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Physics Case

effective Lagrangian

Leff = Lππ(fπ,mπ) + LπN(fπ,MN , gA, ci , di , ...) + LNN(Ci , C̃i ,Di , ...) + . . .

R. Machleidt, D. R. Entem, Phys. Rep. 503, 1 (2011)

E. Epelbaum, H.-W. Hammer, Ulf-G. Meißner, Rev. Mod. Phys. 81, 1773 (2009)

Our goal is to accurately describe the nuclear many-body system

How much freedom do we have when choosing the parameters of our chiral
Lagrangian?

Important for assessing and understanding discrepancies with respect to experiment.

Can we improve chiral forces?

Keywords: sensitivity analysis, uncertainty quantification, parameter optimization
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Overview

Stay at NNLO and use an optimization algorithm to
determine the parameters

POUNDerS is a good choice since no derivatives need
to be calculated

For now, optimize with respect to phase shifts

χ2/datum (and almost all phase shifts) at NNLO come
out surprisingly good.

...the 3P-waves still not nice until N3LO.

A = 3, 4 systems at NNLO compared to N3LO.

Re-fitting the NNLO-3NF to the POUNDerS-NNLO.

whats next?
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Optimized interaction in many-body calculations

Related talks at this workshop

Gaute Hagen Structure of neutron rich oxygen and
fluorine isotopes

Gustav Jansen Shell evolution in the neutron rich
calcium isotopes

Christian Forssén Clustering in light nuclei
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Chiral interactions
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The parameters

[5+2+2] reagarded as constants

mπ+ ,mπ− ,mπ0 ,mn,mp, gA, fπ, ΛLS ,Λχ

[14+2] Optimization parameters up to NNLO

C̃ pp
1S0
, C̃ nn

1S0
, C̃ np

1S0
, C̃3S1

C1S0
,C3P0

,C1P1
,C3P1

,C3S1
,C3S1−3D1

,C3P2

c1, c3, c4, (cD , cE )
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POUNDerS
Practical Optimization Using No Derivatives (Square/Structure)

function evaluation POUNDerS step

Optimize over computationally
expensive, nonlinear functions
arising in science and
engineering

Function values all you have,
and derivatives are
computationally expensive

Use an interpolating quadratic
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Optimization strategy

Initial study

As a first approach, we optimize the parameters of NNLO (twobody) with respect
to the phase shifts from the Nijmegen multienergy PWA.

Set parameters of
interaction

Compute objective
function

Compute phase 
shifts

Take step in 
Parameter space

(POUNDerS)

A. Ekström (UiO/MSU) Optimizing NNLO TRIUMF, February 2013 9 / 40
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The data
V. G. J. Stoks et al. Phys. Rev. C 48, 792 (1993)

Phase shifts

They are not observables. Obtained from a partial wave analysis (PWA) of various
scattering cross sections (Nijmegen). Thus, phase shifts parametrize the actual
scattering data.

Given phase shifts, it is trivial to compute observables

The reverse procedure is not trivial, since the equations are transcendental.
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1S0 proton-proton Nuclear + Coulomb interaction
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Defining the objective function
Practical Optimization Using No Derivatives (Square/Structure)

Objective function

f (~x) =

Nq∑
q=1

(
δNNLO
q (~x)− δNijm93

q

wq

)2

πN

The πN contacts c1, c3, c4 were
optimized simultaneously using the
peripheral (L ≥ 2) waves
1D2,

3 D2,
3 F2,E2,

3 F3,
1 G4, and 3F4

NN-contacts

The NN contacts C̃ pp
1S0

C̃ nn
1S0

C̃ np
1S0

C3P0
C1P1

C1S0
C̃3S1

C3S1
C3S1−3D1

C3P2
were optimized in the respective

partial wave.
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χ2/datum, np scattering data (1999 database)

The previous picture...

Tlab bin (MeV) N3LO NNLO1 NLO1 AV18
0-100 1.06 1.71 5.20 0.95

100-190 1.08 12.9 49.3 1.10
190-290 1.15 19.2 68.3 1.11
0-290 1.10 10.1 36.2 1.04

1 E. Epelbaum et al., Eur. Phys. J. A19, 401 (2004)

... changes with POUNDerS

Tlab bin (MeV) POUNDerS-NNLO(500)
0-35 0.85

35-125 1.17
125-183 1.87
183-290 6.09
0-290 2.95
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χ2/datum, pp scattering data (1999 database)

The previous picture...

