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Hadronic Vacuum Polarization in g-2

• Dominant QCD correction to μ’s g–2: 

• Best current theory from e+e– data: 0.7% (±4x10-10). 

• Need ≤0.25% errors to compete with new experiment  
(δɑμ ≈ ±1.6x10-10). 

• Can LQCD meet this challenge? Focus here on theoretical 
errors in LQCD evaluation.
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We determine the contribution to the anomalous magnetic moment of the muon from the ↵2
QED

hadronic vacuum polarization diagram using full lattice QCD and including u/d quarks with physical
masses for the first time. We use gluon field configurations that include u, d, s and c quarks in the
sea at multiple values of the lattice spacing, multiple u/d masses and multiple volumes that allow us
to include an analysis of finite-volume e↵ects. We obtain a result for aHVP,LO

µ of 666(6)(12)⇥ 10�10,
where the first error is from the lattice calculation and the second includes systematic errors from
missing QED and isospin-breaking e↵ects and from quark-line disconnected diagrams. Our result
implies a discrepancy between the experimental determination of aµ and the Standard Model of 3�.

INTRODUCTION

The muon’s gyromagnetic ratio g

µ

is known ex-
perimentally with extremely high accuracy: its mag-
netic anomaly, a

µ

⌘ (g
µ

� 2)/2, has been measured
to 0.5 ppm [1] and a new experiment aims to reduce that
uncertainty to 0.14 ppm [2]. By comparing these results
with Standard Model predictions, we can use the muon’s
anomaly to search for indirect evidence of new physics
beyond the mass range directly accessible at the Large
Hadron Collider. There are tantalizing hints of a discrep-
ancy between theory and experiment—the di↵erence is
currently 2.2(7) ppm [3]—but more precision is needed.
In particular the Standard Model prediction, which cur-
rently is known to about 0.4 ppm [3], must be substan-
tially improved in order to match the expected improve-
ment from experiment.

The largest theoretical uncertainty in a

µ

comes from
the vacuum polarization of hadronic matter (quarks and
gluons) as illustrated in Figure 1. This contribution
has been estimated to a little better than 1% (which
is 0.6 ppm of a

µ

) from experimental data on e

+
e

� !
hadrons and ⌧ decay [4–8], but much recent work [9–
18] has focused on a completely di↵erent approach, us-
ing Monte Carlo simulations of lattice QCD [19], which
promises to deliver smaller errors in the future.

In an earlier paper [14], we introduced a new technique
for the lattice QCD analyses that allowed us to calculate
the s quark’s vacuum-polarization contribution from Fig-
ure 1 with a precision of 1% for the first time. Here we
extend that analysis to the much more important (and
di�cult to analyze) case of u and d quarks, allowing us to
obtain the complete contribution from hadronic vacuum
polarization at ↵

2
QED

. We achieve a precision of 2%, for
the first time from lattice QCD. A large part of our un-
certainty is from QED, isospin breaking and quark-line
disconnected e↵ects that were not included in the simu-
lations, but will be in future simulations. The remaining
systematic errors add up to only 1%. A detailed analysis

µ

q

q

FIG. 1: The ↵2
QED hadronic vacuum polarization contribution

to the muon anomalous magnetic moment is represented as a
shaded blob inserted into the photon propagator (represented
by a wavy line) that corrects the point-like photon-muon cou-
pling at the top of the diagram.

of these systematic errors allows us to map out a strat-
egy for reducing lattice QCD errors well below 1% using
computing resources that are substantial but currently
available.

LATTICE QCD CALCULATION

Almost all of the hadronic vacuum polarization contri-
bution (HVP) comes from connected diagrams with the
structure shown in Figure 1: the photon creates a quark
and antiquark which propagate, while interacting with
each other, and eventually annihilate back into a pho-
ton. Here we analyze the case where the photon creates
either a uū or dd̄ pair; we calculated contributions from
heavier quarks in [14, 26, 27]. Disconnected diagrams,
where the quarks and antiquarks created by the photons
annihilate into gluons rather than photons, give much
smaller contributions [28, 29]; we will discuss these at
the end of this paper.
The leading-order contribution to the muon anomalous

magnetic moment from the HVP is obtained by inserting
the quark vacuum polarization into the photon propa-
gator [30, 31]. Ignoring disconnected contributions, the
vacuum polarization separates into distinct contributions

for q = u,d



LQCD ⇒ ⟨ji(x) ji(0)⟩

• Gluon configurations from MILC. 

- HISQ quark discretization ⇒ very fast, highly improved. 

• Lattice spacing ɑ = 0.09, 0.12, 0.15 fm. 

