self-energy ⌃? and approxima-
tions scheme for all order summations, we apply here the
equations of motion (EOM) method. The EOM tech-
nique defines a hierarchy of non perturbative equations
that link each n-body GF to the (n-1), (n+1) and (n+2)-
body GFs. Hence a truncation of this hierarchy is made
necessary to solve the system of equations [5]. Here,
we will follow the footprints of Ref. [40] and apply the
scheme up obtaining explicit equations for the 4-point
vested functions. In this case 6-point vertices also enter
the equations due to the presence of 3B interactions.

A. Equation of motion for G and proper self-energy

The equation of motions for a given propagator is
found by taking the derivative of its time arguments and
therefore of the creation and annihilation operator in def-
initions (2-4). For the case of the unperturbed propaga-
tor,
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†
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FIG. 5. 1PI, skeleton and interaction irreducible self-energy diagrams appearing at 3rd-order in perturbative expansion (7),
making use of the e↵ective hamiltonian of Eq. (9).

this boils down to the equation of motion of the operators
in interaction picture [6]:
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0

] = "
↵

aI
↵

(t) . (18)
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where the delta functions come from the derivative of the
step-function decomposition of the time-ordered product
in. Eq. (19) gives the inverse operator of G(0).

The same procedure applied to the exact propagator,
G(t� t0), requires the time-derivative of the annihilation
operators in the Heisenberg picture. For the hamiltonian
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The e↵ective Hamiltonian (9) not only regroups Feyn-
man diagrams in a more e�cient way but it also allow
to extract the e↵ective 1B and 2B terms from higher or-
der interactions. Averaging the 3BF over one and two
spectator particles in the medium is expected yield the
most important contributions to the many-body dynam-
ics [27, 30]. We note that Eqs. (10) and (11) are exact
and are derived rigorously from the pertubative expan-
sion. Details of the proof are discussed in App. B. As
long as only interaction irreducible diagrams are used to-
gether with eH, this gives a systematic way to generate
e↵ective in medium interactions, it ensures that symme-
try factors are correct and no diagram is over counted.

This approach can be seen as a generalisation of the
normal ordering of the Hamiltonian with respect to the
reference state |�N

0

i, that has already been used in nu-
clear physic applications with 3BFs [27, 30, 39]. If the
unperturbed propagators G(0) and GII,(0) were used in

Eqs. (10) and (11), the e↵ective operators
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eU and
b

eV would
trivially reduced to the contracted 1B and 2B terms of
normal ordering. In the present case, however, the con-
traction is performed with respect to the exact correlated
density matrices and the e↵ective Hamiltonian eH can be
thought as reordered with respect the the many-body
ground-state | N

0

i, which takes into account the correla-
tions of the system. Note that, following the procedure of
App. B, the full contraction of the original hamiltonian,
H, will yield to the exact ground state energy
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in accordance with our analogy between the eH = H
0

+ eH
1

and the usual normal ordered hamiltonian. In the latter,
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FIG. 3. 1PI, skeleton and interaction irreducible self-energy
diagrams appearing at 2nd-order in the perturbative expan-
sion of Eq. (7), making use of the e↵ective hamiltonian of
Eq. (9).

the 0B contraction part is simply the expectation value
of H with respect to the reference state.

A. Self-energy expansion up to third order

For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
gram. This is the second term on the right hand side of
Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
grams in terms of e↵ective interactions, such as Eqs. (10)
and (11), becomes useful only when 3BF or higher terms
are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :

⌃?,(1)

↵�

= eU
↵�

, (16)

Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
pected to be less important: this describes contributions
from 3p2h and 3h2p excitations at higher excitation en-
ergies and, moreover, 3BFs are generally weaker than
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The e↵ective Hamiltonian (9) not only regroups Feyn-
man diagrams in a more e�cient way but it also allow
to extract the e↵ective 1B and 2B terms from higher or-
der interactions. Averaging the 3BF over one and two
spectator particles in the medium is expected yield the
most important contributions to the many-body dynam-
ics [27, 30]. We note that Eqs. (10) and (11) are exact
and are derived rigorously from the pertubative expan-
sion. Details of the proof are discussed in App. B. As
long as only interaction irreducible diagrams are used to-
gether with eH, this gives a systematic way to generate
e↵ective in medium interactions, it ensures that symme-
try factors are correct and no diagram is over counted.

