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SR and MR energy density functionals 

Shell model 

“Exact” methods (GFMC, NCSM, ...)  

Ab-initio approaches (CC, SCGF, IM-SRG) 



The	  present	  status	  @	  mid	  masses	  is:	  

 S2ll	  in	  need	  of	  good	  nuclear	  Hamiltonians	  (3N	  forces	  mostly!)	  

 Only	  structure	  calcula2ons	  and	  limited	  to	  closed-‐shells	  or	  A±1,	  A±2	  
	   	   	   	   	   	   	   	   	  	  (BUT	  calcula2ons	  are	  GOOD!!!)	  	  

However,	  Green’s	  func2ons	  can	  be	  extended	  to:	  ScaOering	  observables	  
	   	   	   	   	   	   	   	   	  	  	  	  	  	   	  	  	  	  	  	  	  	  Open	  shell	  nuclei	  	  



neutron	  
removal	

neutron	  
addi.on	

sca1ering	

One-body Green’s function (or propagator) describes the motion of quasi- 
particles and holes: 

 …this contains all the structure information probed by nucleon transfer 
(spectral	  func2on): 
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15]. The method has later been applied to atoms and
molecules [12, 16] and recently to 56Ni [17] and 48Ca [18].
The ab initio results of Ref. [18] are in good agreement
with (e, e′p) data for spectroscopic factors from Ref. [19]
and also show that the configuration space needed for the
incorporation of long-range (surface) correlations is much
larger than the space that can be utilized in large-scale
shell-model diagonalizations. In Ref. [20], the FRPA was
employed to calculate proton scattering on 16O and ob-
tain results for phase shifts and low-lying states in 17F.
However, the properties of the self-energy at larger scat-
tering energies which are now of great interest for the
developments of DOM potentials was not addressed. In
particular, one may expect to extract useful information
regarding the functional form of the DOM from a study
of the self-energy for a sequence of calcium isotopes. It
is the purpose of the present work to close this gap. We
have chosen in addition to 40Ca and 48Ca also to include
60Ca, since the latter isotope was studied with a DOM
extrapolation in Refs. [8, 9]. Some preliminary results of
these FRPA calculations for spectroscopic factors were
reported in Ref. [14] but the emphasis in the present work
is on the properties of the microscopically calculated self-
energies. The resulting analysis is intended to provide
a microscopic underpinning of the qualitative features of
empirical optical potentials. Additional information con-
cerning the degree and form of the non-locality of both
the real and imaginary parts of the self-energy will also
be addressed because it is of importance to assess the
current local implementations of the DOM method.
In Sec. II A we introduce some of the basic properties

for the analysis of the self-energy. The ingredients of the
FRPA calculation are presented in Sec. II C. The choice
of model space and realistic nucleon-nucleon (NN) inter-
action are discussed in Sec. III. We present our results
in Sec. IV and finally draw conclusions in Sec. V.

II. FORMALISM

In the Lehmann representation, the one-body Green’s
function is given by

gαβ(E) =
∑

n

〈ΨA
0 |cα|Ψ

A+1
n 〉〈ΨA+1

n |c†β|Ψ
A
0 〉

E − (EA+1
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0 ) + iη

+
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k
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†
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k |cα|ΨA
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E − (EA
0 − EA−1

k )− iη
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where α, β, ..., label a complete orthonormal basis set
and cα (c†β) are the corresponding second quantization
destruction (creation) operators. In these definitions,
|ΨA+1

n 〉, |ΨA−1
k 〉 are the eigenstates, and EA+1

n , EA−1
k

the eigenenergies of the (A ± 1)-nucleon isotope. The
structure of Eq. (1) is particularly useful for our pur-
poses. At positive energies, the residues of the first term,
〈ΨA+1

n |c†α|Ψ
A
0 〉, contain the scattering wave functions for

the elastic collision of a nucleon off the |ΨA
0 〉 ground state,

while at negative energies they give information on fi-
nal states of the nucleon capture process. Consequently,
the second term has poles below the Fermi energy (EF )
which carry information about the removal of a nucleon
and therefore clarify the structure of the target state |ΨA