• mu = md = mℓ with mℓ/ms = 1/27.4, 1/10, 1/20. 

• Lattice volumes with mπ L = 3.25→5.4. 

• See (for HPQCD): 

- Chakraborty et al (HPQCD) 1403.1778 (2014) for q = s, c. 

- Colquhoun et al (HPQCD) 1408.5768 (2014) for q = b. 

- Chakraborty et al (HPQCD) 1601.03071 (2016) and  
1512.03270 (2015) for q = u,d. Focus on this
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• Parameterize HVP to better than 0.1% with N=4 moments 
(for [2,2] Padé):

Simplify k2 Dependence

�̂(k2) =
NX

j=1
k2j�j

! [n, n] Padé approx. for any k

[Chakraborty et al (HPQCD) 

 1403.1778 (2014)]



• Noisy correlator: 

• Use: 

• Vary t* from 0.5 fm to 1.5 fm to estimate errors: ±0.5%

Improve Signal vs Noise

80% of ɑμ(HVP,LO) 

G(t) =

®
Gd�t�(t) for t  t�

Gfit(t, T =�) for t > t�



Correct Finite-Volume/Stagg.-Pions

• Effective field theory for IR behavior: χPTh + explicit ρ. 

- ρ pole gives 70–80% of HVP contribution. 

- Dominant contributions: 

- Parameters (mπ, eπ, mρ, fρ, fρππ) all well known.

70–80% of IR sensitivity

i�µ‹(k) © µ, k ‹, k
fl0

+

fi+

fi≠

+ + + · · ·

1



• Use effective theory to correct for two issues: 

- Finite lattice volume (mπ L = 3.25→5.4). 

- Mass splittings (Δm2 ∝ αs ɑ2) between pions of different taste: 

- Correction is +7.0(7)% for physical u,d mass; 10x smaller for  
mu,d/ms = 0.2.
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[Chakraborty et al (HPQCD) 1512.03270 (2015);  

see also C. Aubin et al 1512.07555 (2015).]



• Staggered pion effects dominate finite volume errors, so 
need smaller lattice spacings to reduce this error: 

• And/or larger u,d masses (e.g., 0.1 ms or 0.2 ms).

5

TABLE I: Pion masses for di↵erent tastes, and the corresponding finite-volume plus staggered-pion corrections to be added to
the Taylor coe�cients ⇧j for each configuration (as given in Table II of the main paper). The pion masses are based upon
results in [7], using our definition of the lattice spacing. The Taylor coe�cients include an extra 10% uncertainty, beyond that
due to uncertainties in the pion masses, to account for higher-mass resonances and higher-order terms in chiral perturbation
theory. Results are also given for the ⇢ decay constant for each configuration (in lattice units).

Set m⇡(⇠5) m⇡(⇠5µ) m⇡(⇠µ⌫) m⇡(⇠µ) m⇡(1) �⇧1 �⇧2 �⇧3 �⇧4 af latt
⇢

1 0.302(2) 0.362(3) 0.407(4) 0.451(5) 0.485(19) 0.0012(1) �0.0054 (6) 0.015 (2) �0.036 (4) 0.178(1)
2 0.216(1) 0.294(3) 0.348(4) 0.399(6) 0.438(23) 0.0028(3) �0.0172(18) 0.067 (7) �0.229 (25) 0.164(2)
3 0.133(1) 0.240(3) 0.304(5) 0.362(7) 0.405(26) 0.0094(9) �0.0880(90) 0.608(64) �4.430(482) 0.166(2)
4 0.301(2) 0.334(2) 0.360(3) 0.390(4) 0.413 (9) 0.0008(1) �0.0041 (4) 0.012 (1) �0.031 (3) 0.139(2)
5 0.218(1) 0.262(2) 0.295(3) 0.331(4) 0.359(11) 0.0025(2) �0.0150(16) 0.059 (6) �0.202 (23) 0.130(5)
6 0.217(1) 0.261(2) 0.294(3) 0.331(4) 0.358(11) 0.0022(2) �0.0139(14) 0.056 (6) �0.203 (22) 0.128(3)
7 0.216(1) 0.261(2) 0.294(3) 0.330(4) 0.358(11) 0.0021(2) �0.0133(14) 0.054 (6) �0.197 (22) 0.129(3)
8 0.133(1) 0.197(2) 0.240(4) 0.284(5) 0.316(13) 0.0081(8) �0.0806(83) 0.587(62) �4.420(481) 0.131(1)
9 0.308(2) 0.319(2) 0.328(2) 0.337(2) 0.345 (4) 0.0005(1) �0.0027 (3) 0.008 (1) �0.022 (2) 0.101(2)
10 0.219(1) 0.235(1) 0.247(2) 0.259(3) 0.270 (5) 0.0013(1) �0.0089 (9) 0.040 (4) �0.153 (17) 0.094(2)

theory. We account for these omissions by adding an
extra 10% uncertainty to each �⇧j . Corrections from
strange quarks are suppressed by m`/ms ⇡ 0.04 and so
are smaller than 10%; but the chiral corrections are more
complicated.