This approach can be seen as a generalisation of the
normal ordering of the Hamiltonian with respect to the
reference state |�N

0

i, that has already been used in nu-
clear physic applications with 3BFs [27, 30, 39]. If the
unperturbed propagators G(0) and GII,(0) were used in

Eqs. (10) and (11), the e↵ective operators
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eU and
b

eV would
trivially reduced to the contracted 1B and 2B terms of
normal ordering. In the present case, however, the con-
traction is performed with respect to the exact correlated
density matrices and the e↵ective Hamiltonian eH can be
thought as reordered with respect the the many-body
ground-state | N

0

i, which takes into account the correla-
tions of the system. Note that, following the procedure of
App. B, the full contraction of the original hamiltonian,
H, will yield to the exact ground state energy
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in accordance with our analogy between the eH = H
0

+ eH
1

and the usual normal ordered hamiltonian. In the latter,
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FIG. 3. 1PI, skeleton and interaction irreducible self-energy
diagrams appearing at 2nd-order in the perturbative expan-
sion of Eq. (7), making use of the e↵ective hamiltonian of
Eq. (9).

the 0B contraction part is simply the expectation value
of H with respect to the reference state.

A. Self-energy expansion up to third order

For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
gram. This is the second term on the right hand side of
Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
grams in terms of e↵ective interactions, such as Eqs. (10)
and (11), becomes useful only when 3BF or higher terms
are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :

⌃?,(1)

↵�

= eU
↵�

, (16)

Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
pected to be less important: this describes contributions
from 3p2h and 3h2p excitations at higher excitation en-
ergies and, moreover, 3BFs are generally weaker than
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FIG. 5. 1PI, skeleton and interaction irreducible self-energy diagrams appearing at 3rd-order in perturbative expansion (7),
making use of the e↵ective hamiltonian of Eq. (9).
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where the delta functions come from the derivative of the
step-function decomposition of the time-ordered product
in. Eq. (19) gives the inverse operator of G(0).

The same procedure applied to the exact propagator,
G(t� t0), requires the time-derivative of the annihilation
operators in the Heisenberg picture. For the hamiltonian
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The e↵ective Hamiltonian (9) not only regroups Feyn-
man diagrams in a more e�cient way but it also allow
to extract the e↵ective 1B and 2B terms from higher or-
der interactions. Averaging the 3BF over one and two
spectator particles in the medium is expected yield the
most important contributions to the many-body dynam-
ics [27, 30]. We note that Eqs. (10) and (11) are exact
and are derived rigorously from the pertubative expan-
sion. Details of the proof are discussed in App. B. As
long as only interaction irreducible diagrams are used to-
gether with eH, this gives a systematic way to generate
e↵ective in medium interactions, it ensures that symme-
try factors are correct and no diagram is over counted.

This approach can be seen as a generalisation of the
normal ordering of the Hamiltonian with respect to the
reference state |�N
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i, that has already been used in nu-
clear physic applications with 3BFs [27, 30, 39]. If the
unperturbed propagators G(0) and GII,(0) were used in
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eU and
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trivially reduced to the contracted 1B and 2B terms of
normal ordering. In the present case, however, the con-
traction is performed with respect to the exact correlated
density matrices and the e↵ective Hamiltonian eH can be
thought as reordered with respect the the many-body
ground-state | N
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i, which takes into account the correla-
tions of the system. Note that, following the procedure of
App. B, the full contraction of the original hamiltonian,
H, will yield to the exact ground state energy
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diagrams appearing at 2nd-order in the perturbative expan-
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the 0B contraction part is simply the expectation value
of H with respect to the reference state.

A. Self-energy expansion up to third order

For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
gram. This is the second term on the right hand side of
Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
grams in terms of e↵ective interactions, such as Eqs. (10)
and (11), becomes useful only when 3BF or higher terms
are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :

⌃?,(1)

↵�
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, (16)

Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
pected to be less important: this describes contributions
from 3p2h and 3h2p excitations at higher excitation en-
ergies and, moreover, 3BFs are generally weaker than
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is an appropriate time ordering of Eq. (3) and the con-
tracted propagators yield the exact 1B and 2B reduced
density matrices:
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The e↵ective Hamiltonian (9) not only regroups Feyn-
man diagrams in a more e�cient way but it also allow
to extract the e↵ective 1B and 2B terms from higher or-
der interactions. Averaging the 3BF over one and two
spectator particles in the medium is expected yield the
most important contributions to the many-body dynam-
ics [27, 30]. We note that Eqs. (10) and (11) are exact
and are derived rigorously from the pertubative expan-
sion. Details of the proof are discussed in App. B. As
long as only interaction irreducible diagrams are used to-
gether with eH, this gives a systematic way to generate
e↵ective in medium interactions, it ensures that symme-
try factors are correct and no diagram is over counted.