Tlab bin (MeV) N3LO NNLO1 NLO1 AV18
0-100 1.05 6.66 57.8 0.96

100-190 1.50 28.3 62.0 1.31
190-290 1.93 66.8 111.6 1.82
0-290 1.50 35.4 80.1 1.38

1 E. Epelbaum et al., Eur. Phys. J. A19, 401 (2004)

... changes with POUNDerS

Tlab bin (MeV) POUNDerS-NNLO(500)
0-35 1.11

35-125 1.56
125-183 23.95 (4.35a)
183-290 29.26
0-290 17.10 (14.03)2

2 Total (0-290) MeV pp χ2/datum when excluding two low-uncertainty data sets.
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POUNDerS-NNLO optimized parameter values

’empirical’ values

πN LEC πN-scattering1 NN-PWA2 NNLO3 N3LO

c1 [GeV−1] -0.81±0.15 -0.76±0.07 -0.81 -0.81
c3 [GeV−1] -4.69±1.34 -4.78±0.10 -3.40 -3.20
c4 [GeV−1] +3.40±0.04 +3.96 ±0.22 +3.40 +5.40

1 πN Fit 1, in P. Büttiker, U-G. Meißner Nucl. Phys. A 668, 97 (2000)
2 NN PWA, in M. C. M. Rentmeester et al. Phys. Rev C 67 044001 (2003)

3 E. Epelbaum et al., Eur. Phys. J. A19, 401 (2004)

POUNDerS

πN LEC POUNDerS
c1 [GeV−1] -0.9186
c3 [GeV−1] -3.8887
c4 [GeV−1] +4.3103
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POUNDerS-NNLO Phase shifts
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POUNDerS-NNLO Phase shifts
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NN Observables
Differential cross section
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1S0 scattering observables

N3LO POUNDerS-NNLO Empirical
aCpp -7.8188 -7.8174 -7.8196(26)

-7.8149(29)
rCpp 2.795 2.755 2.790(14)

2.769(14)
aNpp -17.083 -17.825
rNpp 2.876 2.817
aNnn -18.900 -18.889 -18.95(40)
rNnn 2.838 2.797 2.75(11)
anp -23.732 -23.749 -23.740(20)
rnp 2.725 2.684 2.77(5)
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The deuteron

N3LO POUNDerS-NNLO Empirical
BD (MeV) 2.224575 2.224582 2.224575(9)
rD (fm) 1.975 1.967 1.97535(85)
QD (fm2) 0.275 0.272 0.2859(3)

PD 4.51 4.05
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No-Core Shell-Model

Following P. Navrátil et al. Phys. Rev. C 61, 044001 (2000) we solve the
A = 3, 4-body problem in a Jacobi-HO basis up to Nmax = 40, 20, respectively

Hω
A =∑A
i=1

[
p2
i

2m + 1
2mω

2r2
i

]
+
∑A

i<j

[
VNN,ij − 1

2Amω
2(~rj −~rj)2

]
+
∑

i<j<k VNNN,ijk

We could transform to m-scheme (A. Nogga et al. Phys. Rev. C 73, 064002
(2006), but it is more efficient to stay in relative coordinates for A < 5.

Use only bare forces
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NNLO softness
3H ground state (Nmax, ~ω) - plot
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Chiral NNN interactions @NNLO
P. Navrátil Few Body Syst 41, 117 (2007), Regulator F (q2,Λ) = exp[−q4/Λ4]

V 2PE
ijk =

∑
i 6=j 6=k

1

2

(
gA
fπ

)2
(~σi · ~qi )(~σj · ~qj)

(~qi
2 + m2

π))(~qj
2 + m2

π))
Fαβijk τ

α
i τ

β
j ,

where qi denotes the momentum transfer associated with nucleon i , and

Fαβijk = δαβ
[
−4c1m

2
π

f 2
π

+
2c3

f 2
π

~qi · ~qj
]

+
∑
γ

c4

f 2
π

εαβγτγk ~σk · [~qi × ~qj ] .

For this diagram, no new parameters are introduced since the c1, c3, c4 appear
already in the 2PE two-nucleon interaction. The remaining two three-body terms
are given by

V 1PE
ijk = −

∑
i 6=j 6=k

gA
8f 2
π

cD
f 2
πΛχ

(~σj · ~qj)
(~qj

2 + m2
π)

(τi · τj)(~σi · ~σj)

and

V CNT
ijk =

1

2

∑
i 6=j 6=k

cE
f 4
πΛχ

(τi · τj)
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The POUNDerS-NNLO: NN+3NF
3H and 4He binding energies
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POUNDerS-NNLO: NN+3NF

A = 3, 4-systems

cD = 0.50
cE = −0.210

3H 3He 4He

NNLO -8.249 -7.501 -27.759
NNLO+NNN -8.470 -7.723 -28.290
Experiment -8.482 -7.717 -28.296

Parameters re-fitted to A = 3, 4 binding energies only.
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Ongoing work with POUNDerS
Optimization wrt observables, sensitivity analysis (SA), uncertainty quantification (UQ)

Optimize all LECs at NNLO simultaneously

Extract correlations and uncertainties for the LECs

further investigations of the POUNDerS-NNLO applied to nuclei

Propagate UQ to nuclear structure observables.

Systematic development of Λ-family of chiral potentials.

study variations of LECs with respect to Λ

systematic study of LO, NLO, NNLO, N3LO within the POUNDerS
framework

ensure quality of chiral potential by controlled optimization of parameters
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Summary of present status

Optimized NNLO is reproduces scattering data with a good χ2, especially for
the pn sector.

POUNDerS-NNLO is can be considered for nuclear structure calculations.

The inherent systematics of chiral interactions suggest they should be studied
and optimized in a systematic fashion also.

The current study shows that there is room for improving the NN force for
practical calculations.
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Optimized interaction in many-body calculations
Oxygen isotopes appetizer...
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