Contributions to �⇧j due to higher-order chiral per-
turbation theory are mostly suppressed by factors of
m`/⇤QCD, which is of order 0.01 and so negligible. Con-
tributions from ⇡⇡ contact interactions will be larger,
however, since they mimic the e↵ects of resonances and
multi-hadron states with masses larger than the ⇢ mass.
A little over 80% of the light-quark vacuum polarization
contribution to aµ comes from ⇡⇡ and ⇢ states. The
remaining 20% comes from higher-mass resonances and
multi-hadron states, which is a bit less than a third of
the contribution from the ⇢. Thus we expect at most
6–7% contributions to �⇧j from these states, since the
⇢ contributes 20–25%. This again is consistent with the
10% uncertainty we assign to the �⇧js.

As noted in the main text, the largest corrections (7%)
are for our lightest pion masses. Corrections for our heav-
iest pions are about an order of magnitude smaller, and
therefore negligible compared to other errors. (The cor-
rections are also negligible for s-quark vacuum polariza-
tion, as discussed in our previous paper [8].)

We tested our finite-volume analysis by analyzing sim-
ulations with three di↵erent volumes for our intermediate
lattice spacing and a pion mass of about 220 MeV (config-
uration sets 5–7). The raw data show variations between
the three volumes of 3.2(1.3)%. Our corrections reduce
this variation by an order of magnitude. (See Fig. 2 in the
main paper.) This is a non-trivial test of our corrections.

These corrections are almost entirely due to the stag-
gering of the pion masses. Normally one would expect
larger finite-volume errors (see, for example, [9]), but
here the average pion mass appearing in any ⇡⇡ vacuum
polarization contribution is larger than the physical pion
mass because of the staggering. This strongly suppresses

FIG. 2: Uncertainty in aHVP,LO
µ due to finite-volume and

staggered-pion e↵ects as a function of the average taste-
splitting �m2

⇡ between pions and the spatial size L of the
lattice at the physical value of m⇡+ (140 MeV). Here the line
marked �m2

⇡ refers to the splittings for configuration set 8 in
Table I for which L = 5.8 fm. The splittings decrease slightly
faster than a2 as the lattice spacing decreases, so the other
lines shown correspond to conservative uncertainties at lat-
tice spacings of approximately 0.09 fm, 0.06 fm, 0.045 fm and
0.03 fm. The uncertainties are estimated to be 1/10 of the
correction.

finite-volume e↵ects. Fig. 2 shows how the uncertainty
from this correction depends upon the taste-splittings be-
tween pions �m2

⇡ and the spatial size L of the lattice.
Lines are drawn for varying �m2

⇡ at physical pion mass
starting from coarse set 8. The uncertainty shown in the
figure for the largest �m2

⇡ is somewhat smaller than the
uncertainty that we use for configuration set 8 because
the pion mass on that ensemble is smaller than the phys-
ical pion mass.

0.12 fm

0.06 fm



Reduce Dependence on mℓ ≡ mu = md

Reduce dependence in 3 steps (see also ETMC 1308.4327): 

- Remove π+π– contribution from Πj (mπ = lattice value). 

- Rescale Πj by (mρ
latt / mρ

phys)2j. 

- Reintroduce π+π– contribution but with physical mπ. 4

FIG. 2: Our results for the connected u/d contribution to
aHVP,LO
µ as a function of the u/d quark mass (expressed as

its deviation from the physical value in units of the tuned s
quark mass). The lower curve shows our uncorrected data;
the upper curve includes correction factors discussed in the
text and is used to obtain the final result. Data come from
simulations with lattice spacings of 0.15 fm (purple triangles),
0.12 fm (blue circles), and 0.09 fm (red squares). The gray
bands show the ±1� predictions of our model (Eq. (7)) after
fitting it to the data. The dotted lines show the results from
the fitting function for each lattice spacing (colored as above)
and extrapolated to zero lattice spacing (black). The �2 per
degree of freedom was 0.9 and 0.6 for the upper and lower
fits, respectively.

