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Improvement beyond !-less N3LO!
"#$%!Δ-less &'!"($%!Δ-full theory)!

c/∆i ∼

1

*!ci ∼

1

+!c∆i ∼

1

*! *!

,-./0'!&'10'!2/34!"($%!!
-4!Δ-full scenario!

5326'3207!&40!"#$%!!
8&42'9!:4!Δ-less th.! *!999! 5326'320!/-./0'!2/34!"#$%!!

8&4'9!-4!Δ-less scenario!

53;<=0!1-3.'3;7!-4!"#$%!Δ-less 341!"($%!Δ-full theory!

"#$%!Δ-less theory catches up one Δ excitation from "($%!Δ-full theory!

"#$%!Δ-less theory includes terms e.g.           which are absent in  
"($%!Δ-full theory!

∼ c/∆i

1

In "($%!Δ-full theory two and three Δ excitations appear at the same order 
as one Δ excitation. Those, however, are not taken in "#$%!Δ-less theory .!

>-./2!?0!37!=3'.0!37!&40!Δ excitation diagr.!



Longest range contr. from !-less N4LO!5

(4)
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(15) (18) (19) (20) (21)(16) (17)

(12) (14)

FIG. 2: Two-pion exchange 3N diagrams at N
4
LO. Solid dots, filled circles, rectangles and diamonds denote vertices from L(1)

πN

or L(2)
π , L(2)

πN , L(3)
πN or L(4)

π and L(4)
πN , respectively. Open rectangles (diamonds) refer to 1/m-vertices from L(3)

πN (L(4)
πN ). Diagrams

which result from the interchange of the nucleon lines and/or application of the time reversal operation are not shown. For

remaining notation see Fig. 1.

E accompanying the leading contact 3NF whose value anyway needs to be adjusted to the data.3 The induced

contributions to V1π−cont will be discussed in section XXX. Last but not least, the adopted convention ensures that

the results for A and B are independent on the arbitrary constant α entering the Lagrangian in Eq. (??) which, at the
order we are working, represents the freedom in the parametrization of the pion fields. On the other hand, Eq. (2.9)

of Ref. [? ] is given for a specific choice α = 0.

We also emphasize that relativistic corrections to V2π have a richer structure then the one given in Eq. (3.3). The

explicit form of the 1/m-corrections to V2π at N3LO can be found in Ref. [? ], see also [32].

B. N
4
LO contributions

We now turn to the sub-subleading corrections to Vπ at order Q5 or N4LO. These are depicted in Fig. 2 and emerge

from:

• one-loop diagrams (1)-(15) constructed from the leading-order vertices from L(1)
πN and one insertion of a sub-

leading vertex ∝ ci,

• tree diagram (16) involving leading-order vertices from L(1)
πN and one insertion of a vertex from L(4)

πN proportional

to LECs ei,

• tree diagram (17) involving leading-order vertices from L(1)
πN , one L(2)

πN -vertex ∝ ci and one L(3)
πN -vertex ∝ di,

• relativistic 1/m-corrections resulting from diagrams (18)-(21).

3 At order Q5, there are also shifts of the subleading 3N contact interactions.

ei

1

1/m

1

"#$%!&'()!!L(3)
πN

1

∼ di

1

ei

1
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πN

1

L(2)
πN

1

"#$%!&'()!!ci

1

"*+,-'!.()/*+-0(+%!(&!!!!!!1!!!!!!-+2!!!!!!"#$%!-',!34,2!&'()!5*(+!6!+7.8,(+!%.-9,'*+:!ci

1

∼ di

1

ei

1

ci

1

di = dri (µ) +
βi

F 2
λ

1

ei = eri (µ) +
γi
F 2

λ

1

6

Notice that we work with renormalized pion field operators and, therefore, do not show explicitly in Fig. 2 diagrams
involving pion self energy. It is important to keep in mind that in order to derive the genuine 3NF contributions,
we need to separate the irreducible parts in the corresponding amplitudes. This is achieved employing the method
of unitary transformation, see Refs. [33, 34] for a comprehansive description of the method, Refs. [35? ? , 36]
recent higher-order calculations of three- and four-nuclear forces and Refs. [37, 38] for an extension to electromagnetic
processes. More precisely, we only use the method of unitary transformation to evaluate the contributions of graphs
(1), (3), (5), (6)-(8), (20) and (21) in Fig. 1 which involve reducible topologies. The remaining contributions are
obtained by calculating the corresponding Feynmann diagrams.