This approach can be seen as a generalisation of the
normal ordering of the Hamiltonian with respect to the
reference state |�N

0

i, that has already been used in nu-
clear physic applications with 3BFs [27, 30, 39]. If the
unperturbed propagators G(0) and GII,(0) were used in

Eqs. (10) and (11), the e↵ective operators
b

eU and
b

eV would
trivially reduced to the contracted 1B and 2B terms of
normal ordering. In the present case, however, the con-
traction is performed with respect to the exact correlated
density matrices and the e↵ective Hamiltonian eH can be
thought as reordered with respect the the many-body
ground-state | N

0

i, which takes into account the correla-
tions of the system. Note that, following the procedure of
App. B, the full contraction of the original hamiltonian,
H, will yield to the exact ground state energy

E
g.s.

= �
X

↵�

T
↵�

i~G
�↵

(t � t+)

+
1

2

X

↵�

��

V
↵�,��

i~GII

��,↵�

(t � t+)

�1

6

X

↵�✏

��⌘

W
↵�✏,��⌘

i~GIII

��⌘,↵�✏

(t � t+)

= h N

0

|H | N

0

i , (15)

in accordance with our analogy between the eH = H
0

+ eH
1

and the usual normal ordered hamiltonian. In the latter,

(a) (b)

FIG. 3. 1PI, skeleton and interaction irreducible self-energy
diagrams appearing at 2nd-order in the perturbative expan-
sion of Eq. (7), making use of the e↵ective hamiltonian of
Eq. (9).

the 0B contraction part is simply the expectation value
of H with respect to the reference state.

A. Self-energy expansion up to third order

For a 2B Hamiltonian, the only possible interaction
reducible contribution is the extended Hartree-Fock dia-
gram. This is the second term on the right hand side of
Eq. (10) and Fig. (1). It appears only at first order in
any SCGF expansion and it is routinely included in most
GF calculations with 2B forces. Thus, regrouping dia-
grams in terms of e↵ective interactions, such as Eqs. (10)
and (11), becomes useful only when 3BF or higher terms
are present. Here, we are interested in the new diagrams
that need to be considered when one includes 3BFs. To
this purpose we derive and list all interaction irreducible
contributions to the proper self-energy, up to third order
in perturbation theory.

At first order, only one interaction irreducible contri-
bution is present which exactly corresponds to eU :

⌃?,(1)

↵�

= eU
↵�

, (16)

Being a self-energy insertion itself, eU will not appear in
any other skeleton diagram. In spite of the fact that
it only contributes to Eq. (16), the e↵ective 1B poten-
tial is very important because it defines in full the en-
ergy independent part of the self energy, hence it rep-
resents the (static) mean field seen by every particle.
Through Eq. (10), we see that this potential incorpo-
rates three separate terms, including the Hartree-Fock
potentials due to both 2B and 3BFs and higher order
interaction reducible contributions due to the dressed G
and GII propagators. Thus, the full calculation of ⌃?,(1)

requires an iterative procedure to evaluate these propa-
gators self-consistently.

At second order there are only the two interaction ir-
reducible diagrams shown in Fig. 3. Diagram 3a is the
well known contribution due to only 2BFs that freely
propagates two-particle–one-hole (2p1h) and two-hole–
one-particle (2h1p) states. Fig. 3b is the new diagram
arising from explicit 3BF interactions, which may ex-
pected to be less important: this describes contributions
from 3p2h and 3h2p excitations at higher excitation en-
ergies and, moreover, 3BFs are generally weaker than

 A. Carbone, CB, et al., Phys. Rev. C88, 054326 (2013)#



Results for the N-O-F chains 
 A. Cipollone, CB, P. Navrátil, Phys. Rev. Lett. 111, 062501 (2013) 
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Neutron spectral function of Oxygens 
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Calcium isotopic chain 

!  induced and full3NF investigated 
! genuine (N2LO) 3NF needed to correct the energy curvature 
! Full 3NF give a correct trend but overbind! 
!   convergence worsens after A���!

Ab-initio calculation of the whole Ca chain with NN+3N forces!
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!  induced and full3NF investigated 
! genuine (N2LO) 3NF needed to correct the energy curvature 
! Full 3NF give a correct trend but overbind! 
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Calcium isotopic chain 

!  induced and full3NF investigated 
! genuine (N2LO) 3NF needed to reproduce S2n 

! N=20 and Z=20 gaps overestimated! 