Our corrected results are plotted in Figure 2, together
with the results without corrections (labeled “raw”). The
corrected results are nearly independent of m

`

, as ex-
pected. Residual dependence comes from other hadronic
channels in the vacuum polarization beyond the ⇡

+
⇡

�

and ⇢ contributions. The corrected results also show
smaller a

2 and volume dependence, as is particularly
clear from the points for �m

`

/m

s

just above 0.05.
The final step in our analysis is to fit the corrected

results from our 10 ensembles to a function of the form

a

HVP,LO
µ

✓
1 + c
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⇤
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s

�m

s
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`

�m

`
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⇡

2

◆

(6)

where �mf ⌘ mf � m

phys
f , and ⇤ ⌘ 5m

s

is of order the
QCD scale (0.5GeV). The fit parameters have the fol-
lowing priors:

c

`

= 0(1) c

s

= 0.0(3) c̃

`

= 0.00(3) c

a

2 = 0(1) (7)

together with prior 600(200)⇥10�10 for a

HVP,LO
µ

. This fit
corrects for mis-tuned quark masses and the finite lattice
spacing. More details are given in the supplements.

Our final result from the fit for the connected contri-
bution from u/d quarks is a

HVP,LO
µ

= 598(6)(8) ⇥ 10�10,
where the first error comes from the lattice calculation
and fit and the second is due to missing contributions

TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Noise reduction (t⇤): 0.5%

Valence m` extrapolation: 0.4%
Monte Carlo statistics: 0.4%

Padé approximants: 0.4%
a2 ! 0 extrapolation: 0.3%

ZV uncertainty: 0.4%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.9%

from QED and isospin breaking (m
u

6= m

d

), each of
which we estimate to enter at the level of 1% of the u/d

piece of a

HVP,LO
µ

. These estimates are supported by more
detailed studies: The key isospin breaking e↵ect of ⇢�!

mixing is estimated in [36] to make a 3.5⇥ 10�10 contri-
bution (0.6%) and the QED e↵ect of producing a hadron
polarization bubble consisting of ⇡

0 and � is estimated
in [37] to make a 4.6 ⇥ 10�10 contribution (0.8%). The
leading contributions to our final uncertainty are listed
in Table III.

DISCUSSION/CONCLUSIONS

Adding results from our earlier analyses [14, 27], the
connected contributions to a

HVP,LO
µ

are:

a

HVP,LO
µ

��
conn.

⇥ 1010 =

8
>>><

>>>:

598(11) from u/d quarks

53.4(6) from s quarks

14.4(4) from c quarks

0.27(4) from b quarks

(8)

We combine these results with our recent estimate [28] of
the contribution from disconnected diagrams involving u,
d and s quarks, taking this as 0(9)⇥ 10�10. This agrees
with, but has a more conservative uncertainty than, the
value obtained in [29]. We then obtain an estimate for the
entire contribution from hadronic vacuum polarization:

a

HVP,LO
µ

= 666(6)(12)⇥ 10�10 (9)

This agrees well with the only earlier u/d/s/c lattice
QCD result, 674(28) ⇥ 10�10 [13], but has errors from
the lattice calculation reduced by a factor of four. It
also agrees with earlier non-lattice results using exper-
imental data, ranging from (⇥1010): 694.9(4.3) [5] to
681.9(3.2) [7]. These are separately more accurate than

- Reduces mu,d dependence. 

- Reduces ɑ2 dependence. 

- Tests finite-volume + 
staggered-pion correction.



Answer: Connected HVP

• Fit corrected lattice data with: 

• Final u,d HVP from connected diagrams: 598(6)(8)x10-10 

• Error budget:

4

FIG. 2: Our results for the connected u/d contribution to
aHVP,LO
µ as a function of the u/d quark mass (expressed as

its deviation from the physical value in units of the tuned s
quark mass). The lower curve shows our uncorrected data;
the upper curve includes correction factors discussed in the
text and is used to obtain the final result. Data come from
simulations with lattice spacings of 0.15 fm (purple triangles),
0.12 fm (blue circles), and 0.09 fm (red squares). The gray
bands show the ±1� predictions of our model (Eq. (7)) after
fitting it to the data. The dotted lines show the results from
the fitting function for each lattice spacing (colored as above)
and extrapolated to zero lattice spacing (black). The �2 per
degree of freedom was 0.9 and 0.6 for the upper and lower
fits, respectively.