0 〉
itself. Green’s function theory provides a natural frame-
work for describing physics both above and below the
Fermi surface in a consistent manner.
The propagator (1) can be obtained as a solution of

the Dyson equation,

gαβ(E) = g(0)αβ (E) +
∑

γδ

g(0)αγ (E)Σ%
γδ(E) gδβ(E) , (2)

in which g(0)(E) is the propagator for a free nucleon
(moving only with its kinetic energy). Σ%(E) is the irre-
ducible self-energy and represents the interaction of the
projectile (ejectile) with the target nucleus. Feshbach,
developed a formal microscopic theory for the optical po-
tential already in Ref. [21, 22] by projecting the many-
body Hamiltonian on the subspace of scattering states.
It has been proven that if Feshbach’s theory is extended
to a space including states both above and below the
Fermi surface, the resulting optical potential is exactly
the irreducible self-energy Σ%(E) [23] (see also Ref. [24]
and Ref. [25] for a shorter demonstration).
The above equivalence with the microscopic optical po-

tential is fundamental for the present study, since the
available knowledge from calculations based on Green’s
function theory can be used to suggest improvements of
optical models. In particular, in the DOM, the dispersion
relation obeyed by Σ%(E) is used to reduce the number of
parameters and to enforce the effects of causality. Thus
the DOM potentials can also be thought of as a repre-
sentation of the nucleon self-energy.

A. Self-Energy

For a J = 0 nucleus, all partial waves ($, j, τ) are
decoupled, where $,j label the orbital and total angu-
lar momentum and τ represents its isospin projection.
The irreducible self-energy in coordinate space (for ei-
ther a proton or a neutron) can be written in terms of
the harmonic-oscillator basis used in the FRPA calcula-
tion, as follows:

Σ%(x,x′;E) =
∑

&jmjτ

I&jmj
(Ω,σ)

×

[

∑

na,nb

Rna&(r)Σ
%
ab(E)Rnb&(r

′)

]

(I&jmj
(Ω′,σ′))∗, (3)

where x ≡ r,σ, τ . The spin variable is represented by
σ, n is the principal quantum number of the harmonic
oscillator, and a ≡ (na, $, j, τ) (note that for a J = 0 nu-
cleus the self-energy is independent ofmj). The standard
radial harmonic-oscillator function is denoted by Rn&(r),
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[CB,	  M.Hjorth-‐Jensen,	  Pys.	  Rev.	  C79,	  064313	  (2009);	  CB,	  Phys.	  Rev.	  LeO.	  103,	  202502	  (2009)]	  

Sh
ab(ω) =

1

π
Im gab(ω)



Phys.Rev.C63,  
     034313 (2001) 
Phys.Rev.C65, 
    064313 (2002) 
Phys.Rev.A76, 
  　052503 (2007) 

“Extended”	  
Hartree	  Fock	  

 ≥	  2p1h/2h1p	  configura2ons	  	  

Faddeev-RPA:	Self-energy  
(optical potential):	

•  A complete expansion requires all types of particle-vibration coupling: 
     gII(ω)  pairing effects, two-nucleon transfer 
  Π(ph)(ω)  collective motion, using RPA or beyond 
  Pauli exchange effects 

•  The Self-energy Σ(ω)　yields both single-particle states and scattering 
•  Finite nuclei: require high-performance computing 

R(2p1h) Σ(ω) = R(2h1p) 

≡	  	  
	  par.cle	  

≡	  hole	  



✺ Propagators solves the Dyson equations 

✺ (Hole) single particle spectral function 
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✺ Koltun sum rule (for 2N interactions): 
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✺ Koltun sum rule (with NNN interactions): 



FRPA/sc0 FRPA/sc	 Exact: 
Vlow-k: -29.00(2) -29.2 ±0.15	 -29.19(5)   (Fadd.-Yak.) 

self-consistency in the 
mean field only  

estimates from different approx. to 
self-consistency 

 Self-consistent FRPA compares well with 
benchmark calculations on 4He 

[Nogga et al.,  Phys. Rev. C70, 061002 (2004)]	

[C. B., arXiv:0909.0336; 
 CERN Conf. Proc. -2010-001, Vol. 1, p. 137 ] 