Two-neutron separation energies!

V.!Somà,!CB!et#al.,!
!arXiv:1312.2068![nucl:th]!
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Neighbouring chains: Ar, K, Sc, Ti 
V.!Somà,!CB!et#al.,!arXiv:1312.2068![nucl:th]!
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Optical Potentials Based on the 
Nuclear Self-energy 



Self-Consistent Green’s Function Approach 
[CB, Jennings, Nucl. Phys A758, 395c (2005) 

Phys Rev. C72, 014613 (2005)] 

gII(ω)�

pp/hh-RPA; two-nucleon transfer�

Π(ph)(ω)�

ph-RPA; nuclear response function, 
giant/pygmy resonances, Gamow-Teller 

optical potential 

Dyson 
Eq.�

single-particle motion�

S(r,ω)�
Faddeev-RPA�

[CB, et al., Phys. Rev. A76, 052503 (2007)] 



Nucleon elastic scattering�

EF�

A+1�

A:1�

E�

mean:field�
resonances!
beyond!mean:field�

The irreducible self-energy is a nucleon-nucleus optical 
potential [see e.g. Mahaux and Sartor, Adv. Nucl. Phys. 20, (1991)] 
 
 
 
 
 
 
 
 
 
 
 
" This provides consistent overlaps and scattering 
wave functions 
 



p-16O phase shifts – positive parity waves 
[C.B., B.Jennings,"
Phys. Rev. C72, 014613 (2005)]"

• AV18 interaction 

• The phase shift are in 
agreement with the 
experiment! 

• BUT does not reproduce 
phase shifts and bound state 
energies at the same time  
! need for improved H / 3NF 

• Non-MF resonances “OK” 



•  Jw: integral over the 
imaginary optical potential 
(overall absorption) 

•  angular momentum 
dependence (non locality) 
not negligible!   
! in particular below EF 

 

Convergence of Ab-Initio 
Calculated Optical Potentials  

S.(Waldecker,!CB,!W.Dickhoff!–!Phys.!Rev.!C84,!034616!(2011)�
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…
. 

Single particle energies – driven by tensor + 3N force… 
(see works by T. Otsuka PRL2005, 2010) 
 

Quenching of spectral strength (spect. factor) – driven 
by coupling to collective modes… 
 

• Role of tensor force?? 

• Collective, charge exchange 
 effects??? 
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Microscopic Optical Potential from FRPA�

•  absorption away from EF is enhanced by the tensor force 

•  little effects from charge exchange (e.g. p-48Ca <-> n-48Sc) 

Jw: integral over the imaginary opt. pot (overall absorption)�

tensor!
!force�

S.(Waldecker,!CB,!W.Dickhoff!–!Phys.!Rev.!C84,!034616!(2011)�

!Full!FRPA!result!(w/!av18)!
!Charge:exchange!d.o.f.!suppressed!
!Tensor!force!suppressed 
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�  The GORKOV formulation permits for the first time ab-initio calculations of binding 
energies, spectral quantities, and so on…   for open-shell semi-magic nuclei: this means 
MANY of THEM, in the MID-MASS region, and previously out of reach for ab-initio.  

� Consistent prediction of s.p, spectral distribution and scattering 

� Performance of chiral nuclear forces for finite nuclei: 
•  Leading  three nucleon forces (NNLO) are ALWAYS needed to explain the 

proper trends. They equally set the driplines of O, N, and F. 

•  N, O, F region: binding energies are predicted OK (<1%), radii small. 
•  Ar, K, Ca, Sc, Ti region: overbound by ~1MeV/A. 

•  N=20, Z=20 gaps and separations among major 
shells are exaggerated. 

•  Absorption in optical potentials above the girant 
resonances dominated by tensor force. 
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Evolved chiral 3NF  and  the Ca isotopes 

N3LO (Λ = 500Mev/c) chiral NN interaction evolved to 2N + 3N forces (2.0fm-1) 
N2LO (Λ = 400Mev/c) chiral 3N interaction  evolved (2.0fm-1)!

 A. Cipollone, CB, V.Somà, P. Navratil!
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TABLE 1. Predicted matter radii (in fm) for 16O and 44Ca form SRG evolved 2N-
only interactions and by including induced and full 3NF. Experiment are charge radii.