Our corrected results are plotted in Figure 2, together
with the results without corrections (labeled “raw”). The
corrected results are nearly independent of m

`

, as ex-
pected. Residual dependence comes from other hadronic
channels in the vacuum polarization beyond the ⇡

+
⇡

�

and ⇢ contributions. The corrected results also show
smaller a

2 and volume dependence, as is particularly
clear from the points for �m

`

/m
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just above 0.05.
The final step in our analysis is to fit the corrected

results from our 10 ensembles to a function of the form
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where �mf ⌘ mf � m

phys
f , and ⇤ ⌘ 5m
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is of order the
QCD scale (0.5GeV). The fit parameters have the fol-
lowing priors:

c
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together with prior 600(200)⇥10�10 for a

HVP,LO
µ

. This fit
corrects for mis-tuned quark masses and the finite lattice
spacing. More details are given in the supplements.

Our final result from the fit for the connected contri-
bution from u/d quarks is a

HVP,LO
µ

= 598(6)(8) ⇥ 10�10,
where the first error comes from the lattice calculation
and fit and the second is due to missing contributions

TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Noise reduction (t⇤): 0.5%

Valence m` extrapolation: 0.4%
Monte Carlo statistics: 0.4%

Padé approximants: 0.4%
a2 ! 0 extrapolation: 0.3%

ZV uncertainty: 0.4%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.9%

from QED and isospin breaking (m
u

6= m

d

), each of
which we estimate to enter at the level of 1% of the u/d

piece of a

HVP,LO
µ

. These estimates are supported by more
detailed studies: The key isospin breaking e↵ect of ⇢�!

mixing is estimated in [36] to make a 3.5⇥ 10�10 contri-
bution (0.6%) and the QED e↵ect of producing a hadron
polarization bubble consisting of ⇡

0 and � is estimated
in [37] to make a 4.6 ⇥ 10�10 contribution (0.8%). The
leading contributions to our final uncertainty are listed
in Table III.

DISCUSSION/CONCLUSIONS

Adding results from our earlier analyses [14, 27], the
connected contributions to a
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are:
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We combine these results with our recent estimate [28] of
the contribution from disconnected diagrams involving u,
d and s quarks, taking this as 0(9)⇥ 10�10. This agrees
with, but has a more conservative uncertainty than, the
value obtained in [29]. We then obtain an estimate for the
entire contribution from hadronic vacuum polarization:

a
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= 666(6)(12)⇥ 10�10 (9)

This agrees well with the only earlier u/d/s/c lattice
QCD result, 674(28) ⇥ 10�10 [13], but has errors from
the lattice calculation reduced by a factor of four. It
also agrees with earlier non-lattice results using exper-
imental data, ranging from (⇥1010): 694.9(4.3) [5] to
681.9(3.2) [7]. These are separately more accurate than
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Answer: Disconnected HVP

•HPQCD + Hadspec 1512.03270: 

- phenom. : –1.5% x connected. 

- simulation: –0.2% x connected. 

- final estimate: 0 ± 1.5% 

• RBC/UKQCD 1512.09054: 

- simulation: –1.6(7)% 

•Need more precision but 
progress straightforward.

An estimate of the hadronic vacuum polarization disconnected contribution to the

anomalous magnetic moment of the muon from lattice QCD

Bipasha Chakraborty,1 C. T. H. Davies,1, ⇤ J. Koponen,1 G. P. Lepage,2 M. J. Peardon,3 and S. M. Ryan3
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2Laboratory for Elementary-Particle Physics, Cornell University, Ithaca, New York 14853, USA
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The quark-line disconnected diagram is a potentially important ingredient in lattice QCD cal-
culations of the hadronic vacuum polarization contribution to the anomalous magnetic moment of
the muon. It is also a notoriously di�cult one to evaluate. Here, for the first time, we give an
estimate of this contribution based on lattice QCD results that have a statistically significant signal,
albeit at one value of the lattice spacing and an unphysically heavy value of the u/d quark mass.
We use HPQCD’s method of determining the anomalous magnetic moment by reconstructing the
Adler function from time-moments of the current-current correlator at zero spatial momentum. Our
results lead to a total (including u, d and s quarks) quark-line disconnected contribution to aµ of
�0.15% of the u/d hadronic vacuum polarization contribution with an uncertainty which is 1% of
that contribution.

I. INTRODUCTION

The high accuracy with which the magnetic moment
of the muon can be determined in experiment makes

µ

f

µ

f f

0

1

FIG. 1: The hadronic vacuum polarization contribution to
the muon anomalous magnetic moment is represented as a
shaded blob inserted into the photon propagator (represented
by a wavy line) that corrects the point-like photon-muon cou-
pling at the top of each diagram. The top diagram is the
connected contribution and the lower diagram the quark-line
disconnected (but connected by gluons denoted by curly lines)
contribution that is discussed here. The shaded box in the
lower diagram indicates strong interaction e↵ects that could
occur between the two quark loops.