✺	  Successful	  in	  medium-‐mass	  doubly-‐magic	  systems	  

✺	  Faddeev-‐RPA	  approxima2on	  for	  the	  self-‐energy	  

[C.B.	  et	  al.	  2001-‐2011]	  

collec2ve	  vibra2ons	  

par2cle-‐vibra2on	  coupling	  



✺	  Successful	  in	  medium-‐mass	  doubly-‐magic	  systems	  

✺	  Faddeev-‐RPA	  approxima2on	  for	  the	  self-‐energy	  

Expansion	  breaks	  down	  when	  pairing	  instabili2es	  appear	  

[C.B.	  et	  al.	  2001-‐2011]	  

collec2ve	  vibra2ons	  

par2cle-‐vibra2on	  coupling	  

Explicit	  configura2on	  mixing	   Single-‐reference:	  Bogoliubov	  (Gorkov)	  



✺	  Auxiliary	  many-‐body	  state	  

Introduce	  a	  “grand-‐canonical”	  poten2al	  

minimizes	  

under	  the	  constraint	  

✺	  Ansatz	  

Mixes	  various	  par2cle	  numbers	  

4

B. Auxiliary many-body problem

In the presence of pairing effects one can develop an al-
ternative expansion method that accounts in a controlled
fashion for the appearance and destruction of condensed
nucleonic pairs.
Instead of targeting the actual ground state |ΨN

0 〉 of
the system, one considers a symmetry breaking state |Ψ0〉
defined as a superposition of the true ground states of the
(N − 2)-, N -, (N + 2)-, ... particle systems, i.e.

|Ψ0〉 ≡
even
∑

N

cN |ψN
0 〉 , (14)

where cN denote complex coefficients. The sum over even
particle number is said to respect the (even) number-
parity quantum number. Together with such a state, one
considers the grand-canonical-like potential Ω = H−µN ,
with µ being the chemical potential and N the particle-
number operator, in place of H [26]. The state |Ψ0〉 is
chosen to minimize

Ω0 = 〈Ψ0|Ω|Ψ0〉 (15)

under the constraint

N = 〈Ψ0|N |Ψ0〉 , (16)

i.e. it is not an eigenstate of the particle number operator
but it has a fixed number of particle on average. Equation
(15), together with the normalization condition

〈Ψ0|Ψ0〉 =
even
∑

N

|cN |2 = 1 , (17)

determines coefficients cN , while Eq. (16) fixes the chem-
ical potential µ.
By choosing |Ψ0〉 as the targeted state the initial prob-

lem of solving the many-body system with N nucleons is
replaced with another problem, whose solution approxi-
mates the initial one. The validity of such an approxi-
mation resides in the degeneracy which characterizes the
ground state of the system. The presence of a condensate
(ideally) implies that pairs of nucleons can be added or
removed from the ground-state of the system with the
same energy cost, independently of N . Such an hypoth-
esis translates into the fact that the binding energies of
the systems with N,N±2, N±4, ... particles differ by 2µ;
i.e. the idealized situation considered here corresponds
to the ansatz that all ground states obtained from the
system with N nucleons by removing or adding pairs of
particles are degenerate eigenstates of Ω such that their
binding energies fulfill

... ≈ EN+2
0 − EN

0 ≈ EN
0 − EN−2

0 ≈ ... ≈ 2µ , (18)

with µ independent of N . If the assumption is valid,
the energy obtained by solving the auxiliary many-body
problem provides the energy of the initial problem as

Ω0 =
∑

N ′

|cN ′ |2ΩN ′

0 ≈ EN
0 − µN , (19)

which follows from Eqs. (15) and (18).

C. Gorkov propagators

In order to access all one-body information contained
in |Ψ0〉, one must generalize the single-particle propaga-
tor defined in (11) by introducing additional objects that
take into account the formation and destruction of pairs.
One introduces a set of four Green’s functions, known

as Gorkov propagators [27]

i G11
ab(t, t

′) ≡ 〈Ψ0|T
{

aa(t)a
†
b(t

′)
}

|Ψ0〉 , (20a)

i G12
ab(t, t

′) ≡ 〈Ψ0|T {aa(t)āb(t′)} |Ψ0〉 , (20b)

i G21
ab(t, t

′) ≡ 〈Ψ0|T
{

ā†a(t)a
†
b(t

′)
}

|Ψ0〉 , (20c)

i G22
ab(t, t

′) ≡ 〈Ψ0|T
{

ā†a(t)āb(t
′)
}

|Ψ0〉 , (20d)

where single-particle operators associated with the dual
basis are as defined in Eq. (1) and where the modified
Heisenberg representation is defined as

aa(t) = a(Ω)
a (t) ≡ exp[iΩt] aa exp[−iΩt] , (21a)

a†a(t) =
[

a(Ω)
a (t)