2NF only 2+3NF(ind.) 2+3NF(full) Experiment
16O: 2.10 2. 41 2.38 2.718±0.210 [19]

44Ca: 2.48 2.93 2.94 3.520±0.005 [20]
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C⇤
d w�⇥µ,⌅⇤⌥ g⌥µ( ) . (2)

These definition extend the normal ordering approach of Ref. [11] by contracting with
fully correlated propagators, as opposed to a mean-field reference state. The matrix
elements u(3NF)

�⇥ and v(3NF)
�⇥ ,⌅⇤ are then added to the existing 1N and 2N forces with

the caveat that only interaction irreducible diagrams are retained to ensure the correct
symmetry factors in the diagrammatic expansion [15].

After obtaining the sp propagator g( ) the total binding energy can be calculated as
usual through the Koltun sum rule which—due the the presence of 3NF—acquires the
corrected form

EA
0 = ⇤

� ⇥

1
4�i

Z

C⇤
d 

⇥
u�⇥ + ⇤�⇥

⇤
g⇥�( ) � 1

2
⌅⇥A

0 |Ŵ |⇥A
0 ⇧ . (3)

Eq. (3) is still an exact equation. However, it requires to evaluate the expectation value
of the 3NF part of the hamiltonian < Ŵ > which is calculated here to first order in Ŵ .

Calculations for closed sub-shell oxygen isotopes were performed for the chiral N3LO
2NF [16] and N2LO 3NF [17] with the cutoff of 400 MeV as introduced in Ref. [11].
These were evolved to a cutoff ⇧ = 1.88 fm�1 using free-space similarity renormaliza-
tion group (SRG) [18]. We employed large model spaces of up to 12 harmonic oscillator
shells with frequency h̄ =20 MeV. Results for the induced 3NF are obtained from the
SRG evolution of the original 2NF only and are indicated by red squares in Fig. 1. These
are to be considered analogous to predictions of the sole N3LO 2NF and systematically
under bind the oxygen isotopes. Adding full 3NFs, that include in particular the two-
pion exchange Fujita-Miyazawa contribution, reproduces experimental binding energies
throughout the isotopic chain and the location of the neutron dripline. Table 1 shows that
although SRG evolved 2NFs alone underestimate the nuclear radii, results improve with
the inclusion of 3NFs.

Gorkov formalism for open-shell isotopes. The Gorkov’s approach handles intrinsic
degeneracies of open shell systems by allowing the breaking of particle number sym-
metry. One considers the grand canonical hamiltonian �int = Hint � µpẐ � µnN̂ and
constrains expectation values of proton and neutron number operators to the expected
values. This allows defining a superfluid state which already accounts for pairing corre-
lation and can be used as reference for Green’s function diagrammatic expansion. The
formalism for Gorkov self-consistent Green’s function (Gorkov-SCGF) theory up to sec-
ond order in the self-energy has been worked out in full in Ref. [12], for 2N interactions
only. First results are reported in [13].

exp. neutron Fermi energy EF!

~7.9 MeV !

CB!et#al.,!arXiv:1211.3315![nucl:th]!

(evolved) 3NF interactions 
well reproduces energies  

 

radii still remain a challenge!



[F. Flavigny et al, PRL110, 122503 (2013)]!

Single nucleon transfer in the oxygen chain 

fair agreement obtained for the calculation of the 16O rms
radii performed with the SLy4 interaction [31] compared to
the values deduced from 16Oðe; e0pÞ15Ngs and 15N3=2#
analyses [5], both states with large SFs. We thus adopted
the HFB radii calculated for the 0p wave functions for 14O
and 18O and deduced the corresponding values of r0. The
same calculation was done with other Skyrme interactions,
always in fair agreement with the 16Oðe; e0pÞ results, from
which we deduced a variance for r0.

The calculated angular distributions were normalized to
the data by a factor C2Sexp, which defines a so-called
experimental SF. C2Sexp are mainly sensitive to the most
forward angles, and so little sensitive to the details of the
nuclear potentials. C2Sexp strongly depend on radii with
!SF=SF $ 6!rrms=rrms in the 14Oðd; tÞ analysis.