⇤
christine.davies@glasgow.ac.uk

it a very useful quantity in the search for new physics
beyond the Standard Model. Its anomaly, defined as
the fractional di↵erence of its gyromagnetic ratio from
the naive value of 2 (a

µ

= (g � 2)/2) is known to 0.5
ppm [1]. The anomaly arises from muon interactions
with a cloud of virtual particles and can therefore probe
the existence of particles that have not been seen di-
rectly. The theoretical calculation of a

µ

in the Standard
Model shows a discrepancy with the experimental result
of about 25(8) ⇥ 10�10 [2–4] which could be an exciting
indication of new physics. Improvements by a factor of
4 in the experimental uncertainty are expected and im-
provements in the theoretical determination would make
the discrepancy (if it remains) really compelling [5].

The current theoretical uncertainty is dominated by
that from the lowest order (↵2

QED) hadronic vacuum
polarization (HVP) contribution, in which the virtual
particles are strongly interacting, depicted in Fig. 1.
This contribution, which we denote a

µ,HVP, is currently
determined most accurately from experimental results
on e

+
e

� ! hadrons or from ⌧ decay to be of order
700⇥10�10 with a 1% uncertainty or better [3, 4, 6]. This
method for determining a

µ,HVP does not distinguish the
two diagrams of Fig. 1 because it uses experimental cross-
section information, e↵ectively including all possibilities
for final states that would be seen if the two diagrams
were cut in half.

a

µ,HVP can also be determined from lattice QCD calcu-
lations using a determination of the vacuum polarization
function at Euclidean-q2 values [7]. It is important that
this is done to at least a comparable level of uncertainty
to that obtained from the experimental results to pro-
vide a first-principles constraint of the values above. It
is hoped that such calculations will, in time, allow the
theoretical uncertainty to be reduced further.

Huge progress has been made in lattice QCD calcula-
tions in the last few years so that accuracies of a few per-
cent in a

µ,HVP are now achievable [8]. Indeed, a 1% de-
termination of the s-quark contribution has been demon-
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FIG. 3: Our final result for aHVP,LO
µ from lattice QCD com-

pared to an earlier lattice result (also with u, d, s and c
quarks) from the ETM Collaboration [3], and to recent re-
sults using experimental cross-section information [6, 10–12].
We also compare with the result expected from the experi-
mental value for aµ assuming that there are no contributions
from physics beyond the Standard Model.

aµ FIT

We obtain an estimate for aµ from each of our ensem-
bles after we correct for finite-volume plus staggered-pion
lattice artifacts and rescale with the ⇢ mass as described
in the main paper. Our corrections greatly reduce the
dependence of these estimates on the valence and sea
quark masses, and on the lattice spacing. We fit our
results from the di↵erent configurations to the formula
in Eq. (6) of the main paper so we could extrapolate to
the correct masses and zero lattice spacing to obtain our
final results. The first two correction terms in Eq. (6)
of the main paper allow for residual dependence on m`

and (slight) mistuning in the s quark’s mass. We expect
smaller corrections from the latter because it enters only
through the quark sea. The last term in Eq. (6) corrects
for the finite-lattice spacing. Note that our analysis is
quite insensitive to uncertainties in the lattice spacing
because the leading dependence on the lattice spacing
cancels when we rescale our moments with the lattice
result for the rho mass (step 3 in our analysis).

The �m`/m` correction in Eq. (6) of the main paper
is associated with steps 2(a) and 2(c) in our analysis,
where we replace the (continuum) � ! ⇡⇡ ! � contri-
bution to aµ corresponding to the simulation’s pion mass
with the same contribution evaluated at the physical pion
mass. The analysis in the previous sections implies that
aµ’s dependence on the light-quark mass m` is given ap-

proximately by

aµ(m`) ⇡ a0

✓
1 + d`

mtuned
`

m`

◆
(39)

where a0 and dl depend weakly on m`, mtuned
` is the

physical value for m`, and the physical value for aµ is
approximately a0(1+d`). The bulk of the d` term comes
from � ! ⇡⇡ ! � vacuum polarization, with d` ⇡ 0.1.
So steps 2(a) and 2(c) in our analysis procedure have
the e↵ect of replacing m` by mtuned

` , thereby bringing
aµ(m`) closer to its physical value. About a quarter of
d` comes from sources other than the simple ⇡⇡ vacuum
polarization — the leading piece comes from � ! ⇢ !
⇡⇡ ! �. Thus our analysis steps 2(a) and 2(c) do not
fully correct the m` in Eq. (39): there is an additional
piece of order a0 ⇥ 0.25 d` �m`/m` that we account for
with the �m`/m` correction in our fit formula (and a
slightly inflated prior). In practice the contribution from
this term is comparable to our statistical errors, and so
has marginal impact on our final result.

