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Road Map

Sven Binder – TU Darmstadt – 02/2012

Nuclear
Structure & Reaction Observables

Importance
Truncated NCSM

ab initio studies in
the p- & sd-shell

Applications to
Nuclear Spectra

spectroscopy and
sensitivity on 3N

Coupled Cluster
Approach

systematic extension
to heavy nuclei

•••

Similarity Renormalization Group
pre-diagonalization of Hamiltonian by unitary transformation

computational technology for 3N matrix elements

Chiral Effective Field Theory
systematic low-energy effective theory of QCD
consistent & improvable NN, 3N,... interactions

Low-Energy Quantum Chromodynamics
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Reminder: Similarity Renormalization Group

Sven Binder – TU Darmstadt – 02/2012

...yields an evolved Hamiltonian with
improved convergence properties in

many-body calculations

■ unitary transformation of Hamiltonian driven by
d

dα
eHα =
�
ηα, eHα

�
ηα = (2μ)

2�Tint, eHα

�

Different SRG-Evolved Hamiltonians

■ NN only: start with NN initial Hamiltonian and keep two-body
terms only

■ NN+3N-induced: start with NN initial Hamiltonian and keep
two- and three-body terms

■ NN+3N-full: start with NN+3N initial Hamiltonian and keep
two- and three-body terms
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Coupled Cluster Method

G. Hagen, T. Papenbrock, D.J. Dean, and M. Hjorth-Jensen — Phys. Rev. C 82, 034330 (2010)
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Coupled Cluster Approach

Sven Binder – TU Darmstadt – 02/2012

■ exponential Ansatz for wave operator

|Ψ〉 = Ω̂|0〉 = eT̂1+T̂2+T̂3+···+T̂A |0〉

■ T̂n : npnh excitation ("cluster") operators

T̂n =
1

(n!)2

∑

jk...
bc...

tbc...
jk...

{̂†

̂
†

b̂
†

c
. . . ̂k̂ĵ}

■ similarity transformed Schrödinger Eq.

Ĥ|0〉 = ΔE|0〉 , Ĥ ≡ e−T̂ĤNe
T̂

■ Ĥ : non-Hermitian effective Hamiltonian
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Coupled Cluster - Equations
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■ CCSD : truncate T̂ at 2p2h level, T̂ = T̂1 + T̂2

■ projection of Ĥ|0〉 = ΔE|0〉 onto
n
|0〉, |


〉 ≡ ̂†


̂|0〉, |b

j
〉 ≡ ̂†


̂
†

b̂ĵ|0〉
o

leads to CCSD equations

• ΔE = 〈0|Ĥ|0〉 = 〈0|ĤN(T̂2 + T̂1 +
1
2 T̂

2
1
)|0〉C

• 0 = 〈

|Ĥ|0〉 = 〈0|ĤN(1+ T̂2 + T̂1 + T̂1T̂2 +

1
2 T̂

2
1
+

1
3! T̂

3
1
)|0〉C

• 0 = 〈b
j
|Ĥ|0〉 = 〈0|ĤN(1+ T̂2 +

1
2 T̂

2
2
+ T̂1 + T̂1T̂2

+
1
2 T̂

2
1
+

1
2 T̂

2
1
T̂2 +

1
3! T̂

3
1
+

1
4! T̂

4
1
)|0〉C
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Coupled Cluster - Equations

Sven Binder – TU Darmstadt – 02/2012

■ CCSD : truncate T̂ at 2p2h level, T̂ = T̂1 + T̂2

■ projection of Ĥ|0〉 = ΔE|0〉 onto
n
|0〉, |


〉 ≡ ̂†


̂|0〉, |b

j
〉 ≡ ̂†


̂
†

b̂ĵ|0〉
o

leads to CCSD equations

• ΔE = 〈0|Ĥ|0〉 =
b b b l b b

• 0 = 〈

|Ĥ|0〉 = b l b l b b b b b b ...