To derive the nuclear forces within the method of unitary transformation, we first switch from the Lagrangian to
the Hamiltonian using the canonical formalism. In the second step, the pion degrees of freedom are projected out
by employing the appropriate unitary transformation in the Fock space. The explicit form of the unitary operator
needed to compute nuclear forces up to N3LO can be found in Ref. [36? ]. Notice that one needs to exploit the
unitary ambiguity of the resulting nuclear potentials, i.e. the freedom in choosing the basis states in the Hilbert space,
in order to be able to renormalize the nuclear Hamiltonian. This issue is discussed in detail in Ref. [36], see also
Ref. [38]. An extension to N4LO is straightforward. In appendix A we give the formal algebraic structure of the
N4LO terms ∝ g4Aei and the retardation corrections ∝ g2Aci/m. To evaluate the corresponding 3NF contributions, we
simply compute the matrix elements of the connected time-ordered-like 3N diagrams emerging from these operators.
The unitary ambiguity is parametrized via the “rotation angles” α9,10,11 which have to be chosen in such a way that
the 3NF matrix elements becomes finite when expressed in terms of renormalized LECs. More precisely, we take

into account contributions induced, in addition to expressions in Eq. (??), by expressing g̊A, F and M in V
(3)
2π in

terms of the physical quantities via XXX: strictly speaking, at that point one should already work with
the physical pion mass as explained above. Maybe reformulate?

g̊A = gA +
g3AM

2
π

16π2F 2
π

− 4d16M
2
π +

2gA(2g2A + 1)λπM
2
π

F 2
+

gA(c3 − 2c4)M3
π

6πF 2
π

+O(M4
π , 1/m) ,

F = Fπ +
M2

π(2λπ − l4)

Fπ
+O(M4

π) ,

M
2 = M

2
π − M4

π(2l3 + λπ)

F 2
π

+O(M6
π) . (3.8)

Further, the LECs li, di and ei are decomposed into the divergent parts and finite pieces as follows:

li = l
r
i (µ) + γiλ =

1

16π2
l̄i + γiλ+ γi

1

16π2
log

�
Mπ

µ

�
,

di = d
r
i (µ) +

δi
F 2

λ = d̄i +
δi
F 2

λ+
δi

16π2F 2
log

�
Mπ

µ

�
,

ei = e
r
i (µ) +

�i
F 2m

λ = ēi +
�i

F 2m
λ+

�i
16π2F 2m

log

�
Mπ

µ

�
,

(3.9)

where the divergent quantity λ is defined according to

λ =
µd−4

16π2

�
1

d− 4
− 1

2
(Γ�(1) + 1 + log (4π))

�
. (3.10)

The coefficients γi and δi in the framework of dimensional regularization (DR) which is used throughout this work
are well known [39–42] and read:

β18 = 0, β16 =
1

2
g̊A + g̊

3
A, γ3 = −1

2
, γ4 = 2. (3.11)

For �i we only need the linear combinations taken from Ref. [43]

�14 = − 1

12
c2 −

1

2
c3 ,

�17 = − 1

12
c4 ,

;,<-=&7+.0(+%! >?@!A-%!<(!/,!',+(')-8*B,2!C*<A!
<A,!%-),!/,<-!&7+.0(+%!

DC(!-22*0(+-8!7+*<-'E!<'-+%&F!
-',!+,,2,2!&('!',+(')-8*B-0(+!