We tested our fit by adding higher-order terms in the
various corrections and cross terms. None of these vari-
ations changed our final results by more than a small
fraction of the final uncertainty.

We also tested our fit by dropping various configura-
tion sets. Dropping the configuration sets with the heav-
iest pions (sets 1, 4 and 9) shifts our final result for aµ

by less than a fifth of a standard deviation and leaves the
total error unchanged. Dropping the sets with physical
pion masses (sets 3 and 8) shifts the final result by two
thirds of a standard deviation and increases the final er-
ror by 30%. Each variation is consistent, within errors,
with the full analysis.

Figure 3 compares our results with others from pre-
vious continuum and lattice analyses. We also compare
with results expected from experiment if there is no new
physics contributing to aµ. This result is obtained, as
described in the main text, from

aHVP,LO,no new physics
µ = aexpt

µ � aQED
µ � aEW

µ

� aHVP,HO
µ � aHlbl

µ (40)

for which we obtain the value 720(7) ⇥ 10�10.
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598(11) from �/d
53.4(6) from s
14.4(4) from c
0.27(4) from b
0(9) from disc.

= 666(6)(12)
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SUPPLEMENTAL MATERIALS

CORRELATOR FITS

We construct a 2⇥2 matrix of meson propagators using
all combinations of two meson operators, with zero three
momentum, for the source and sink. One meson operator
(“loc”) is the local vector current. The other (“sm”) is
a vector current but with smearing applied to the quark
field, using operator


1 +

r20D
2

4n

�n
(1)

where D2 is the covariant Laplacian operator and r0 is
a width parameter. Since we are using staggered quarks
and require current-current correlators of a specific stag-
gered taste, we use the stride-2 D2 operator here, with
the di↵erence operator defined for grid spacing 2a (rather
than a). We choose r0 = 3a, 3.75a, and 4.5a for lattices
spacings 0.15 fm, 0.12 fm and 0.09 fm, respectively, with
n = 20, 30, and 40.

The result is a matrix of correlators, Gij , where i labels
the source and j the sink. Each of i, j is either “loc” for
the local vector operator or “sm” for the smeared vector
operator. We fit Gij to the form:

Gij(t) = a3
N�1X

k=0

b(k)i b(k)j

⇣
e�E(k)t + e�E(k)(T�t)

⌘
(2)

� (�1)ta3
N�1X

k=0

d(k)i d(k)j

⇣
e�Ẽ(k)t + e�Ẽ(k)(T�t)

⌘

where k labels the energy eigenvalues appearing in the
correlator and T is the temporal extent of the lattice.
The first sum is over 1�� vector states that couple to
the vector operators. The second is over opposite-parity
states that arise here because of our use of staggered
quarks; this term oscillates in sign as t increases, which
helps the fit distinguish between it and the first term. We
use a Bayesian approach to the fitting [1] with the fol-
lowing fit parameters and broad priors (in units of GeV):

log(E(0)) = log(0.75(38))

log(E(k) � E(k�1)) = log(1.0(5)) (k > 0)

log(b(0)loc) =

(
log(0.14(14)) (k = 0)

log(0.42(42)) (k > 0)

b(0)sm , b(k)sm = 0.01(1) (3)

for the first sum, and the analogous parameters and pri-
ors for the second sum but with

log(Ẽ(0)) = log(1.2(6)), (4)

to reflect the higher mass of the lowest opposite-parity
state. To avoid lattice artifacts (from the HISQ action)

FIG. 1: Results for the ⇢ meson mass (upper plot) and de-
cay constant (lower plot) from the vector correlators used to
determine the u/d connected contribution to aHVP,LO

µ . Re-
sults are shown for di↵erent u/d masses, as indicated by the
corresponding values of m2

⇡ (the lightest being the physical
value). Data come from simulations with lattice spacings of
0.15 fm (purple triangles), 0.12 fm (blue circles), and 0.09 fm
(red squares). Experimental results for the mass (dashed line)
and decay constant (gray band) are shown as well. A com-
parison of our results with those of [2, 3] is given in [4].

at very small times, we fit the correlators only for t values
larger than 0.5–0.7 fm. We used N = 5, but get identical
results with larger values of N . The fits were all excel-
lent, with �2 per degree of freedom ranging between 0.6
and 1.1 in di↵erent fits. The use of a smeared operator

improves the fit results for E(0) and b(0)loc (from which we
obtain our values for m⇢ and f⇢) by an amount commen-
surate with its numerical cost.

