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Overview

Robert Roth – TU Darmstadt – 02/2012

■ Importance Truncated NCSM

• basic ideas & extensions

• threshold dependence of observables

■ uncertainty quantification in the IT-NCSM

• extrapolation vs. systematic uncertainties

• uncertainty quantification protocol

■ IT-NCSM with SRG-evolved chiral NN+3N interactions

• ground-state energies

• induced 4N interactions and their origin

• low-cutoff chiral 3N interaction
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Importance Truncated NCSM

Roth, Langhammer, Calci et al. — Phys. Rev. Lett. 107, 072501 (2011)

Navrátil, Roth, Quaglioni — Phys. Rev. C 82, 034609 (2010)

Roth — Phys. Rev. C 79, 064324 (2009)

Roth, Gour & Piecuch — Phys. Lett. B 679, 334 (2009)

Roth, Gour & Piecuch — Phys. Rev. C 79, 054325 (2009)

Roth, Navrátil — Phys. Rev. Lett. 99, 092501 (2007)
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Importance Truncated NCSM

Robert Roth – TU Darmstadt – 02/2012

■ converged NCSM calcula-
tions essentially restricted
to lower/mid p-shell

■ full 10ℏΩ calculation for
16O getting very difficult
(basis dimension > 1010)
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Importance Truncation: Basic Idea
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■ starting point: approximation
�

�Ψref
�

for the target state within
a limited reference space Mref

�

�Ψref
�

=
∑

ν∈Mref

C(ref)
ν

�

�ν

�

■ measure the importance of individual basis state
�

�ν

�

/∈ Mref

via first-order multiconfigurational perturbation theory

κν = −




ν

�

�H
�

�Ψref
�

Δεν

■ construct importance-truncated space M(κmin) from all basis
states with |κν | ≥ κmin

■ solve eigenvalue problem in importance truncated space
MIT(κmin) and obtain improved approximation of target state

importance measure only
probes 2p2h excitations on
top of Mref for a two-body

Hamiltonian
embed into iterative
scheme to access full

model space
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Importance Truncation: Iterative Scheme
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■ property of Nmx-truncated space: step from Nmx to Nmx + 2

requires 2p2h excitations at most

■ sequential calculation for a range of NmxℏΩ spaces:

● do full NCSM calculations up to a convenient Nmx

✪ use components of eigenstate with |Cν | ≥ Cmin as initial
�

�Ψref
�

➊ consider all states
�

�ν

�

/∈Mref from an Nmx + 2 space and add
those with |κν | ≥ κmin to importance-truncated space MIT

➋ solve eigenvalue problem in MIT

➌ use components of eigenstate with |Cν | ≥ Cmin as new
�

�Ψref
�

➍ goto ➊

full NCSM space is
recovered in the limit
(κmin, Cmin)→ 0
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Threshold Extrapolation
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-148.5

-148.0

-147.5

-147.0

-146.5

-146.0

.

[M
e
V
]

Hint

0.00

0.01

0.02

0.03

.

[M
e
V
] Hcm

0 2 4 6 8 10

κmin × 10
5

0

0.01

0.02

0.03

.

J

16O
NN-only

α = 0.04 fm4

ℏΩ = 20MeV

Nmx = 8

■ repeat calculations for a
sequence of importance
thresholds κmin

■ observables show smooth
threshold dependence and
systematically approach the
full NCSM limit

■ use a posteriori extrapo-
lation κmin → 0 of observ-
ables to account for effect of
excluded configurations
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Threshold Extrapolation
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■ repeat calculations for a
sequence of importance
thresholds κmin

■ observables show smooth
threshold dependence and
systematically approach the
full NCSM limit

■ use a posteriori extrapo-
lation κmin → 0 of observ-
ables to account for effect of
excluded configurations
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Constrained Threshold Extrapolation
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16O
NN-only, α = 0.04 fm4

ℏΩ = 20MeV, Nmx = 12
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■ for free: importance selection
gives perturbative energy cor-
rection Δexcl(κmin) accounting
for excluded states

■ formal property

Δexcl(κmin)→ 0 for κmin→ 0

■ auxiliary parameter λ defining
a family of energy sequences

Eλ(κmin) = E(κmin) + λΔexcl(κmin)

■ simultaneous extrapolation
for family of λ-values with con-
straint Eλ(0) = Eextrap
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Importance Truncation: Extensions

Robert Roth – TU Darmstadt – 02/2012

Excited States

■ target M lowest eigenstates simultaneously and define correspond-

ing reference states
�

�Ψ
(m)

ref

�

with m = 1...M

■ keep basis states with |κ(m)
ν
| ≥ κmin for at least one

�

�Ψ
(m)

ref

�

■ dimension of IT model space grows linearly with M

3N Interactions

■ importance measure κν includes 3N interaction explicitly

■ IT-NCSM(seq) scheme does not change

■ dimension of IT model space does not change significantly, but
Hamilton matrix becomes denser
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Uncertainty Quantification

in the IT-NCSM
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Two Sources of Uncertainties

Robert Roth – TU Darmstadt – 02/2012

Model-Space Truncation

■ use sequence of Nmx-trunc-
ated model spaces

■ extrapolate to Nmx → ∞

using exponential ansatz or
more refined constrained ex-
trapolation schemes

■ uncertainty estimate derived
from extrapolation protocol

■ same extrapolation uncer-
tainties as in full NCSM

Importance Truncation

■ use sequence of (Cmin, κmin)-
truncated model spaces

■ extrapolate to κmin → 0 us-
ing polynomial ansatz or more
refined constrained extrapola-
tion schemes