∼ di

1
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III. THE TWO-PION EXCHANGE 3NF

The 2π-exchange topology yields the longest-range contribution to the 3NF. In the isospin and static limits, its
general structure in momentum space has the following form (modulo terms of a shorter range such as e.g. the ones
corresponding to the (b)-topology):

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�
, (3.3)

where �σi denote the Pauli spin matrices for the nucleon i and �qi = �pi � − �pi, with �pi � and �pi being the final and initial
momenta of the nucleon i. Here and in what follows, we use the notation: qi ≡ |�qi|. The quantities A and B in
Eq. (3.3) are scalar functions of momentum transfer of the individual nucleons whose explicite form is derived within
the chiral expansion. Unless stated otherwise, the expressions for the 3NF results are always given for a particular
choice of the nucleon labels. The full result can then be found by taking into account all possible permutations of the
nucleons

V full
3N = V3N + 5 permutations . (3.4)

A. N2LO and N3LO contributions

We now discuss the first two terms in the chiral expansion of the functions A(q2) and B(q2). The leading contributions
emerge at next-to-next-to-leading order (N2LO) Q32 have the form [7, 8]

A(3)(q2) =
g2A
8F 4

π

�
(2c3 − 4c1)M

2
π + c3q

2
2

�
, B(3)(q2) =

g2Ac4
8F 4

π

, (3.5)

where gA, Fπ and Mπ refer to the physical values of the nucleon axial vector coupling, pion decay constant and pion
mass, respectively, while the first corrections read [? ? ]:

A(4)(q2) =
g4A

256πF 6
π

�
A(q2)

�
2M4

π + 5M2
πq

2
2 + 2q42

�
+
�
4g2A + 1

�
M3

π + 2
�
g2A + 1

�
Mπq

2
2

�
,

B(4)(q2) = − g4A
256πF 6

π

�
A(q2)

�
4M2

π + q22
�
+ (2g2A + 1)Mπ

�
, (3.6)

where the loop function A(q) is defined according to:

A(q) =
1

2q
arctan

q

2Mπ
. (3.7)

Notice that the leading loop contributions to the 2π-exchange topology do not contain logarithmic ultraviolet diver-

gences and, as explained in Ref. [? ], turn out to be independent from the LECs di entering L(3)
πN . At both N2LO and

N3LO, all the relevant LECs in the effective Lagrangian entering the expressions for the 3NF – including gA and Fπ

– can be simply replaced by their physical values.

It is important to emphasize that we are using here a slightly different notation as compared to Eq. (2.9) of Ref. [?
]. Specifically, in order to avoid the issue of non-uniqueness of a decomposition into the 2π, 2π-1π and shorter-range
contributions we get rid of all terms in Eq. (3.6) which are proportional to q21 and q23 . More precisely, using the identity
q21,3 = (q21,3 + M2

π) − M2
π and cancelling the inverse pion propagator with the corresponding one in Eq. (3.3), each

q21,3 in the numerator gets replaced by −M2
π modulo some additional contributions to the one-pion-exchange-contact

(1π− cont) and the purely short-range contact interactions Vcont. The latter terms only shift the low-energy constant

2
Here and in what follows, the orders refer to the chiral expansion of the nuclear Hamiltonian with the leading contribution to the

two-nucleon force appearing at order Q0
.

7

−2�19 + �22 + �36 = −2c1 +
5

24
c2 −

3

4
c3 ,

−2�21 + �37 = −2

3
c4 − 3g2Ac4 ,

�22 − 4�38 = −3c1 +
1

4
c2 +

3

4
c3 . (3.12)

Expressing the N4LO contribution to the 3NF in terms of renormalized LECs using the above relations leads to finite
matrix elements provided the constants α9,10,11 are chosen as follows:

α10 = −1

4
(1− 2α9), α11 =

1

4
(1− 2α9). (3.13)

The parameter α9 remains unfixed. The 3NF, however, does not depend on α9, explicitely. This leads to an unam-

biguous result for the 3NF at this order. Interestingly, we observe that the 1/m contributions to V (5)
2π sum up to zero.