As discussed in the main text, we use a combination
of data and fit results when computing moments of the
local current-current correlator G ⌘ Gloc,loc:

G(t) =

(
Gdata(t) t  t⇤

Gfit(t) t > t⇤
(5)

where we define

Gfit(t) = a3
N�1X

k=0

b(k)loc b(k)loc e�E(k)t (6)

� (�1)ta3
N�1X

k=0

d(k)loc d(k)loc e�Ẽ(k)t

expt’t
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The strange and charm quark contributions to the muon anomaly (g-2) Bipasha Chakraborty
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Figure 3: The plot on the left represents the results for mf �mhs calculated using HISQ formalism on ml =
ms/5 and physical point ensembles with varied lattice spacings and extrapolated to a = 0. The continuum
results are compared to the experimental result related to G(f ! e+e�). The plot on the right shows the
similar results for ff .

The s quark propagators are combined into a correlator with a local vector current at either
end to form the vector meson f . The end point is summed over spatial sites on a timeslice to set
the spatial momentum to zero. We use the random colour wall source created from a set of U(1)
random numbers over a timeslice for improved statistics. The local current is not the conserved
vector current for HISQ quark action and must be renormalised. We have found the local vector
current renormalisation constant (ZV,ss) completely non-perturbatively with 0.1% uncertainty on
the finest ml = ms/5 lattice[16].

4. Our results

4.1 properties of f meson

We are concerned with the properties of the correlation function at the shorter times that feed
into the theoretical determination of aµ,HVP. But at large time separations between source and sink
the correlators give the mass (mf ) and decay constant ( ff ) of the f meson [16]. The plots in figure 3
show how precisely we can extract those properties of the f meson, and therefore, how accurate
our correlators are. Our results for mf � mhs and ff in the continuum limit on the physical point
lattices agree with the experimental result related to G(f ! e+e�). The volume effect seemed
to be negligibly small. But, the valence HISQ strange quark mass tuning effect was significant.
Disconnected diagrams are not included in the calcualtion, but we expect really small contribution
from it.

4.2 Connected contributions to as
µ from full LQCD

We fit the results of as
µ using [2,2] Padé approximant from each configuration set to a function

of the form

as
µ,lat = as

µ ⇥
�
1+ ca2(aLQCD/p)2 + cseadxsea + cvaldxval

�

4
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Figure 3: The plot on the left represents the results for mf �mhs calculated using HISQ formalism on ml =
ms/5 and physical point ensembles with varied lattice spacings and extrapolated to a = 0. The continuum
results are compared to the experimental result related to G(f ! e+e�). The plot on the right shows the
similar results for ff .

The s quark propagators are combined into a correlator with a local vector current at either
end to form the vector meson f . The end point is summed over spatial sites on a timeslice to set
the spatial momentum to zero. We use the random colour wall source created from a set of U(1)
random numbers over a timeslice for improved statistics. The local current is not the conserved
vector current for HISQ quark action and must be renormalised. We have found the local vector
current renormalisation constant (ZV,ss) completely non-perturbatively with 0.1% uncertainty on
the finest ml = ms/5 lattice[16].

4. Our results

4.1 properties of f meson

We are concerned with the properties of the correlation function at the shorter times that feed
into the theoretical determination of aµ,HVP. But at large time separations between source and sink
the correlators give the mass (mf ) and decay constant ( ff ) of the f meson [16]. The plots in figure 3
show how precisely we can extract those properties of the f meson, and therefore, how accurate
our correlators are. Our results for mf � mhs and ff in the continuum limit on the physical point
lattices agree with the experimental result related to G(f ! e+e�). The volume effect seemed
to be negligibly small. But, the valence HISQ strange quark mass tuning effect was significant.
Disconnected diagrams are not included in the calcualtion, but we expect really small contribution
from it.

4.2 Connected contributions to as
µ from full LQCD

We fit the results of as
µ using [2,2] Padé approximant from each configuration set to a function

of the form

as
µ,lat = as

µ ⇥
�
1+ ca2(aLQCD/p)2 + cseadxsea + cvaldxval

�

4
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Other Sanity Checks

• Lots of other sub-1% LQCD results: see tomorrow’s 
colloquium.



Future: ±2% → ±0.2% ?

• Need QED and isospin breaking in simulations (1.4%). 

• Need improved analysis of disconnected HVP (0.7%). 

• Need smaller lattice spacings (0.06 fm). 

- Remove staggered-pion effects (0.7%). 

• Need more statistics (10x). 

- Reduces statistical errors. 

- Reduces systematic errors from Padés, quark-mass and ɑ2 
extrapolations, noise reduction (t*) … (0.2–0.4% each). 

• Merge LQCD with continuum e+e– analyses? Moments?