■ uncertainty estimate derived
from extrapolation protocol

■ systematic uncertainty
compared to the full NCSM

■ both types of uncertainties are controlled, well quantified and
systematically improvable
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Comment on Cmin Truncation
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● Cmin = 1× 10−4

Î Cmin = 2× 10−4

� Cmin = 3× 10−4

✚ Cmin = 5× 10−4

■ truncation of reference state
to components with |Cν | ≥ Cmin

■ technical reason: importance
selection algorithm scales with
(dimMref)

2

■ typically Cmin = 2× 10−4

virtually no
influence on thres-
hold extrapolated

energies
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Protocol: Simple κmin Extrapolation
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■ IT-NCSM calculations for sequence
of κmin-values, typically κmin =

3,3.5, ...,10× 10−5

■ nominal result from extrapola-
tion κmin → 0 using polynomial
Pp(κmin), typically order p = 3

■ uncertainty band from set of
alternative extrapolations

• Pp−1 and Pp+1 extrapolations us-
ing full κmin-range

• Pp extrapolations with lowest and
lowest two κmin-points dropped

■ nominal uncertainty from stan-
dard deviation

−148.35(5)

−154.47(35)
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Protocol: Constrained κmin Extrapolation
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■ select few λ-values to get sym-
metrical approach towards com-
mon Eextrap = Eλ(κmin = 0)

■ nominal result from constrained
simultaneous extrapolation
κmin → 0 using Pp(κmin)

■ uncertainty band from set of
constrained extrapolations

• Pp−1 and Pp+1 extrapolations us-
ing full κmin-range

• Pp extrapolations with lowest and
lowest two κmin-points dropped

• Pp extrapolations with smallest
and largest λ-set dropped

−154.45(9)

all following IT-NCSM
results are κmin extrapolated
and come with an uncertainty

estimate / error bar

18



IT-NCSM with SRG-Evolved

Chiral NN+3N Interactions

Roth, Binder, Vobig et al. — arXiv: 1112.0287

Roth, Langhammer, Calci et al. — Phys. Rev. Lett. 107, 072501 (2011)
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A Tale of Three Hamiltonians
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Initial Hamiltonian

■ NN: chiral interaction at N3LO (Entem & Machleidt, 500 MeV)

■ 3N: chiral interaction at N2LO (cD, cE from
3H binding & half-life)

SRG-Evolved Hamiltonians

■ NN only: start with NN initial Hamiltonian and keep two-body
terms only

■ NN+3N-induced: start with NN initial Hamiltonian and keep
two- and three-body terms

■ NN+3N-full: start with NN+3N initial Hamiltonian and keep
two- and three-body terms

α-variation provides a
diagnostic tool to assess
the contributions of omitted
many-body interactions
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4He: Ground-State Energies
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6Li: Ground-State Energies
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12C: Ground-State Energies
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16O: Ground-State Energies
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NN only
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clear signature of
induced 4N originating

from initial 3N
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Origin of Induced 4N
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■ analyze the origin of the induced 4N terms by switching off indi-
vidual contributions of the 3N interaction

c1 c3 c4 cD cE

std⋆ +0.81 −3.2 +5.4 −0.2 −0.240⋆

cD = 0 +0.81 −3.2 +5.4 0 −0.205⋆

cE = 0 +0.81 −3.2 +5.4 +1.238⋆ 0

c = 0 0 0 0 −0.2 +0.444⋆

c1 = 0 0 −3.2 +5.4 −0.2 −0.207⋆

c3 = 0 +0.81 0 +5.4 −0.2 −0.228⋆

c4 = 0 +0.81 −3.2 0 −0.2 +0.141⋆

■ refit cE (or cD) parameter to reproduce 4He ground-state energy
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16O: Origin of Induced 4N
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16O: Origin of Induced 4N
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the c terms
of the chiral 3N and
in particular the c3
term are responsible

for induced 4N
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Lowering the Initial 3N Cutoff

Robert Roth – TU Darmstadt – 02/2012

Jacobi-HO matrix elements of initial 3N
Λ3N = 500 MeV, E-block averages
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■ off-diagonal matrix elements dominated by c (c3 and c4) terms

■ suppress off-diagonal matrix elements by lowering 3N cutoff Λ3N

c1 c3 c4 cD cE

Λ3N = 500 MeV +0.81 −3.2 +5.4 −0.2 −0.205

Λ3N = 400 MeV +0.81 −3.2 +5.4 −0.2 +0.098⋆
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16O: Lowering the Initial 3N Cutoff
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Conclusions
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Conclusions
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■ Importance-Truncated NCSM

• powerful scheme to extend the reach of the NCSM

• robust, universal, and efficient approach

• controlled, quantified, and improvable uncertainties

■ SRG-evolved chiral NN+3N Hamiltonians for ground states

• induced 4N interactions become sizable in upper p-shell

• caused by two-pion terms (c3 in particular) of the chiral 3N

• lowering of the initial 3N cutoff circumvents this problem

■ more applications in Joachim’s and Sven’s talks...
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Epilogue
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