The final, renormalized result for the quantities A and B in Eq. (3.3) has the form:

A(5)(q2) =
gA

4608π2F 6
π

�
M2

πq
2
2

�
F 2
π

�
2304π2gA(4ē14 + 2ē19 − ē22 − ē36)− 2304π2d̄18c3

�

+ gA(144c1 − 53c2 − 90c3)
�
+M4

π

�
F 2
π

�
4608π2d̄18(2c1 − c3) + 4608π2gA(2ē14 + 2ē19 − ē36 − 4ē38)

�

+ gA
�
72

�
64π2 l̄3 + 1

�
c1 − 24c2 − 36c3

��
+ q42

�
2304π2ē14F

2
πgA − 2gA(5c2 + 18c3)

� �

− g2A
768π2F 6

π

L(q2)
�
M2

π + 2q22
� �

4M2
π(6c1 − c2 − 3c3) + q22(−c2 − 6c3)

�

B(5)(q2) = − gA
2304π2F 6

π

�
M2

π

�
F 2
π

�
1152π2d̄18c4 − 1152π2gA(2ē17 + 2ē21 − ē37)

�
+ 108g3Ac4 + 24gAc4

�

+ q22
�
5gAc4 − 1152π2ē17F

2
πgA

� �
+

g2Ac4
384π2F 6

π

L(q2)
�
4M2

π + q22
�

(3.14)

where the loop function L(q) is defined according to

L(q) =

�
q2 + 4M2

π

q
log

�
q2 + 4M2

π + q

2Mπ
. (3.15)

IV. PION-NUCLEON SCATTERING AT ORDER Q4

Chiral expansion of the 2π-exchange 3NF up to N4LO discussed in the previous sections depends on a number of
low-energy constants. Here and in what follows, we use the values4

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (4.16)

Further, for the LEC l̄3 we adopt the value [? ] XXX ???.

l̄3 = XXX. (4.17)

The remaining LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering. Since we employ
a different counting for the nucleon mass leading to a (formally) stronger suppression of the relativistic corrections,
we refrain from using the numerical findings of Ref. [44]. Instead, we re-calculate the pion-nucleon amplitude to the
order Q4 within the heavy-baryon approach and using the same power counting scheme for the nucleon mass as in the
derivation of the nuclear forces and determine the LECs from a fit to the available partial wave analyses at different
orders in the chiral expansion.

4 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2/3Mπ+ + 1/3Mπ0 .
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g− =
1

12πF 4
πmω

�
48πmω2J0(ω)

�
c2 ω

2 − 2c1M
2
π

�

+ c3m
�
g2A

�
2M2

π − t− 2ω2
� �

8π
�
M2

π − ω2
�
J0(ω) +M3

π

�
+ 48π ω4J0(ω)

�

+ c4
�
6πF 2

π tω
2 − g2Am

�
2M2

π − t− 2ω2
� �

8π
�
M2

π − ω2
�
J0(−ω) +M3

π

�� �
,

h+
= −

g2A(c3 − c4)
�
8πJ0(ω)

�
M2

π − ω2
�
+M3

π

�

6πF 4
π ω

,

h−
=

1

288π2F 4
πmω

�
c4
�
ω
�
288π2F 2

π ω +m
��
48π2I20(t) + 5

�
t− 24

�
8π2I20(t) + 1

�
M2

π

��

− 4g2Am
�
3M2

π ω + 8ω3
� �

+ 1152π2F 2
πmω

�
2ē17M

2
π − ē17t+ 2ē18 ω

2
+ (2ē21 − ē37)M

2
π

�
�
. (4.22)

with loop functions given by????????????

J0(ω) = −

�
ω2 −M2

π log

��
ω2

M2
π
− 1 +

ω
Mπ

�

4π2
, K0(t) = −

tan
−1

√
−t

2Mπ

8π
√
−t

,

I20(t) = −

�
1− 4M2

π
t log

�
1− 4M2

π
t +1�

1− 4M2
π

t −1

16π2
. (4.23)

Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz

�
g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))

�
,
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g− =
1

12πF 4
πmω

�
48πmω2J0(ω)

�
c2 ω

2 − 2c1M
2
π

�

+ c3m
�
g2A

�
2M2

π − t− 2ω2
� �

8π
�
M2

π − ω2
�
J0(ω) +M3

π

�
+ 48π ω4J0(ω)