]†

≡ exp[iΩt] a†a exp[−iΩt] . (21b)

Besides the time dependence and quantum numbers
a and b identifying single-particle states, Gorkov propa-
gators Gg1g2

ab carry two additional labels g1 and g2 that
span Gorkov’s space. When g1 = 1 (g1 = 2) a particle is
annihilated in the block of a (created in the block of ā)
and vice versa for g2; i.e. g2 = 1 (g2 = 2) corresponds to
a second particle created in the block of b (annihilated
in the block of b̄). Green’s functions G11 and G22 are
called normal propagators while off-diagonal ones, G12

and G21, are denoted as anomalous propagators.
Expanding the bra and the ket in Eq. (20) through

Eq. (14), Gorkov propagators can be expressed as linear
combinations of Green’s functions in the systems with
N,N ± 2, N ± 4, ... particles in the case of G11 and G22

G11
ab(t, t

′) = −i 〈Ψ0|T
{

aa(t)a
†
b(t

′)
}

|Ψ0〉

= −i
even
∑

N

c∗NcN 〈ψN
0 |T

{

aa(t)a
†
b(t

′)
}

|ψN
0 〉

≡
even
∑

N

c∗NcN G11 (N,N)
ab (t, t′) , (22)

G22
ab(t, t

′) = −i 〈Ψ0|T
{

ā†a(t)āb(t
′)
}

|Ψ0〉

= −i
even
∑

N

c∗NcN 〈ψN
0 |T

{

ā†a(t)āb(t
′)
}

|ψN
0 〉

≡
even
∑

N

c∗NcN G22 (N,N)
ab (t, t′) , (23)
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a second particle created in the block of b (annihilated
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In the presence of pairing effects one can develop an al-
ternative expansion method that accounts in a controlled
fashion for the appearance and destruction of condensed
nucleonic pairs.
Instead of targeting the actual ground state |ΨN

0 〉 of
the system, one considers a symmetry breaking state |Ψ0〉
defined as a superposition of the true ground states of the
(N − 2)-, N -, (N + 2)-, ... particle systems, i.e.

|Ψ0〉 ≡
even
∑

N

cN |ψN
0 〉 , (14)

where cN denote complex coefficients. The sum over even
particle number is said to respect the (even) number-
parity quantum number. Together with such a state, one
considers the grand-canonical-like potential Ω = H−µN ,
with µ being the chemical potential and N the particle-
number operator, in place of H [26]. The state |Ψ0〉 is
chosen to minimize

Ω0 = 〈Ψ0|Ω|Ψ0〉 (15)

under the constraint

N = 〈Ψ0|N |Ψ0〉 , (16)

i.e. it is not an eigenstate of the particle number operator
but it has a fixed number of particle on average. Equation
(15), together with the normalization condition

〈Ψ0|Ψ0〉 =
even
∑

N

|cN |2 = 1 , (17)

determines coefficients cN , while Eq. (16) fixes the chem-
ical potential µ.
By choosing |Ψ0〉 as the targeted state the initial prob-

lem of solving the many-body system with N nucleons is
replaced with another problem, whose solution approxi-
mates the initial one. The validity of such an approxi-
mation resides in the degeneracy which characterizes the
ground state of the system. The presence of a condensate
(ideally) implies that pairs of nucleons can be added or
removed from the ground-state of the system with the
same energy cost, independently of N . Such an hypoth-
esis translates into the fact that the binding energies of
the systems with N,N±2, N±4, ... particles differ by 2µ;
i.e. the idealized situation considered here corresponds
to the ansatz that all ground states obtained from the
system with N nucleons by removing or adding pairs of
particles are degenerate eigenstates of Ω such that their
binding energies fulfill