We first reanalyzed published data for single nucleon
pickup reactions at about the same incident energy in direct
kinematics [19–21] on 16O and 18O targets. The angular
distributions were well reproduced in all cases by CRC
calculations. For 16Oðd; 3HeÞ at 14 and 26 MeV=nucleon,
we obtained same C2Sexp, which confirms the energy in-
dependence of the analysis. For the 14O (d, 3He) and
14O (d; t) transfers, the shape of the angular distributions

is nicely reproduced (Fig. 2) by the CRC calculations
assuming a !l ¼ 1 transferred angular momentum, as
expected from the transfer of a 0p nucleon.
In the second approach, we employed ab initio SFs and

OFs obtained from the single-particle Green’s function in
the third order algebraic diagrammatic construction
method [ADC(3)] [14,32]. Calculations were based on
chiral two-body next-to-next-to-next-to leading order
(N3LO) [33] plus three-body next-to-next-to leading order
(N2LO) [34] interactions evolved to a cutoff ! ¼
1:88 fm#1, as introduced in Ref. [35]. All microscopic
OFs were further rescaled in coordinate space by the
same factor (i.e., introducing only one phenomenological
correction) to account for differences of predicted [30] and
experimental rms radius of 16O. The OFs corresponding to
the removal of main peaks at large and small nucleon
separation energies are shown in Figs. 3(a) and 3(b),
respectively, and compared to the Wood-Saxon prescrip-
tion. We note very little radial difference in the removal of
the strongly bound neutron in 14O.
We give in Table I the normalizations C2Sexp for the two

kinds of OFs. From theoretical SFs inputs, either micro-
scopic ab initio SFs [30] or shell-model SFs, we obtain a
theoretical value "thð#Þ and the reduction factor Rs ¼
"expð#Þ="thð#Þ. For shell-model SFs, we performed two
calculations with different valence space and interaction:
(i) in the 0pþ 2@! valence space with Oxbash [36] and
the WBT interaction [37] shown in Table I (here the active
orbitals are 0p3=2 and 0p1=2 and only 2p2h excitations
toward the sd orbitals are allowed), and (ii) in the
0p1s0d valence space with Nushellx [38] and a new inter-
action [39]. With the WBT interaction, we find good
agreement for the energies of the listed states, while with
the new interaction the energies of excited states in 13N and
15N disagree by several MeV. Finally, we show the reduc-
tion factor Rs, also plotted in Figs. 4(a) and 4(b), for WS
and microscopic OFs, respectively. In the total uncertainty,
we set apart in a box the uncertainties originating from the
analysis: (i) imperfect knowledge of entrance and exit
potentials, and (ii) the variance in the calculation of rms
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FIG. 3 (color online). Radial dependence of (a), (b) the OFs for
WS and microscopic (SCGF) [30] form factors normalized to 1;
(c), (d) the OF difference $ (SCGF#WS).

TABLE I. The normalization C2Sexp for two OFs, phenomenological (WS) and microscopic (SCGF) [30]. For the WS OF, the
r0 values were chosen to reproduce RHFB

rms , except for
16O for which Rrms was taken from (e, e0p) data (see text). The SFs C2Sth are

obtained from shell-model calculations with the WBT interaction. In the second part, the analysis was performed with microscopic
OFs and SFs. The two errors for C2Sexp and Rs are the experimental and analysis errors.

RHFB
rms r0 C2Sexp C2Sth Rs C2Sexp C2Sth Rs

Reaction E' (MeV) J% (fm) (fm) (WS) 0pþ 2@! (WS) (SCGF) (SCGF) (SCGF)

14O (d, t) 13O 0.00 3=2# 2.69 1.40 1.69 (17)(20) 3.15 0.54(5)(6) 1.89(19)(22) 3.17 0.60(6)(7)
14O (d, 3He) 13N 0.00 1=2# 3.03 1.23 1.14(16)(15) 1.55 0.73(10)(10) 1.58(22)(2) 1.58 1.00(14)(1)

3.50 3=2# 2.77 1.12 0.94(19)(7) 1.90 0.49(10)(4) 1.00(20)(1) 1.90 0.53(10)(1)
16O (d, t) 15O 0.00 1=2# 2.91 1.46 0.91(9)(8) 1.54 0.59(6)(5) 0.96(10)(7) 1.73 0.55(6)(4)
16O (d, 3He) 15N [19,20] 0.00 1=2# 2.95 1.46 0.93(9)(9) 1.54 0.60(6)(6) 1.25(12)(5) 1.74 0.72(7)(3)

6.32 3=2# 2.80 1.31 1.83(18)(24) 3.07 0.60(6)(8) 2.24(22)(10) 3.45 0.65(6)(3)
18O (d, 3He) 17N [21] 0.00 1=2# 2.91 1.46 0.92(9)(12) 1.58 0.58(6)(10)
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fair agreement obtained for the calculation of the 16O rms
radii performed with the SLy4 interaction [31] compared to
the values deduced from 16Oðe; e0pÞ15Ngs and 15N3=2#
analyses [5], both states with large SFs. We thus adopted
the HFB radii calculated for the 0p wave functions for 14O
and 18O and deduced the corresponding values of r0. The
same calculation was done with other Skyrme interactions,
always in fair agreement with the 16Oðe; e0pÞ results, from
which we deduced a variance for r0.