�

+ c4
�
6πF 2

π tω
2 − g2Am

�
2M2

π − t− 2ω2
� �

8π
�
M2

π − ω2
�
J0(−ω) +M3

π

�� �
,

h+
= −

g2A(c3 − c4)
�
8πJ0(ω)

�
M2

π − ω2
�
+M3

π

�

6πF 4
π ω

,

h−
=

1

288π2F 4
πmω

�
c4
�
ω
�
288π2F 2

π ω +m
��
48π2I20(t) + 5

�
t− 24

�
8π2I20(t) + 1

�
M2

π

��

− 4g2Am
�
3M2

π ω + 8ω3
� �

+ 1152π2F 2
πmω

�
2ē17M

2
π − ē17t+ 2ē18 ω

2
+ (2ē21 − ē37)M

2
π

�
�
. (4.22)

with loop functions given by????????????

J0(ω) = −

�
ω2 −M2

π log

��
ω2

M2
π
− 1 +

ω
Mπ

�

4π2
, K0(t) = −

tan
−1

√
−t

2Mπ

8π
√
−t

,

I20(t) = −

�
1− 4M2

π
t log

�
1− 4M2

π
t +1�

1− 4M2
π

t −1

16π2
. (4.23)

Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz

�
g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))

�
,
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−2�19 + �22 + �36 = −2c1 +
5

24
c2 −

3

4
c3 ,

−2�21 + �37 = −2

3
c4 − 3g2Ac4 ,

�22 − 4�38 = −3c1 +
1

4
c2 +

3

4
c3 . (3.12)

Expressing the N4LO contribution to the 3NF in terms of renormalized LECs using the above relations leads to finite
matrix elements provided the constants α9,10,11 are chosen as follows:

α10 = −1

4
(1− 2α9), α11 =

1

4
(1− 2α9). (3.13)

The parameter α9 remains unfixed. The 3NF, however, does not depend on α9, explicitely. This leads to an unam-

biguous result for the 3NF at this order. Interestingly, we observe that the 1/m contributions to V (5)
2π sum up to zero.

The final, renormalized result for the quantities A and B in Eq. (3.3) has the form:

A(5)(q2) =
gA

4608π2F 6
π

�
M2

πq
2
2

�
F 2
π

�
2304π2gA(4ē14 + 2ē19 − ē22 − ē36)− 2304π2d̄18c3

�

+ gA(144c1 − 53c2 − 90c3)
�
+M4

π

�
F 2
π

�
4608π2d̄18(2c1 − c3) + 4608π2gA(2ē14 + 2ē19 − ē36 − 4ē38)

�

+ gA
�
72

�
64π2 l̄3 + 1

�
c1 − 24c2 − 36c3

��
+ q42

�
2304π2ē14F

2
πgA − 2gA(5c2 + 18c3)

� �

− g2A
768π2F 6

π

L(q2)
�
M2

π + 2q22
� �

4M2
π(6c1 − c2 − 3c3) + q22(−c2 − 6c3)

�

B(5)(q2) = − gA
2304π2F 6

π

�
M2

π

�
F 2
π

�
1152π2d̄18c4 − 1152π2gA(2ē17 + 2ē21 − ē37)

�
+ 108g3Ac4 + 24gAc4

�

+ q22
�
5gAc4 − 1152π2ē17F

2
πgA

� �
+

g2Ac4
384π2F 6

π

L(q2)
�
4M2

π + q22
�

(3.14)

where the loop function L(q) is defined according to

L(q) =

�
q2 + 4M2

π

q
log

�
q2 + 4M2

π + q

2Mπ
. (3.15)

IV. PION-NUCLEON SCATTERING AT ORDER Q4

Chiral expansion of the 2π-exchange 3NF up to N4LO discussed in the previous sections depends on a number of
low-energy constants. Here and in what follows, we use the values4

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (4.16)

Further, for the LEC l̄3 we adopt the value [? ] XXX ???.

l̄3 = XXX. (4.17)

The remaining LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering. Since we employ
a different counting for the nucleon mass leading to a (formally) stronger suppression of the relativistic corrections,
we refrain from using the numerical findings of Ref. [44]. Instead, we re-calculate the pion-nucleon amplitude to the
order Q4 within the heavy-baryon approach and using the same power counting scheme for the nucleon mass as in the
derivation of the nuclear forces and determine the LECs from a fit to the available partial wave analyses at different
orders in the chiral expansion.