... ≈ EN+2
0 − EN
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0 ≈ ... ≈ 2µ , (18)

with µ independent of N . If the assumption is valid,
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which follows from Eqs. (15) and (18).
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ā†a(t)āb(t
′)
}

|ψN
0 〉

≡
even
∑

N

c∗NcN G22 (N,N)
ab (t, t′) , (23)

4

B. Auxiliary many-body problem

In the presence of pairing effects one can develop an al-
ternative expansion method that accounts in a controlled
fashion for the appearance and destruction of condensed
nucleonic pairs.
Instead of targeting the actual ground state |ΨN

0 〉 of
the system, one considers a symmetry breaking state |Ψ0〉
defined as a superposition of the true ground states of the
(N − 2)-, N -, (N + 2)-, ... particle systems, i.e.

|Ψ0〉 ≡
even
∑

N

cN |ψN
0 〉 , (14)

where cN denote complex coefficients. The sum over even
particle number is said to respect the (even) number-
parity quantum number. Together with such a state, one
considers the grand-canonical-like potential Ω = H−µN ,
with µ being the chemical potential and N the particle-
number operator, in place of H [26]. The state |Ψ0〉 is
chosen to minimize

Ω0 = 〈Ψ0|Ω|Ψ0〉 (15)

under the constraint

N = 〈Ψ0|N |Ψ0〉 , (16)

i.e. it is not an eigenstate of the particle number operator
but it has a fixed number of particle on average. Equation
(15), together with the normalization condition

〈Ψ0|Ψ0〉 =
even
∑

N

|cN |2 = 1 , (17)

determines coefficients cN , while Eq. (16) fixes the chem-
ical potential µ.
By choosing |Ψ0〉 as the targeted state the initial prob-

lem of solving the many-body system with N nucleons is
replaced with another problem, whose solution approxi-
mates the initial one. The validity of such an approxi-
mation resides in the degeneracy which characterizes the
ground state of the system. The presence of a condensate
(ideally) implies that pairs of nucleons can be added or
removed from the ground-state of the system with the
same energy cost, independently of N . Such an hypoth-
esis translates into the fact that the binding energies of
the systems with N,N±2, N±4, ... particles differ by 2µ;
i.e. the idealized situation considered here corresponds
to the ansatz that all ground states obtained from the
system with N nucleons by removing or adding pairs of
particles are degenerate eigenstates of Ω such that their
binding energies fulfill

... ≈ EN+2
0 − EN

0 ≈ EN
0 − EN−2

0 ≈ ... ≈ 2µ , (18)

with µ independent of N . If the assumption is valid,
the energy obtained by solving the auxiliary many-body
problem provides the energy of the initial problem as

Ω0 =
∑

N ′

|cN ′ |2ΩN ′

0 ≈ EN
0 − µN , (19)

which follows from Eqs. (15) and (18).

C. Gorkov propagators

In order to access all one-body information contained
in |Ψ0〉, one must generalize the single-particle propaga-
tor defined in (11) by introducing additional objects that
take into account the formation and destruction of pairs.
One introduces a set of four Green’s functions, known

as Gorkov propagators [27]

i G11
ab(t, t

′) ≡ 〈Ψ0|T
{

aa(t)a
†
b(t

′)
}

|Ψ0〉 , (20a)

i G12
ab(t, t
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′)
}

|Ψ0〉

= −i
even
∑

N

c∗NcN 〈ψN
0 |T

{

ā†a(t)āb(t
′)
}

|ψN
0 〉

≡
even
∑

N

c∗NcN G22 (N,N)
ab (t, t′) , (23)

[V.	  Somà,	  T.	  Duguet,	  CB,	  Pys.	  Rev.	  C84,	  046317	  (2011)	  ]	  



✺	  Set	  of	  4	  Green’s	  func2ons	  

[Gorkov	  1958]	  

Gorkov equations

[V.	  Somà,	  T.	  Duguet,	  CB,	  Pys.	  Rev.	  C84,	  046317	  (2011)	  ]	  



✺	  1st	  order	  ➟	  energy-‐independent	  self-‐energy	  

✺	  2nd	  order	  ➟	  energy-‐dependent	  self-‐energy	  

✺	  Gorkov	  equa2ons	   eigenvalue	  problem	  

[V.	  Somà,	  T.	  Duguet,	  CB,	  Pys.	  Rev.	  C84,	  046317	  (2011)	  ]	  