The calculated angular distributions were normalized to
the data by a factor C2Sexp, which defines a so-called
experimental SF. C2Sexp are mainly sensitive to the most
forward angles, and so little sensitive to the details of the
nuclear potentials. C2Sexp strongly depend on radii with
!SF=SF $ 6!rrms=rrms in the 14Oðd; tÞ analysis.

We first reanalyzed published data for single nucleon
pickup reactions at about the same incident energy in direct
kinematics [19–21] on 16O and 18O targets. The angular
distributions were well reproduced in all cases by CRC
calculations. For 16Oðd; 3HeÞ at 14 and 26 MeV=nucleon,
we obtained same C2Sexp, which confirms the energy in-
dependence of the analysis. For the 14O (d, 3He) and
14O (d; t) transfers, the shape of the angular distributions

is nicely reproduced (Fig. 2) by the CRC calculations
assuming a !l ¼ 1 transferred angular momentum, as
expected from the transfer of a 0p nucleon.
In the second approach, we employed ab initio SFs and

OFs obtained from the single-particle Green’s function in
the third order algebraic diagrammatic construction
method [ADC(3)] [14,32]. Calculations were based on
chiral two-body next-to-next-to-next-to leading order
(N3LO) [33] plus three-body next-to-next-to leading order
(N2LO) [34] interactions evolved to a cutoff ! ¼
1:88 fm#1, as introduced in Ref. [35]. All microscopic
OFs were further rescaled in coordinate space by the
same factor (i.e., introducing only one phenomenological
correction) to account for differences of predicted [30] and
experimental rms radius of 16O. The OFs corresponding to
the removal of main peaks at large and small nucleon
separation energies are shown in Figs. 3(a) and 3(b),
respectively, and compared to the Wood-Saxon prescrip-
tion. We note very little radial difference in the removal of
the strongly bound neutron in 14O.
We give in Table I the normalizations C2Sexp for the two

kinds of OFs. From theoretical SFs inputs, either micro-
scopic ab initio SFs [30] or shell-model SFs, we obtain a
theoretical value "thð#Þ and the reduction factor Rs ¼
"expð#Þ="thð#Þ. For shell-model SFs, we performed two
calculations with different valence space and interaction:
(i) in the 0pþ 2@! valence space with Oxbash [36] and
the WBT interaction [37] shown in Table I (here the active
orbitals are 0p3=2 and 0p1=2 and only 2p2h excitations
toward the sd orbitals are allowed), and (ii) in the
0p1s0d valence space with Nushellx [38] and a new inter-
action [39]. With the WBT interaction, we find good
agreement for the energies of the listed states, while with
the new interaction the energies of excited states in 13N and
15N disagree by several MeV. Finally, we show the reduc-
tion factor Rs, also plotted in Figs. 4(a) and 4(b), for WS
and microscopic OFs, respectively. In the total uncertainty,
we set apart in a box the uncertainties originating from the
analysis: (i) imperfect knowledge of entrance and exit
potentials, and (ii) the variance in the calculation of rms
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FIG. 3 (color online). Radial dependence of (a), (b) the OFs for
WS and microscopic (SCGF) [30] form factors normalized to 1;
(c), (d) the OF difference $ (SCGF#WS).

TABLE I. The normalization C2Sexp for two OFs, phenomenological (WS) and microscopic (SCGF) [30]. For the WS OF, the
r0 values were chosen to reproduce RHFB

rms , except for
16O for which Rrms was taken from (e, e0p) data (see text). The SFs C2Sth are

obtained from shell-model calculations with the WBT interaction. In the second part, the analysis was performed with microscopic
OFs and SFs. The two errors for C2Sexp and Rs are the experimental and analysis errors.