4 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2/3Mπ+ + 1/3Mπ0 .
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48π2I20(t) + 5
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with loop functions given by????????????

J0(ω) = −

�
ω2 −M2

π log

��
ω2

M2
π
− 1 +

ω
Mπ

�

4π2
, K0(t) = −

tan
−1

√
−t

2Mπ

8π
√
−t

,

I20(t) = −

�
1− 4M2

π
t log

�
1− 4M2

π
t +1�

1− 4M2
π

t −1

16π2
. (4.23)

Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz

�
g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))

�
,
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c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

fit to Ref. [27] −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.8 1.76 −0.58 0.96

fit to Ref. [28] −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

TABLE I: Parameters obtained from a fit to the empirical s, p- and d-wave pion-nucleon phase shifts using partial wave analysis
of Ref. [27] and of Ref. [28]. Values of the LECs are given in GeV−1, GeV−2 and GeV−3 for the ci, d̄i and ēi, respectively.
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FIG. 3: Results of the fit for πN s, p and d-wave phase shifts using partial wave analysis of Ref. [27]. The solid curves
correspond to the full Q4 results, the dashed curves to Q3 results, and the dash-dotted curves to Q2 calculation.

analyzes. The difference does not exceed 25% except for the d5 which is small itself compared to the other d̄i. The same
conclusion about stability can be drawn for the ē14 and ē17 constants. These are the only counter terms contributing
to d-waves. That is why these two constants are strongly constrained by the threshold behavior of the d-waves. In
contrast the other ēi constants are very sensitive to the energy dependence of the s- and p-wave amplitudes and
therefore vary strongly from one analysis to another. Nevertheless all extracted constants are of natural size the only
exception being d̄14 − d̄15 which is a bit larger.

It should be emphasized that one cannot directly compare the d̄i and ēi constants of our fit to the ones obtained in
Refs. [19],[22] using HBChPT results to the order Q3 and Q4 because of a different power counting schemes in the
two approaches. On the other hand the ci coefficients obtained are quite comparable for both prescriptions.
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FIG. 4: Results of the fit for πN s, p and d-wave phase shifts using partial wave analysis of Ref. [28]. The solid curves
correspond to the full Q4 results, the dashed curves to Q3 results, and the dash-dotted curves to Q2 calculation.
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c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

fit to Ref. [27] −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.8 1.76 −0.58 0.96

fit to Ref. [28] −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

TABLE I: Parameters obtained from a fit to the empirical s, p- and d-wave pion-nucleon phase shifts using partial wave analysis
of Ref. [27] and of Ref. [28]. Values of the LECs are given in GeV−1, GeV−2 and GeV−3 for the ci, d̄i and ēi, respectively.
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FIG. 3: Results of the fit for πN s, p and d-wave phase shifts using partial wave analysis of Ref. [27]. The solid curves
correspond to the full Q4 results, the dashed curves to Q3 results, and the dash-dotted curves to Q2 calculation.

analyzes. The difference does not exceed 25% except for the d5 which is small itself compared to the other d̄i. The same
conclusion about stability can be drawn for the ē14 and ē17 constants. These are the only counter terms contributing
to d-waves. That is why these two constants are strongly constrained by the threshold behavior of the d-waves. In
contrast the other ēi constants are very sensitive to the energy dependence of the s- and p-wave amplitudes and
therefore vary strongly from one analysis to another. Nevertheless all extracted constants are of natural size the only
exception being d̄14 − d̄15 which is a bit larger.

It should be emphasized that one cannot directly compare the d̄i and ēi constants of our fit to the ones obtained in
Refs. [19],[22] using HBChPT results to the order Q3 and Q4 because of a different power counting schemes in the
two approaches. On the other hand the ci coefficients obtained are quite comparable for both prescriptions.
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