• 0 = 〈b
j
|Ĥ|0〉 = b l b b b b b b ...

T1 :

T2 :

V : b b

F : b l

+ +

+ + + +

+ + +

linked diagrams
only

⇒ size extensive
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Coupled Cluster - Spherical Scheme
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■ coupling of external lines to good J

0 = b l

JM JM

b b

JM JM

b b

JM JM

b b

JM JM

...
+ + +

etc.

■ express CCSD equations in terms of

〈 p q || r s 〉

J0 J0

, 〈  b | t |  j 〉

J0 J0

, 〈 ̃ | t |  〉

00

, etc.

■ ⇒ drastic reduction of number of amplitudes
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Coupled Cluster - Convergence Rate
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Coupled Cluster - Convergence Rate

Sven Binder – TU Darmstadt – 02/2012
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gives access to
nuclear chart
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Normal-Ordered 3N Interaction

Roth, Binder, Vobig et al. — arXiv: 1112.0287 (2011)
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Normal-Ordered 3N Interaction
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avoid technical challenge of
including explicit 3N interactions in

many-body calculation

■ idea: write 3N interaction in normal-ordered form with respect to
an A-body reference Slater-determinant (0ℏΩ state)

V̂3N =
∑

V3N
◦◦◦◦◦◦

̂†
◦
̂†
◦
̂†
◦
̂
◦
̂
◦
̂
◦

=W0B +
∑

W1B
◦◦

{̂†
◦
̂
◦
}+
∑

W2B
◦◦◦◦

{̂†
◦
̂†
◦
̂
◦
̂
◦
}

+
∑

W3B
◦◦◦◦◦◦

{̂†
◦
̂†
◦
̂†
◦
̂
◦
̂
◦
̂
◦
}

■ question: if we neglect the normal-ordered 3B term, how well
does this approximation work ?

12



Normal-Ordered 3N Interaction
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■ compute NO2B contributions to original H0B, H1B, H2B

H0B ←
1
6

∑

jk

〈jk||jk〉

〈p|H1B|q〉 ←
1
2

∑

j

〈jp||jq〉

〈pq|H2B|rs〉 ←
1
4

∑



〈pq||rs〉

Ø embarrassingly parallel

Ø HO and HF basis

■ 〈pqr||st〉 : E3,mx = mx
n

2 emx + emx

�
0

�
, 14
o
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Benchmark of Normal-Ordered 3N
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Anatomy of Normal-Ordered 3N
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16O: IT-NCSM vs. Coupled-Cluster
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16O: IT-NCSM vs. Coupled-Cluster
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NN+3N-inducedNO2B
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16O: IT-NCSM vs. Coupled-Cluster
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NN+3N-fullNO2B
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16O: Coupled-Cluster with 3NNO2B
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16O: Coupled-Cluster with 3NNO2B
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24O: Coupled-Cluster with 3NNO2B
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40Ca: Coupled-Cluster with 3NNO2B
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48Ca: Coupled-Cluster with 3NNO2B
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Outlook
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Chiral 3N for Heavy Nuclei
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ΛCCSD(T) - Improving upon CCSD
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■ CCSDT, i.e., T̂ = T̂1 + T̂2 + T̂3, prohibitively expensive

■ solution of Λ equations give a posteriori fourth order correction
to CC energy functional

E = 〈0|(1+ Λ)Ĥ|o〉C

due to triples excitations

ΛCCSD(T)
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ΛCCSD(T) - Improving upon CCSD
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EOMCCSD
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■ excited states : linear excitations on top of |Ψ〉

|Ψk〉 = R̂ke
T̂ |0〉

■ EOMCCSD :

R̂k = (r
k)0 +
∑



(rk)

{̂†


̂}+

1
2

∑

jb

(rk)b
j

{̂†

̂
†

b̂ĵ}

■ non-Hermitian EVP :
�
ĤR̂k

�
C
|0〉 = ωkR̂k |0〉
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Epilogue
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