RHFB
rms r0 C2Sexp C2Sth Rs C2Sexp C2Sth Rs

Reaction E' (MeV) J% (fm) (fm) (WS) 0pþ 2@! (WS) (SCGF) (SCGF) (SCGF)

14O (d, t) 13O 0.00 3=2# 2.69 1.40 1.69 (17)(20) 3.15 0.54(5)(6) 1.89(19)(22) 3.17 0.60(6)(7)
14O (d, 3He) 13N 0.00 1=2# 3.03 1.23 1.14(16)(15) 1.55 0.73(10)(10) 1.58(22)(2) 1.58 1.00(14)(1)

3.50 3=2# 2.77 1.12 0.94(19)(7) 1.90 0.49(10)(4) 1.00(20)(1) 1.90 0.53(10)(1)
16O (d, t) 15O 0.00 1=2# 2.91 1.46 0.91(9)(8) 1.54 0.59(6)(5) 0.96(10)(7) 1.73 0.55(6)(4)
16O (d, 3He) 15N [19,20] 0.00 1=2# 2.95 1.46 0.93(9)(9) 1.54 0.60(6)(6) 1.25(12)(5) 1.74 0.72(7)(3)

6.32 3=2# 2.80 1.31 1.83(18)(24) 3.07 0.60(6)(8) 2.24(22)(10) 3.45 0.65(6)(3)
18O (d, 3He) 17N [21] 0.00 1=2# 2.91 1.46 0.92(9)(12) 1.58 0.58(6)(10)
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radii (and consequently of r0) due to different Skyrme
interactions, provided the rms radii of 15N extracted from
(e, e0p) [5] are reproduced. All the other experimental
uncertainties are accounted for by the error bars displayed
on Fig. 4. A rather flat trend is found without the need
for the large asymmetry dependence suggested by inter-
mediate energy knockout data analyzed with the eikonal
formalism [10]. For a quantitative evaluation, we fitted
the reduction factor with a linear dependence Rs¼
!"!Sþ". We obtained mean values for ! and " with
associated errors from a minimization over the 48 data sets,
considering (i) eight combinations of optical potentials for
the entrance and exit channels, (ii) three Skyrme interac-
tions to calculate the rms radii, and (iii) the two above-
mentioned shell-model calculations.

For the WS OF, the reduction factor Rs ¼ 0:538ð28Þð18Þ
(for !S ¼ 0 nuclei) is in agreement with Ref. [9] and the
slope parameter ! ¼ 0:0004ð24Þð12Þ MeV&1, therefore
consistent with zero. The first standard error obtained
over one data set depends on the experimental uncertain-
ties; the second one comes from the distribution over the 48
data sets. Within the error bars, the data do not contradict
the weak dependence found by ab initio calculations, with
!0 ¼ &0:0039 MeV&1 between the two 14O points in
Ref. [7], although the calculated !S is much reduced
compared to the experimental value.

Despite different OFs and SFs, the analysis
performed with the ab initio OF [30] provides very
similar results with Rsð!S¼0Þ¼0:636ð34Þð42Þ and !¼
&0:0042ð28Þð36ÞMeV&1, with calculated !S¼17:6MeV
[Fig. 4(b)].
In summary, we measured exclusive differential cross

sections at 18 MeV=nucleon for the 14Oðd; tÞ13O and
14Oðd; 3HeÞ13N transfer reactions and elastic scattering.
WS OFs with a constraint on HF radii and microscopic
OFs (obtained from SCFG theory) have been compared for
the first time for symmetric and very asymmetric nuclei
and gave similar results. We extracted the reduction factors
Rs over a high asymmetry range, !S ¼ '18:5 MeV, for
oxygen isotopes. From the good agreement between the
CRC calculations and the set of transfer data highlighted in
our work, the asymmetry dependence is found to be non-
existent (or weak), within the error bars. This result is in
agreement with ab initio Green’s function and coupled-
cluster calculations [7,14], but contradicts the trend
observed in nucleon knockout data obtained at incident
energies below 100 MeV=nucleon and analyzed with the
sudden-eikonal formalism. The disagreement of the two
systematic trends from knockout and transfer calls for a
better description of so-called direct reaction mechanisms
in order that a consistent picture of nuclear structure
emerges from measurements at different incident energies.
The authors thank N. T. Timofeyuk and N. Alamanos for

enlightening discussions and P. Navrátil for providing
evolved two- and three-body interactions relevant to this
study. This work was supported by LIA COPIGAL and
POLONIUM PHC under Grant No. 22470XA. Theoretical
work was supported by the UK’s STFC Grant No. ST/
J000051/1.
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FIG. 4 (color online). Reduction factors Rs obtained with (a) a
WS OF and the SLy4 interaction [31], averaged over four
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calculations performed with the WBT interaction [37] in the
0pþ 2@! valence space; (b) a microscopic (SCGF) form factor
[30]. The detail of error bars is given in text.
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! Analysis of 14O(d,t)13O and 14O(d,3He)13N transfer reactions @ SPIRAL!

-  Overlap functions and strengths from GF 

-  Rs independent of asymetry!