[V.	  Somà,	  T.	  Duguet,	  CB,	  Pys.	  Rev.	  C84,	  046317	  (2011)	  ]	  



with the normalization condition 

Energy independent eigenvalue problem 

[V.	  Somà,	  T.	  Duguet,	  CB,	  Pys.	  Rev.	  C84,	  046317	  (2011)	  ]	  





-200 -100 0 100 200
E - !F [MeV]

0

50

100

150

200

| J
W

 / 
A

 | 
[M

eV
 fm

3 ]
-200 -100 0 100 200

E - !F [MeV]
0

500

1000

1500

2000

N
um

be
r o

f S
ta

te
s

    200 vectors 
    600 vectors     
 8,837 vectors (full basis)	  

D
en

si
ty

 o
f 

st
at

es
 f

or
 40

Ca
 ±

 n
	  

Volume integral of 40Ca ± n   
optical potential in f7/2 part. wave	  

 # of poles of the self-energy (== optical potential) are reduced  
     without altering spectroscopic strength.	  

  Ground state energies converge with ≥ 200Lanczos vectors (10 osc. shells).	  



Preliminary Gorgov results 
[V.	  Somà,	  T.	  Duguet,	  CB,	  Pys.	  Rev.	  C84,	  046317	  (2011)	  
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✺ Systematic along isotopic/isotonic chains has become available 

➟ Overbinding with A: traces need for (at least) NNN forces 
➟ Effect of self-consistency significant; i.e. less bound than MBPT2 

➟ Correlation energy close to CCSD and FRPA (thorough comparison needed) 



Dyson	  1st	  order	  (HF)	   Gorkov	  1st	  order	  (HFB)	  

Dyson	  2nd	  order	   Gorkov	  2nd	  order	  

Static pairing 

Fragmentation

Dynamical fluctuations 



✺ ESPE collect fragmentation of “single-particle” strengths from both N±1 

[Baranger	  1970,	  Duguet,	  CB,	  et	  al.	  2011]	  

➟ Particularly true for low-lying state in open-shell due to pairing 
➟ ESPE not to be confused with quasiparticle peak 

Quasiparticle peaks Centroids 



✺ Natural orbit a: ρab[1] = nanat δab 

✺ Associated energy: εanat = haacent 

✺ Dynamical correlations similar for doubly-magic and semi-magic 

✺ Static pairing essential to open-shells 
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Use effective degrees of freedom: p,n,pions

Effective Field Theory:  Bridges the non-perturbative low-energy regime of QCD with forces
                                      among nucleons

L =
�

k

ck

�
Q

Λb

�k

Have a systematic expansion of the Hamiltonian 
in terms of diagrams

Construct the most general Hamiltonian which is 
consistent with the chiral symmetry of QCD

In-MEDIUM T MATRIX FOR NUCLEAR MATTER WITH . . . PHYSICAL REVIEW C 78, 054003 (2008)

The radial functions Y (r) and T (r) are the Yukawa and
tensor functions, respectively, the tensor operator is defined
as Sij = 3(σ i · r̂ ij )(σ j · r̂ ij ) − σ i · σ j , where r̂ ij is the unit
vector of the distance between particles i and j . To determine
the overall strength of the TBF and the relative strength
between the two terms two parameters are present (A < 0
and U > 0), to be tuned to reproduce the saturation properties
of symmetric nuclear matter. Since different NN potentials
lead to different saturation curves one should expect these
parameters to depend on the particular choice of the two-body
force.

The three-body interaction depends on the spatial, spin,
and isospin coordinates of the three nucleons, and in such
a form cannot be used in the calculations. We then need to
introduce some approximation and derive an effective two-
particle potential. This can be done by averaging the action of
the third nucleon, resulting in a mean field felt by the other
two:

V 3
eff(q, q ′) =

∑

στ

∫
d3k

(2π )3
n(k) V 3(k, q, q ′), (11)

where V 3(k, q, q ′) is the Fourier transformed form of Eq. (7)
and

n(k) =
∫

dω

2π
G<(k,ω) (12)

is the particle momentum distribution. The sum over spin
and isospin degrees of freedom just reminds us that V 3 has
a nontrivial structure in the σ and τ spaces which has to be
taken care of (we did not write explicitly spin and isospin
indices).

This average has to be performed for each of the three
nucleons and over all their possible permutations, resulting in
nine different terms. One has to pay particular attention to the
spin-isospin and tensor dependence of the various averages
and finally get, for each of the nine permutations, an effective
potential of the form

V 3
eff(q,q ′) = V R

s (q,q ′) + V 2π
s (q,q ′) + V 2π

στ (q, q ′)σ · σ ′τ · τ ′

+V 2π
Sτ (q, q ′)S(q, q ′) τ · τ ′, (13)

where V R
s , V 2π

s , V 2π
στ , and V 2π

Sτ are now scalar functions.
Once we have obtained V 3

eff (density dependent) we add it
to the two-body potential in Eq. (3)

V −→ V ′ = V + V 3
eff, (14)

and perform the T -matrix iteration.

IV. BINDING ENERGY AND SINGLE PARTICLE
PROPERTIES

We perform calculations with two different parametriza-
tions of the NN interaction, the CD-Bonn [49], and
the Nijmegen [50] potentials. For both of them we compute
the energy per particle directly from the expectation value
of the interaction Hamiltonian, for symmetric and for pure
neutron matter, with and without TBF. In the case of three-body
forces we have tuned the parameters A and U in Eqs. (8) and
(10) in the symmetric case in order to reproduce the saturation
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FIG. 1. (Color online) Energy per particle in symmetric nuclear
matter as a function of density (in units of the nuclear saturation
density ρ0 = 0.16 fm−3). T -matrix calculations are compared to the
variational [2] and BHF [9] approaches, both including TBF.

density ρ0 and binding energy E0. Since the averaging over
the third nucleon in TBF terms represents a rather crude
approximation, the resulting numerical values of the parame-
ters of the TBF are different than in other approaches.

A. Symmetric nuclear matter

The energy per particle as a function of density for sym-
metric nuclear matter is shown in Fig. 1. The calculations with
only two-body forces fail to reproduce the correct saturation
behavior, predicting a saturation density ρ = 1.47 ρ0 in the
case of the Nijmegen potential and ρ = 1.79 ρ0 for CD-Bonn.
After the inclusion of three-nucleon interactions the situation
is significantly improved, with both curves saturating around
the phenomenological value ρ0 = 0.16 fm−3 and yielding a
correct binding energy1 (Nijmegen EB = −16.4 MeV and
CD-Bonn EB = −16.3 MeV).

1We estimate the numerical error on all the energy calculations to
be ±0.5 MeV, for details see [26].
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FIG. 2. (Color online) Spectral function at zero momentum for
CD-Bonn interaction and symmetric nuclear matter, at ρ0, 2ρ0, and
3ρ0.
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FIG. 2: Single-particle energies of the neutron d5/2, s1/2 and
d3/2 orbitals measured from the energy of 16O as a function of
neutron number N . (a) SPE calculated from a G matrix and
from low-momentum interactions Vlow k. (b) SPE obtained
from the phenomenological forces SDPF-M [14] and USD-
B [15]. (c,d) SPE including contributions from 3N forces due
to∆ excitations and chiral EFT 3N interactions at N2LO [26].
The changes due to 3N forces based on ∆ excitations are
highlighted by the shaded areas.

sures N = 8, 14, 16, and 20. The evolution of the SPE
is due to interactions as neutrons are added. For the
SPE based on NN forces in Fig. 2 (a), the d3/2 orbital
decreases rapidly as neutrons occupy the d5/2 orbital,
and remains well-bound from N = 14 on. This leads
to bound oxygen isotopes out to N = 20 and puts the
neutron drip-line incorrectly at 28O. This result appears
to depend only weakly on the renormalization method
or the NN interaction used. We demonstrate this by
showing SPE calculated in the G matrix formalism [11],
which sums particle-particle ladders, and based on low-
momentum interactions Vlow k [12] obtained from chiral
NN interactions at next-to-next-to-next-to-leading order
(N3LO) [13] using the renormalization group. Both cal-
culations include core polarization effects perturbatively
(including diagram Fig. 3 (d) with the ∆ replaced by a
nucleon and all other second-order diagrams) and start
from empirical SPE [14] in 17O. The empirical SPEs con-
tain effects from the core and its excitations, including
effects due to 3N forces.
We next show in Fig. 2 (b) the SPE obtained from the

phenomenological forces SDPF-M [14] and USD-B [15]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2 (a): As neutrons occupy the d5/2 orbital,
with N evolving from 8 to 14, the d3/2 orbital remains
almost at the same energy and is not well-bound out to
N = 20. The dominant differences between Figs. 2 (a)
and (b) can be traced to the two-body monopole compo-
nents, which determine the average interaction between
two orbitals. The monopole components of a general two-
body interaction V are given by an angular average over
all possible orientations of the two nucleons in orbitals lj
and l′j′ [16],

V mono
j,j′ =

∑

m,m′

〈jm j′m′|V |jm j′m′〉
/

∑

m,m′

1 , (1)

where the sum over magnetic quantum numbers m and
m′ can be restricted by antisymmetry (see [17, 18] for
details). The SPE of the orbital j is effectively shifted by
V mono
j,j′ multiplied by the occupation number of the orbital

j′. This leads to the change in the SPE and determines
shell structure and the location of the drip-line [17–20].
The comparison of Figs. 2 (a) and (b) suggests that the

monopole interaction between the d3/2 and d5/2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction
on the d3/2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [21].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repul-
sive monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion princi-
ple. Figure 3 (a) depicts the leading contribution to NN
forces due to the excitation of a ∆, induced by the ex-
change of pions with another nucleon. Because this is
a second-order perturbation, its contribution to the en-
ergy and to the two-neutron monopole components has
to be attractive. This is part of the attractive d3/2-d5/2
monopole component obtained from NN forces.
In nuclei, the process of Fig. 3 (a) leads to a change of

the SPE of the j,m orbital due to the excitation of a core
nucleon to a ∆, as illustrated in Fig. 3 (b) where the ini-
tial valence neutron is virtually excited to another j′,m′

orbital. As discussed, this lowers the energy of the j,m
orbital and thus increases its binding. However, in nuclei
this process is forbidden by the Pauli exclusion princi-
ple, if another neutron occupies the same orbital j′,m′,
as shown in Fig. 3 (c). The corresponding contribution
must then be subtracted from the SPE change due to
Fig. 3 (b). This is taken into account by the inclusion

Chiral EFT for nuclear forces: 

(3NF arise naturally at N2LO)	  

Need at LEAST 3NF!!! 
(“cannot” do RNB physics without…)	  

Single particle spectrum at Efermi:	  

Saturation of nuclear matter:	  

[T. Otsuka et al.,"
Phys Rev. Lett  105, "
32501 (2010)]"

[V. Somà, Phys Rev. C 78,"
 054003 (2008))]"



✺ NNN forces can enter diagrams in three different ways: 

Correction to external 
1-Body interaction	  

Correction to  
non-contracted  
2-Body interaction	  

pure 3-Body 
contribution	  

- Contractions are with fully correlated density matices     
   (NOT a normal ordering…) 

1
4
_	   gII (ω)	  

 A. Cipollone, CB, P. Navratil	  
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✺ NNN forces can enter diagrams in three different ways: 

Correction to external 
1-Body interaction	  

Correction to  
non-contracted  
2-Body interaction	  

pure 3-Body 
contribution	  

1
2
_	  

BEWARE that defining: 

      ≡            and then: 

would double count the 1-body term.	  

 A. Cipollone, CB, P. Navratil	  



•  Self-Consistent Green’s Functions (SCGF), is a microscopic ab-initio method 
applicable to medium mass nuclei. 

• The greatest advantage is the link to experimental information ( spectroscopy) 

• The bigger challenges are: 
•  Approach open-shells  
• Consistent description of 
      structure and reactions 

•  Proof of principle calculations Gorgov theory  and   three nucleon forces (3NF) 
are underway. 

• SCGF are the optimal choice 
•  extension to Gorkov-formalism 

 Open-shell nuclei 
 Reactions at driplines  
 structure of next 
generation EDF 
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